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of Attack 


¢ correcting its error. 


be valid for a great number of smooth bodies is obtained. 


Linearized Transonic Flow About 
Slender Bodies at Zero Angle 


The simple linearized transonic flow theory as originally proposed by Oswatitsch and 
Keune [1]* and by the present authors [2] is improved by considering and partially 
In this manner a theory which is easy to apply and which should 


This improved theory pre- 


dicts shock waves in the lower transonic regions. It is applied to a number of significant 
body and airfoil shapes and its predictions are compared with experiments and results 
of other theoretical investigations. 


1 Introduction 


HE basic equations governing transonic potential 
flow over slender bodies are well established. Owing to their 
nonlinearity, however, analytical treatment is possible only in a 
few special cases. Several authors have therefore sought ap- 
proximate solutions. Oswatitsch and Keune [1] considered the 
sonic flow over the front part of a half-body of revolution. They 
linearized the potential equation by assuming a linear variation 
of the longitudinal perturbation velocity u = ¢,, i.e., they as- 
sumed u, constant in the nonlinear term of the differential 
equation. The resulting pressure distribution on the body agreed 
surprisingly well with experimental observations. The present 
authors [2-4] generalized this simple approach to the entire 
transonic Mach-number range and applied the theory to full 
bodies of revolution as well as two-dimensional airfoils. The re- 
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ment Command under Contract AF 49(638)-444. 
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partment, ASME, United Engineering Center, 345 East 47th Street, 
New York 17, N. Y., and will be accepted until January 10, 1962. 
Discussion received after the closing date will be returned. Manu- 
script received by ASME Applied Mechanics Division, October 14, 
1960. Paper No. 61—APMW-12. 


sults agreed favorably with experiments for the cases investigated, 
but as Spreiter pointed out in [5], the method failed in other 
cases. Spreiter proceeded by applying the same basic approxi- 
mation locally (see reference [6] for résumé). This method gave 
very favorable agreement with experimental data, although it 
involves procedures that seem at present not justifiable from the 
mathematical or physical point of view. The application of the 
theory also involves considerable numerical computations. 

The authors have tried to improve the original simple linearized 
theory by considering the error [7] and [8]. An attempt was 
made to minimize the error locally by varying two parameters 
introduced into the differential equation. These attempts, how- 
ever, gave still unsatisfactory results and required considerable 
numerical calculations. 

In this paper an alternative approach will be described. Its 
basic ideas were obtained from physical reasoning. In the next 
section, therefore, some physical properties of the flow field will 
be discussed. The simple results obtained in the following sec- 
tions were also derived in a different manner by Hosokawa [9]. 


2 Some Properties of the Transonic Flow Field 

In order to describe the transonic flow field we assume a 
slender airfoil moving in the direction of the negative z-axis in air 
at rest, Fig. 1. Every point of the airfoil surface emits signals in 


* Hosokawa’s paper was received during the preparation of this 
paper. It was felt, however, that there was sufficient difference in 
reasoning to present it. 





Nomenclature 


cross-sectional area 
drag coefficient 
pressure coefficient 
kernel function 
modified Bessel function of 
order n, Ist kind 
modified Bessel function 


order n, 3rd kind 


of (x + 


Mach number 

surface point nates 

dimensionless cross-sectional 
area 

lateral distance from airfoil 

sonic velocity 


velocity density 
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generating function ¢ 
unit vectors T 
body radius, radial co-ordinate 6 
velocity components 
Car.esian co-ordinates 
(1 — M,.2)'7 

1)M..? 

small quantity 


auxiliary 


dimensionless stream density 

perturbation, 
stream density 

ratio of specific heats 


perturbation potential 
time, thickness ratio 
unit impulse function 


Subscripts 
1,2,3 components in z, y, 2-direc- 
tions, respectively 
derivatives with respect to co- 
ordinates, respectively 
derivatives with respect to co- 
ordinates, respectively 
free-stream conditions 


Cartesian co-ordi- 


dimensionless 

Superscripts 

* = critical values (M = M* = 1) 
‘ = derivative 
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the form of acoustic disturbances which propagate with the ve- 
locity of sound through the air. If we assume that the propagation 
velocity is the same, a.., at every point in the air, a situation as 
indicated in Fig. 1 will ensue. If the airfoil velocity u.. < a.., the 
signals will travel freely in all directions. If the airfoil velocity is 
increased to the propagation velocity a.., the signals move freely 
only in the downstream direction but travel with the airfoil in 
the upstream direction. Thus the pressure disturbances accumu- 
late on the airfoil surface and, in the absence of dissipative effects, 
the pressures on the airfoil become infinite. 

The assumption of constant speed of propagation, which 
gives good results at subsonic speeds (linearized subsonic theory ) 
has to be dropped at transonic speeds. At purely supersonic 
speeds, the same assumption again leads to good approximations 
(linearized supersonic theory). 

Consider now the airfoil originally at rest and accelerated 
rapidly to the propagation velocity a. in the undisturbed air. 
Assuming in the first instance uniform propagation velocity in the 
air, a pressure distribution as indicated in Fig. 2 will be built up 
on the airfoil. Subsequently, emitted signals will, however, propa- 
gate at slightly different speeds. In the high-pressure region near 
the leading edge, the propagativn velocity a > a., in the low- 
pressure region in the middle of the airfoila <a... Thus the dis- 
turbances travel relative to the airfoil surface, except at one 
point, the sonic point. Since the signals move away from the 
forward sonic point in both directions, a continuous pressure dis- 
tribution results. Near the rear sonic point, conditions are dif- 
ferent. Here disturbances arrive from two directions as indi- 
cated in Fig. 2. They accumulate at a particular position and 
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Fig. 2 Transonic flow field 


Fig. 3 Sonic flow field 


finally form a shock wave of finite strength. This shock wave is 
situated at the trailing edge if u. = a.; for lower airfoil speeds 
it is formed at a point ahead of the trailing edge. 

If uo = Gn, disturbances originating at the nose section travel 
ahead of the airfoil and no bow shock is formed. If the airfoil 
speed is increased slightly, disturbances originating at the nose 
section will accumulate at a position ahead of the airfoil where 
the propagation velocity of the signals has dropped to the speed 
of the airfoil. Thus a bow wave is formed, the position of which 
cannot yet be predicted theoretically. 

Consider now the airfoil moving at sonic velocity. Fig. 3 
shows the propagation of signals originating at a certain surface 
point P located at the nose section ahead of the sonic point. In 
the upstream direction, the signals move only slowly relative to 
the airfoil surface. Thus the flow field in front of P is governed 
by disturbances whose radii of curvature are large; i.e., by nearly 
plane waves. If is also seen that the variation of the influence of 
P is much larger in the z-direction than in the direction normal to 
the airfoil axis. In the absence of viscous dissipation, the in- 
fluence of P is noticeable at very large lateral distances. If one 
places a flat plate parallel to the airfoil axis at some distance h 
of the airfoil, these signals are reflected toward the airfoil surface. 
Even at a large lateral distance h, a large number of signals is re- 
flected, accounting for the well-known experimental difficulties 
encountered at transonic speeds. 


3 Basic Transonic Equations 

In this section the basic equations of transonic flow are sum- 
marized, introducing at the same time the notation used in the 
subsequent sections. 
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Let ¢ be the perturbation potential, such that the dimension- 
less velocity vector is given by 


~ 254+ Ve = (1 +u) + jv + hw 


Uo 


where i, j, and k are the unit vectors in the z, y, and z-directions, 
respectively. We further introduce the dimensionless stream 
density vector @ by 


ae =i + 6 = i(l + 4:) + jO, + kd; 


Pollo 
where @ will be called the perturbation stream density. Since 
© and ¢ are parallel we must have 


@ x 


which reduces to 
0, = Yy 0 = 9, 
provided quadratic perturbation terms are neglected. 
The continuity equation for steady flow is: 
V:-@=V-6=0 (2) 


Introducing equation (1) and denoting the differential operator in 
the cross plane by 


equation (2) reduces to 
A. = 6, = 


The subscript 1 will be omitted in the following for convenience. 
Thus 6 means thez-component of the perturbation stream density. 
For small perturbations, the magnitude of @ is very nearly 


@=1+0 


—Vorve (3) 


Assuming isentropic, isoenergetic flow, the stream density @ can 
be expressed as a function of the velocity ¢. If @ is expanded into 
a Taylor series around ¢, = 0, the following expression is found for 
6: 


K + 


l 
M..*¢." + ‘* 


where x is the ratio of specific heats and 8 and T are defined by 
equation (4). M., is the free-stream Mach number. 

If M., is sufficiently removed from unity, only the first term in 
equation (4) need be carried along, leading to the conventional 
linearized subsonic or supersonic theory with 6? 2 0, respec- 
tively. If M.. is close to unity, the quadratic term in equation 
(4) cannot be neglected since 8? « 1. 

According to equation (4) the stream density reaches a maxi- 
mum at the sonic point where g, = ¢,*. The critical perturba- 
tion velocity as found from equation (4) is 


(5) 
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If equation (4) is introduced into equation (3) the nonlinear dif- 
ferential equation for the velocity potential is given by 


B%,, + Puy 2 ees T'?.%es (7) 


4 Approximate Solutions 
Consider the flow field in the neighborhood of the sonic line 
where y, = ¢,*. Equation (7) reduces to 


Py = 0 (8) 
for the two-dimensional case and to 
l 


Puy a Pas = Orr + r ¢ 


for the axisymmetric case (r? = y? + 2?). 
Solutions to equations (8) and (9) are 
ez, y) = uf(z) + gz) 
g(z,r) = In rf(z) + g(z) 


(10) 
(11) 


where f(z) and g(x) are arbitrary functions. The slope of the 
streamlines is given approximately by ¢, and ¢,, respectively. 
From the discussion in the preceding section, we conclude that 
the sonic line x = z* is nearly perpendicular to the free-stream 
direction in the neighborhood of the body; ie., z* = const. 
The slope of the steamlines in the two-dimensional case, g,* = 


f(x*), is therefore nearly constant, i.e., the streamlines close to 


the body are parallel along the sonic line. 

In the axisymmetric case, on the other hand, the slope ¢,* = 
r~'f(x*) varies inversely proportional to the radius r. 

In both cases, the slope of the streamlines at the body is given 
by the body geometry. This allows us to calculate the function 
(z) at the sonic point, giving 


i. dyo 
f(z*) = (* y. 
Ln()] 
=] fr 
dx rear * 


where yo(z) and rox) denote the body surfaces. 

It is informative to consider the degenerated differential equa- 
tions (8) and (9) to hold in the whole flow field. They are arrived 
at by neglecting the quadratic term in the expansion of the 
stream density, equation (4), and assuming M.. = 1. 

According to the foregoing discussion, the streamlines in the 
two-dimensional case are then parallel along lines z = const, 
while their slope decreases as r in the axisymmetric case. The 
function f(x) is then given everywhere by equation (12). The 
sonic line is given by ¢, = 0. By inspection of equations (10) 
and (11) it is seen that the sonic line must be curved and ap- 
proach the position z..* = x, where f’(z;) = 0; i.e., where 


d*yo j d*r,? 
ry = 0 anc dz? 


It is immediately noted, however, that at large distances from 
the body ¢, becomes large except at the sonic line. Thus while 
equations (8) and (9) may give good approximate results in the 
immediate neighborhood of the body, the results far from the 
body are physically impossible, with the exception of a body with 
vanishing thickness, for which f(z) = 0. Thus this simple 
linearized approach can be used only for the zero-thickness body, 
notably for wings without thickness (see e.g., reference [10)). 

As mentioned earlier, the stream density is a maximum at the 
sonic line. The perturbation velocity has to differ appreciably 
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from the sonic value in order to produce a noticeable change in 
stream density. Conversely, a small change in distance be- 
tween streamlines causes large changes in velocity. 

From equations (4) and (6) the deviation from the maximum 
stream density is found as 

A@ = 0* —O= (13) 

We now proceed to find an approximate solution for A@ using 
the linearized theory of references [2-4]. The body will be re- 
placed by a separate flow field in which V - pe + 0; i.e., by sources 
and sinks. Thus equation (7) is replaced by 


Sty,, ~~ T'Y.¢2s +T Puy + Pus = YX, Y, 2) (14) 


with the generating function g(z, y, z) = 0 outside the body. 
Let us consider the linear equation 


Bgizz — Kgiz + Cryy + Cisse = G(2, Y; 2) (15) 


Equation (15) can easily be solved by standard methods, giving 


giz, y, 2) = fffiue. n, (OG2 — & y — yn, 2 — S)dE dyn df 
(16) 


where the Kernel function @ (see Appendix) is a solution to the 
equation 


8°G,, — KG, + G,, + G,, = Kr — EWy — nz — £) (17) 


subject to the boundary condition that G and its derivatives 
vanish at infinity. 

In equation (17) the function 6 denotes the unit impulse func- 
tion which is infinite at the origin but zero elsewhere, such that 


i* F(£)0(2 — E)dE = F(z) 


The function G is therefore singular at z = £, y = n,z = ¢. 
For K = 0 it becomes the potential of a source in linearized sub- 
sonic or supersonic flow for 6? 2 0, respectively. For K # 0, 
analogous solutions exist although distorted in the sense that the 
potential is dampened rapidly in the upstream direction but less 
downstream. We will refer to these singularities as transonic 
sources. Their potential lines resemble the sketch in Fig. 3 (see 
reference [3]) and, therefore, they seem to be particularly suited 
for the description of the transonic flow field. 

If we introduce an equal term, — K¢g,, on both sides of equation 

14) we obtain a modified differential equation: 


Bre, at Ke, as Fyy + Gu * g(x, y; 2) + (T¢,, - K)¢g, (18) 


The solution to equation (18) ean be found by standard methods, 
for instance with the aid of Fourier transforms [8], giving 


ez, ne) = fff toe 0) + Pee — Kel -& y- 1, 


2 — §)dé dn df = ¢i(z, y, z) + fff (T gee — K)g,y Gdr 
(19) 


For brevity, the argument of the Kernel function will be 
omitted as indicated in the last equation and the notation dr = 
dé dn df will be used. 

Equation (19) is a nonlinear integral equation, representing the 
superposition of the approximate solution ¢; and a distribution 
of transonic sources in the whole flow field. The generating 
function g(z, y, z) will be chosen such that ¢; satisfies the linear- 
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ized boundary condition at the body surface; i.e., 
dyo 


(two-dimensional) 


gro 
. , 
az 


Cyr = 7 (axisymmetric) (20) 
for bodies at zero angle of attack. For a nonzero angle of attack, 
an antisymmetric Kernel function can be used. This can be ob- 
tained as a solution to equation (17) if on the right-hand side 
6(z — ¢) is replaced by its derivative 6’(z — ¢). Again the 
generating function g will be chosen such that the linearized 
boundary conditions are satisfied (see reference [8] for details). 

In reference [8] an attempt was made to choose a value K 
locally, such that the contribution of the integral in equation (19) 
was presumably small compared to ¢. The results which re- 
quire a considerable amount of numerical computation were 
unsatisfactory. In reference [7], an alternative approach was 
suggested. There the flow between the blades of a straight cas- 
cade was assumed to be essentially one-dimensional. With this 
assumption equation (19) could be integrated in closed form for 
a special case, giving very favorable agreement with experimental 
In view of the discussion in Section 2, this is not sur- 


results. 
prising. 

Here a similar approach will be suggested. From equation (19) 
we obtain after integrating by parts: 


r 
g=Aart fff ( 3 ge? — Ke) G,dr 


and for the perturbation velocity gz 


> . 
Gz = Gu T fff ( = ge — Ke) G, 


Now, multiplying equation (22) by 6? and equation (21) by —K 
and adding the two, the resulting equation can be simplified 
using equation (17) to obtain 


: r : 
= By, — Ky — fff ( < ¢g? — Ke) (G,, + G,,) dr 


(23) 


= Bp. — Kei — fff ve ( 3 ¢e*? — Ke) Gdr 


where Yo? in the last integral is the two-dimensional Laplace- 
operator with respect to 7 and ¢. Denoting the integral by J we 
find for the deviation of @ from its maximum 6* 

t 


= Gish (Giz *? - 


z 
a (Teue — K)gig dE — (1* — 1) (24) 
r 


where the potential ¢,* has been adjusted, such that A@ = 0 at 
the sonic point z = z*. Differentiating with respect to z gives 


& 


6, = ly, *¢izz - Kou _ * (25) 


The function 7, can be expressed using equations (21) and (23) 


as 
r : 
‘. = V,? ms ¢e? - Ke G,dr = Viort¢ — Pi) 
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At the sonic line, where equation (14) degenerates to Vo2¥¢ = 0, 
we find 7,* from equation (15): 


~" = Bg..." -_ K¢i.* 


It follows from equations (27) and (25) that 6, vanishes at the 
sonic line independent of the value of K. 

We now make the simplifying assumption that the sonic point 
xc* on the body is predicted with sufficient accuracy by the ap- 
This assumption is well substantiated by 


(27) 


proximate solution ¢;. 
experimental evidence. We then put 


(28) 
and equations (24) and (27) simplify to 


A@ = dé, _ f (Teige - K )¢igdé — Al 
B? 


I,* = 
= T 


( T¢iz2* 7 K) 
where 


Aé, = 


analogous to A@, and AJ = J* — /. 

The function J is now expanded into a Taylor series around 
x = x*, and the parameter K is chosen such that /,* vanishes; 
i.e., from equation (30) 


K = l'¢.: (31) 


Retaining only the first nonzero term of the Taylor series of /, 
equation (29) reduces (with x — z* Ar) to 
Az*I,.* 


a 1 
Aé = AA, - rf (Gige — Przz* ied + 2 (32) 
z 


* - 
After carrying out the indicated integration, this can also be 
written in the form: 


* 


A6 = l'y,*(¢,* — Giz) + Teisz*(¢i — $1 


1 
+ — Ar'l,,* (33) 


where the first term on the right vanishes for the free-stream 
Mach number M., = 1. 
Differentiating equations (14) and (15) we obtain 


Tos” = B%gi222* + I'(¢.2*? = izz **) (34) 


where use has been made of equation (28). If ¢,, is predicted by 
Yizz at the sonic point with sufficient accuracy, then the second 
term in equation (34) can be neglected. In the case of M. = 1 
then, the last term in equation (33) vanishes. 

For all cases, for which we may assume ¢iz2* = ¢:-*, equation 
(33) is a simple quadratic equation for the perturbation velocity 
¢g,. The validity of this approximation will be discussed in the 
following text. 

Consider again equation (25). Introducing equation (26) 


yields 


6, = Birr — Kgiz — Vote — ¢:) (35) 

It will be noted that equation (35) can also be obtained by 
equating equations (14) and (15). 

If 8? and K approach zero simultaneously, equation (35) re- 
duces to the linearized equation Yo’¢ = 0 which is applicable only 
to bodies of zero thickness. Hence for M. = 1 the parameter 
K has to remain finite in all other cases. 

In a recent paper, Hosokawa [9] derived the same equation 
(35). He demonstrates that the last term in the equation is 
negligible compared to the other terms near the body, provided 
¢: satisfies the linearized boundary condition, equation (20). 

From the physical point of view, neglecting the last term, 
equation (35) represents a one-dimensional approximation of the 
flow field near the body; i.e., it is assumed that ¢ — ¢; is a func- 
tion of z only. This seems to be a reasonable assumption accord- 
ing to the discussion in Section 2. 

However, equation (26) shows that this assumption can only be 
made if K has the proper order of magnitude as given by equation 
(31). 

Equations (33) and (34) further indicate that the correction 
term may be appreciable, if the slope of the velocity-distribution 
curve at the sonic point is not predicted by ¢...* with sufficient 

It also follows that the value of K is then poorly 
This point will be demonstrated by some examples for 
In Fig. 4 the reduced pres- 


accuracy. 
chosen. 
the free-stream Mach number one. 
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Fig. 4 Pressure distribution on wedge 
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sure distribution on a wedge profile is shown. It is defined as 


- Tr V/y . Tr i/; 
= (7) a= -2() 'e. 


The dash-dot line gives C,:, calculated from giz. Since ¢iz is 
discontinuous at the shoulder (which coincides with the sonic 
point), ¢:,,* was taken as the slope of the ¢,-curve at 


(36) 


x = lim (1 — 6) 
+0 
where z = 1 is the position of the shoulder. 

From this approximation, C, was calculated using 9, given by 
equation (33) neglecting 7,,*. The result is shown by a solid 
line. Also plotted is the pressure distribution obtained by 
Guderley and Yoshihara [11] which can be considered an exact 
solution, except in the immediate neighborhood of the leading 
edge. It is evident that the present theory compares poorly with 
the exact result, except qualitatively. In this example, ¢,, at 
the sonic point is infinite, while ¢,.2 has a small value and one 
would expect the theory to fail. A similar situation is found in 
the case of a cone cylinder, shown in Fig. 5. Here the pressure 
distribution was calculated on the surface of the body; i.e., the 
pressure is given by 


6? S'%zx) 
4 S(z) 


C, = (37) 


—29,(z, ro) ae 


—2,(z, rap ¢,? = 


where 


Siz Tre? A(z) 
‘ )= oa 


1? fo 


where the boundary condition, equation (20), has been used to 
determine the quadratic term ¢,*. Again, the prediction ¢:..* 
at the shoulder differs in the same manner as for the wedge and the 
approximation fails. 

A less drastic example is shown in Fig. 6. The shape of the air- 
foil considered is given by 


-.08 


~e o6 


-.04 


“Oe 


° 


-02 


.04 


-06 


rons 


fa - —(1— 2) 
t- i" " ( z)"} 


Yy(r) = O<2z<1 (38) 


The calculation was carried out for n = 6 and compared with 
measurements of reference [12] which were carried out for n = 
6.05. These profiles have their maximum thickness at z = 0.3. 
Under these conditions, ¢, is a poor approximation to ¢, as 
shown in the figure. 

The pressure distribution calculated by neglecting /,,* in equa- 
tion (33) gives poor agreement with the measurements. From 
the experimental pressure distribution the value of J,,* was 
estimated according to equation (34) and the corrected distribu- 
tion was also plotted. It is seen that the correction is appre- 
ciable, although probably overestimated near the trailing edge. 

The measurements of reference [12] were performed on half air- 
foils embedded in the test section wall. Some criticism of this 
technique was given in reference [13]. The thick boundary layer 
tends to make the airfoil appear more slender and therefore the 
experimental pressures are presumably too high. 

Also shown in Figs. 4 and 6 are the pressure distributions cal- 
culated by Spreiter [5]. Spreiter’s method can be summarized 
as follows: 

For M,. = 


simple forms 


1 the potential ¢, and its z-derivative reduce to the 


ek « oie = yo'(E)dE 
™ (wK)'* J (a — &)' 


| = yo" (E)dE 
GO: = - - . 
(mK)? J_ (x — &)* 


Spreiter then assumes that ¢, = ¢,, if the parameter is chosen 
locally as K = Tv... This leads to the nonlinear differential 
equation 


ri/, 
~ K “*Diz 


?: =m 
-. ey 


— Cp 
—— + Cp, 
——-— Yoshihora, WADC 
TRS2-295 
© M=zl.00/ 
4 orreched) WA. Poge 
NACA TN4233 
—--— Spre/ter(ret.6) 


Fig. 5 Pressure distribution on cone cylinder 
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Equation (40) can be solved easily, if the assumption is made, that 
the sonic point z* is predicted with sufficient accuracy by ¢:2* = 
0. Thesolution is 


3 gee Va 
%. = 1? f Korea 


For free-stream Mach numbers slightly different from unity, 
the procedure is analogous. Retaining the same Kernel function 
as for M.. = 1, Spreiter derives the relation 


(41) 


%, = ¢,* + Piz(m, = 1) 


Upon introduction of K = I'y,, as before and solving the re- 
sulting differential equation, one obtains 


3 1. /a 
¢: = 9." + ' r f Kg? ae! 
x* 


Introducing the thickness ratio r by 


(41a) 


y(r) = rizr), where 0 < % <1 (42) 


it becomes evident that ¢. is proportional to r. Equation (41) 
then clearly implies the transonic similarity law; i.e., the dis- 
tribution of the reduced pressure coefficient C(z) {equation (36)]} 
is the same for a family of airfoils having the same distribution 
§o(x) but different thickness ratios. 

Denoting the transonic parameter or the von Karman number 
by 

M,? — 1 82 


(i'r) (43) 


E qg See 


= * «+ Me] 


equation (41a) yields for the reduced pressure coefficient for free 
stream Mach numbers slightly different from unity 


C, = 2& + Com, eS (44) 

This result, which indicates that the quantity od — 2é.. is in- 
variant to small deviations of M.. from unity, is known as the 
Mach-number freeze. Its experimental verification seems at 
present rather questionable because of the uncertainty of the 
measurements. Exact calculations on a wedge profile show that 


the phenomenon exists over a small range of Mach numbers. 
However, the flow over a wedge profile should be considered a 
special case since the sonic point is fixed by the body geometry. 
For smooth bodies it seems doubtful that such a freeze really 
exists over an appreciable range of Ma. 

For the sonic free stream the present theory yields particularly 
simple results, since the Kernel function reduces to the simple 
forms given in the Appendix. Using the notation 

1 
M(z) = ay, ator 
7’ ~o (@— §)” 


equation (33) (omitting J,,*) gives the reduced pressure coefficient 


= F2(M"(2*)]'/*{2(M(z) — M(2*)}}'/* (45) 


Com. =1 


where the negative or positive sign has to be taken for gi. 2 0, 
respectively. Equation (45) shows that the transonic similarity 
law is fulfilled by this theory. However, the Mach-number freeae 
is not predicted by the theory as can be verified by inspection of 
the Kernel function for M.. # 1. 

It is particularly interesting, that equation (33) predicts 
a shock wave due to the two real roots of the quadratic. This 
shock wave is located at a position z** where ¢, predicts the rear 
sonic point. This point coincides with the trailing edge for Ma 
= 1 but lies ahead of it for M. <1. Qualitatively, this behavior 
is observed in the experiments, but the shock position is influenced 
by the interaction between shock wave and boundary layer. The 
shift in shock-wave position seems to contradict the assumption 
of Mach-number freeze. 

The pressure distribution on a parabolic airfoil is shown in Fig. 
7 for M. = 1. It is compared with measurements of reference 
[14] and with Spreiter’s results [5]. Both theories are in good 
agreement with the experiment. Spreiter’s theory, however, 
gives infinite pressures at the leading edge while the present theory 
predicts a finite pressure. 

In Fig. 8 the pressure distribution on a 10 per cent thick para- 
bolic airfoil for M. = 1.05 is shown. Again the theory predicts 
a finite pressure at the leading edge. Except near the trailing 
edge, the agreement with the experiment [14] is excellent. The 
deviation from the theory near the trailing edge is attributed to 
boundary-layer shock-wave interaction. 


Theory 
—-—Theory, corrected 
mamma ip, 


—--—Spreiter, ref.5 
© Measurements, ref./2 


Fig. 6 Airfoil with maximum thickness at X = 0.3 
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Fig. 7 Parabolic airfoil, 7 = 0.1 


Fig. 8 Parabolic airfoil, 7 = 0.1 


Also plotted in Fig. 8 is the distribution calculated from equa- 
tion (44) which is slightly less satisfactory. For comparison, the 
pressure distribution calculated from linearized supersonic theory 
has been included. Of course, this theory is not expected to give 
any reasonable results at this Mach number. 

The pressure distribution on the same airfoil for M.. = 0.95 is 
shown in Fig. 9. It is compared with measurements of [14] and 
with the pressure calculated from equation (44). 

Finally in Fig. 10 the drag coefficient 


1 
Cp = 2 f, C,(2)yo'(z)dz 


of the same airfoil is compared with measurements of reference 
[14 

These latter were obtained by integration of the pressure dis- 
tribution according to equation (46). The theoretical points 
are considerably higher. This can be attributed to the fact that 
near the trailing edge a high-pressure region exists as a result of 
the sheck-wave boundary-layer interaction; this reduces the 
drag considerably. In reference [14] the drag that would result 
in the absence of this phenomenon was estimated by extrapolating 
the pressure curve in the neighborhood of the trailing edge. The 
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mM, = 1 


—---Cp, - 
—— 5 
Cp 22+ Coy -, (ref 5) 
O Measurements, ref./4 
—--— Lin. supersonic theory 


M. = 1.05 


resulting drag coefficients are also shown in Fig. 10. They are 
still lower than the present results, probably because the foregoing 


phenomenon was underestimated. 


5 Conclusions 

The theory presented in this paper is characterized by its 
simplicity, in particular for the free-stream Mach number one. 
For other Mach numbers, the numerical calculations are still 
rather tedious but their programming for computers is extremely 
simple. 

Since the results can be written in closed form at each step, 
the theory is particularly suited for theoretical applications. 

As discussed in some detail in the foregoing, the theory yields 


acceptable results only under certain restrictions: (a) The body 


has to be smooth, i.e., no discontinuities in the slope of the area 
distributions are admissible, because in this case ¢i, is a poor 
approximation to ¢,; (b) ¢iz and ¢,, must approximate ¢, and 
¢,, at the sonic point with sufficient accuracy. This condition 
implies of course the first one, but is much stronger. It seems 
that the condition is well fulfilled for bodies whose point of 
maximum thickness is not too close to the leading edge. This 
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Fig. 9 Parabolic airfoil, r = 0.1 
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Fig. 10 Drag coefficient for parabolic airfoil, r = 0.1 


may result from the fact that ¢,, has the usual singularity at the 
nose. 

In this paper no results for bodies of revolutions are presented. 
An example has, however, been given by Hosokawa in reference [9] 
for Mj = 1. The agreement with the experiments is excellent. 
It is particularly interesting that the theory predicts a shock wave 
ahead of the rear end. This shock wave has actually been ob- 


served. 
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APPENDIX 


The Kernel function G can be found from equation (17) by 
taking triple Fourier transforms on both sides (see reference [8] 
for details). After rearranging and taking the inverse transforms 
one obtains: 


(a) Two-dimensional case: 


et lpi(z—&) + p(y —)) 
ae ree. 
Bp, + iKp, + pe” 
= — (298)—e**-OK,{ af(x — &)* + BXy — »)]'*} 82 > 0 
= —(2m)—e™*- 87h al(x — §)? — mXy — 9)*]'7} 


-I[x-— E— my — 9) & <0 


where 


0 s<0 
Is) = 
i s>0 
K, and J, are the modified Bessel functions of order zero. 
If 8? approaches zero, such that 2a8? = K remains finite, 
then G has the limiting form: 
K(y—7)? 
- “4(2—-8) 
omnenaner « Efe an 
(z — §)' ( ®) 
If a — 0, G takes the form of linearized subsonic and supersonic 
theory, i.e., 


lim Gx — £, y — 9) = —[(49K)~"7] > 
s*-0 
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lim G(x — &, y — 9) = (498)~' In 
a0 


(xz — &)*§ + BXy — n)*} Bt >0 
= —(2m)— 1[(z — &) — my — q/) 
<0 
(b) Three-dimensional case: 


Gz —- &y—29,2-$) 


e e' [pi(z —&) + pr(y—2) + pi(2—5)] 
= “ae —————— ———____——— dpd 
fff B%p,? + iKp, + pa? + ps? pidp2dp; 


ate—~ exp {—al(z — &)* + Br)" 
[(z — &)? + Bry'/” 

cosh {a[(z — £)? — m?rt]'/*} 

2 — §)? — my 


ifr —€ 


= —(4r)—“e — B?>0 


a —(2r)-tee@—-h) 


— mr] B?<0 


where r? = (y — 9)? + (2 — £)? 


Again, the following limiting cases are obtained: 


_- ae 

e 4(z—£) 
lim G(x — &, r) = —(4r)= - 
B20 = 


I(x — &) 


lim Gz — &,r) = —(4e)—[(x —£)* + Br] —'/2 


a—0 


B?>0 


= —(2r)—[(x — £)? — m? rt) —*/2 
lfx-—E—rm <0 
Finally, the generating functions g [see equation (14)] will be 
given for bodies at zero angle of attack. 
Two-dimensional case: 


dyo 
gz) = 2 a 


Bodies of revolution: 


d 
= = 7O*8'(z) 
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Surface Oscillations of a 
Rotating Liquid 


The free oscillations of a fluid in a rotating, axially symmetric container are investigated 
under the assumption that the equilibrium motion of the fluid be a rigid-body rotation. 
Gravitational forces are neglected. 
an elliptic or hyperbolic partial differential equation, depending on the frequency/ 


angular velocity ratio. i 
Due to the Coriolis force, there exist modes with the radial velocity com- 


The resulting boundary-value problem leads to 


The problem is solved for a cylindrical container and discussed 


ponent vanishing inside the fluid (‘‘nodal cylinders’), besides the usual nodes im axial 


and azimuthal direction. 
dimensions are analyzed. 


W.. CONSIDER here the free oscillations of an annular 
cylinder of an inviscid liquid contained in a rotating (about its 
axis) cylindrical tank of radius a and height A and having an inner, 
free surface of (equilibrium) radius 6. We shall assume that the 
gravitational acceleration (if any) is negligible compared with the 
centripetal acceleration and that the equilibrium configuration 
of the liquid is a rigid-body rotation. 

The problem described here arises in connection with the 
motion of fuel in a spinning rocket. Related problems are pre- 
sented by a liquid-filled top [7],* a liquid-filled cylinder rotating 
about a horizontal axis in a relatively weak (compared with the 
centrifugal force) gravitational field [5], and a liquid-filled cylin- 
der rotating about a vertical axis with a parabolic (but ap- 
proximately plane) free surface [4]. The present investigation is 
more restricted than any of these antecedents, but we shall ob- 
tain rather more complete results for the natural modes of 
centrifgal oscillation. 


The Eigenvalue Problem 

Let (r, 6, z) be a set of cylindrical polar co-ordinates rotating 
with the angular velocity w about the z-axis, (u, v, w) the cor- 
responding components of relative velocity, p the perturbation 
pressure, and p the density of the liquid. The equations of small 
motion then are [6] 


es 2uv = —¥,, % a 2au = —r— Pe, wu, = -¥, (la, b, c) 


where 


= p71 Pom} 2p? 
vy =p-'p @ wrt + const 


is an acceleration potential that satisfies 
Vu + 40, = 0. (3) 


We seek solutions for (u, v, w, p) that satisfy the boundary con- 
ditions (of vanishing normal velocity) 
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2? Now with Aerospace Corporation, Los Angeles, Calif. 
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The oscillations in the neighborhood of critical container 
Numerical results are presented in graphs. 


u = Oatr =a, w= O0atz=O0,h (4a, b) 


at the tank walls and that correspond to an oscillatory displace- 
ment of the free surface, say 


r=b+ 7(6,2,0. (5) 
The kinematic and dynamic boundary conditions at this free 
surface are 


u=yn, and p= 0. (6a, b) 


We may assume an oscillatory solution to (1)-(3) and (46) in 
the form 


(7a) 
(76) 
(7c) 


u = [f'(r) + pmr— f(r) ett + cos (nwe/h), 
v = ifuf'(r) + mr f(r) jet +™ cos (nwz/h), 


w = (wu? — 1)(nx/h)f(r)e+™ sin (nwz/h), 


1 . 
- . q wr - b*) + io(u? — If(r)e+™ cos (nmz/h), 
p 
(7d) 
where o denotes the angular frequency (in the rotating co-ordinate 


system; the angular frequency for a fixed observer is ¢ — mw), m 
and n are integers, f(r) must satisfy the (modified) Bessel equation 


1 2 
f(r) +—f"(n) - (1 + =) fir) = 0, (8) 
Tr r 


B= w/o, k? = (1 — w*)(nmw/h)?. (9a, b) 


It then remains to satisfy the boundary conditions (4a) and (6a, b). 
Substituting (7a) in (4a) yields 

af'(a) + mpf(a) = 0. (10a) 
Letting r = b + 7 in(7d), assuming |n| < b, and invoking (6d), 
we obtain the free-surface condition 


0 = wn — io(1 — pw) f(db)e*+™ cos (nz/h). (11) 


Differentiating (11) with respect to ¢, eliminating 7, through (6a) 


and (7a), and multiplying the result by 4/o? yields 
ptdf'(b) + {4(1 — w*) + mpi} f(b) = 0. (108) 


The investigation of the free oscillations is now reduced to the 
following eigenvalue problem: find those values of the parameter 
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u for which the differential equation (8) has nonzero solutions 
that satisfy the boundary conditions (10a, 6). The frequency for 
any given mode then is determined by ¢ = 2w/y, while the nodal 
pattern of the mode is described by the integers m (the number of 
6-nodes), n (the number of z-nodes), and the zeros of the function f 
(the radial nodes). 


Two-Dimensional Oscillations 
The simplest of all special cases is two-dimensional motion, for 
which n = 0. A solution to (8) then is given by 


f(r) = Ar™ + Br-*. (12) 


Substituting (12) in (10a, b) and equating the determinant of the 
results to zero, we obtain the eigenvalue equation 

(a/b)?™ + 1 
ad a 


y sal 


my? — 4a — 4y = 0, (a/b) — 1 


whence 


9 


w= — [1 +(1+ my] 
m 


Le fs “ 
o= [—1 + (1 + my) “J. (15) 
y 
We note that my > 0 independently of the sign of m, so that the 
frequencies given by (15) are real. The frequencies for a fixed 
observer are 


(1 + my) ¥ (1 + my)'“]. (16) 


Cas = FT —- MOF — 


Three- Dimensional Oscillations 
The more general, three-dimensional, solution can be ex- 


pressed in terms of Bessel functions (cf. [7]), namely 


fir) = AI,,(kr) + BK,(kr) for p?< 1 (17a) 


fir) = AJ, (lr) + BY, (lr) for wu? > 1, (17b) 


where 
7, WE 


nT 
2 } l= 2: 1}'/ 
[mu h 


ke [i —pyre 


(18a, b) 


A nontrivial solution exists only if the determinant obtained from 
the boundary conditions (10a, b) vanishes: 


kal,,,’(ka) + muyl,,( ka) 
\w2kbl,,"(kb) + [411 — p*) + my lI,,( kb) 
for u*? < 1, and the corresponding equation involving J,, and Y,, 
for u* > 1. For the most important case, m = 1, the deter- 
minants are rewritten as 

kal ka) + (u — 1)i(ka) 
wrkbl of kb) + [4 — 5y? + pw] 1(kb) 


for 4? < 1, 


and 


laJ (la) + (u — 1) Ji(la) laY (la) + (u — 1) Yi(la) 


*lbJo( lb) + (4 — 5? + p)Ji( ld) 
for pw? > 1. 
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Fig. 1 Eigenvalue u for modes without nodal cylinders. The approxi- 
mate solutions are based on equation (51). 


These equations form the basis for the further discussion of the 
problem. For the numerical computation of yw the values for 
a, b, and k (or 1) are assumed, and the Bessel functions com- 
puted, so that the determinants (20a, b) reduce to fourth-degree 
polynomials in uw. Having k and yu, the value of h/2n then is 
determined [cf. (9b)]. If the eigenvalues were to be found for a 
given situation, i.e., with a, b, and A prescribed, this method 
could be combined with an iteration procedure. 

If the solution f(r) does not vanish for b < r < a, there exists 
another representation that is quite convenient for numerical 
computations. It can also be used to obtain bounds for the 
eigenvalue u (see Appendix 1). We introduce 


F(y) = rf"(r)/f(r) 
and transform (8) to the Riccati equation 


2yF"(y) + FXy) = m?+ y 


y = kr’, (21a, b) 


and (10a, b) to 
Fla%1 — p*)] + mp = 0, 
uF (B%1 — w*)) + 4(1 — w*) + mp ® = 0, 
where 
a = nta/hand 8 = ntb/h. 


For the computation of the frequencies presented in Fig. 1, we 


kaK,,,'(ka) + mpK,,(ka) 
pkbK,,'(kb) + [41 — yw?) + my*)K,,(kb) 


=0 (19) 


proceed as follows. 


Given preassigned values of m, a, 8, and an assumed (i.e., 


guessed) value of u, say u,, we integrate the ordinary first-order 


—kaKol ka) + ( - 1) K;( ka) 
—p*kbKo( kb) + [4 — 5u? + yw) Ki(kb) 


|= 0 (20a) 





differential equation (22) numerically from 


Yo ae BX1 . L”), 


F(yo) = —[4(1 — pn*) + mun") /u," (24a, b) 


/=0 (20 


MUbY (lb) + (4 — 5u? + m*) ¥i(1b)| 
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Fig. 2 Eigenvalue u for modes with p nodal cylinders 
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Fig. 3 Upper and lower bounds of || 


mw = a1 — yu,”), 


determine 

7, = —m'F(w), 
and proceed by iteration until y, agrees with yu, to the required 
accuracy. The selection of the initial guess, uo, is based on the 
results of the two-dimensional motion [see (14)] and on the 
bounds 


A — [A? — BI'* < p2< A + [A* — B]'”, 


where 


B= 


8 1 Bm? a 
d ={i + 8) + a is . (28) 


git —_ BY 


The result (27) is derived in Appendix 1 and displayed in Fig. 3. 


Discussion of the Results 


A given tank is characterized by 
radius a, and depth h or, more 


its inner radius b, outer 
conveniently, by the 


Journal of Applied Mechanics 








p= 3.575 


h/2nbe*i, b/a = 0.6 








Fig. 4 Velocity components for modes with and without nodal cylinders 


dimensionless ratios b/a and h/2b; a given mode is char- 
acterized by the integers m (number of @-nodes), n (num- 
ber of z-nodes), and p (number of r-nodes). The motions 
between any two z-nodes are, however, essentially identi- 
cal and depend only on the effective depth ratio h/2nb, rather than 
on h/2b and n independently. We therefore may describe our 
results in terms of the four dimensionless parameters b/a, h/2nb, 
m, and p. We may prescribe b/a and h/2nb arbitrarily (except that 
0 < b/a < 1) and choose any integral value for m, say m = 0, 
+1, +2, ... (the restriction to integral values of m is a conse- 
quence of the requirement that the motion be periodic in 6); 
there then exist two infinite sets of eigenvalues u and correspond- 
ing frequencies o for each triplet of b/a, h/2nb, and m—namely, 
two eigenvalues for each p = 0, 1, 2,.... The reader might 
find it interesting to compare this state of affairs with that for a 
nonrotating cylindrical tank under the influence of gravity. 

The fact that radial nodes (at which the radial velocity van- 
ishes) are possible for free surface oscillations on a rotating liquid 
and that the two frequencies for a given nodal pattern differ in 
magnitude as well as sign are both consequences of the Coriolis 
Neither of these phenomena would be possible under the 
If we were to ignore the 


force. 
influence of centrifugal force alone. 
Coriolis accelerations 2wv and 2wu in the equations of motion 
(la, b) we would have to replace (9b) by 


k? = (nm/h)? (9b)’ 


and the boundary conditions (10a, b) by 


fla) = 0 (10a)’ 


p*bf'(b) + fi b) = O. (10b)’ 


The solutions of (8) then would involve only the nonoscillatory 
Bessel functions /,, and K,,, radial nodes would be impossible, 
and the two eigenvalues for given b/a, h/2nb, and m would differ 
only in sign. 

The distributions of velocity for typical modes without and 
with radial nedes with h/2nb = 1, b/a = 0.6, and m = 1 are 
illustrated in Fig. 4. We emphasize that the existence of a radial 
node implies that a fixed cylinder could be inserted at such a 
node without altering the velocity distribution (but this cylinder 
would have to transmit pressure unchanged if the motion outside 
of it were to be unchanged). Cylindrical nodes also may exist 
for v or w (e.g., v = Oat r = 0.9a for uw = 1.451 in Fig. 4), but 
these ure not radial nodes in the present sense. 

Let us now consider the behavior of the eigenvalue yu as a func- 
tion of the geometric and modal parameters, bearing in mind that 
the corresponding natural frequency o is inversely proportional 
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to wu. We shall restrict our discussion tom = +1 (changing the 
sign of m only interchanges the positive and negative values of 
uz), but we remark that increasing m does not necessarily increase 
the natural frequency. We also emphasize that |m| = 1 is by far 
the most important case in practice, since only such modes are 
excited by rigid-body, transverse motions of the tank, all modes 
with |m| = 1 being orthogonal to the mode {m| = 1. 

The dependence of yu on n, the number of z-nodes is especially 
simple: the eigenvalue u decreases monotonically, and hence the 
frequency increases monotonically with n. 

We have already remarked that there exist two oppositely 
signed values of u for each p = 0,1,2,.... If p = Owe may 
have either |u| < 1 or |u| > 1, depending on the value of h/2nb 
and b/a; but if p > 1, |u| > 1 (or |o| < 2 |w]) for all h/2nb and 
b/a. Furthermore, the natural frequencies decrease monotoni- 
cally with p. This is intimately related to the fact that the 
natural frequencies increase monotonically with the outer radius a. 
(We recall the analogous fact that the natural frequencies for 
gravity waves in a fixed tank increase monotonically with the 
depth of the tank.) Thus, if we have found a solution with, let 
us say, one nodal cylinder (see Fig. 4), then this same solution 
also describes the motion in a tank with smaller outer radius a, 
corresponding to the position of the nodal cylinder. The motion 

in a given cylinder, with fixed m and n) between the free surface 
r = b and the first radial node for any mode for which p > 0 then 
is identical, except for scale, with the motion for p = 0. 

By comparing our numerical results with previous work we 
note that there exists full agreement with the eigenfrequencies 
given by Stewartson [7] for the range 2.0 < w < 2.5 (cf. Figs. 1 
and 2), whereas the curves given by Phillips [5] for the case 
w = 2 are rather inaccurate (up to 15 per cent deviation). In- 
cidentally, the more accurate numerical values tend to improve 
the agreement between computed and observed frequencies as 
reported by Phillips. 
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APPENDIX 1 
Bounds for the Eigenvalues 


Bounds for the eigenvalues yu can be conveniently obtained 
from (22) and the boundary conditions (23a, 6). 

By integrating (22) 
m?* F? 


PF’ = — _— 
+ %y 


2° dy 
between the values 
yo = BX1 — pw?) (29a, b) 


and y; = a1 — p*) 


we obtain 


yn 1 me F2 
mae. oe f (5 aa “tp r) dy. 
yo “y y 


We note that 
Yi — yo = (a* — B*X1 — p*) 


and from (23a, b) 


4 
F(y:) — Fly) = w (1 — yp). 
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Therefore, 

+ . m?* mF? 
— (1 — w*) = —(m — yo) + = log (*) _ — dy. 
Th 2 2 Yo ye 2y 


Since the inequality 


always holds, it follows that 


4 a 
— (1 — p*) < — (a? — B21 — pe?) + m? or ( -) (35) 
a B 


2 
wwf t+ ion (S)t +B <0. (36) 


The lower and upper bounds for yu? given by (27) then are readily 
obtained. They are represented in Fig. 3. 


APPENDIX 2 
The Behavior of the Solution for u = +1. 


The solutions for the eigenvalues y = +1 are of interest for 
several reasons. First of all, it is apparent from (20a, b) that this 
solution breaks down for uw? = 1. Then, Fig. 2 shows that in- 
finitely many curves start from u = +1; furthermore, in the 
formulation of the problem for containers of arbitrary shape (i.e., 
without the separation of the variables r and z) u? = 1 marks the 
transition from an elliptic to a hyperbolic partial differential 
equation (cf. [2]). Since eigenvalue problems are usually asso- 
ciated with elliptic equations, this transition to another type of 
equation is especially significant. 

In order to investigate the solution in the neighborhood of 
yw = +1, we put wp = +(1 — e) and, by retaining only the lowest 
order terms in (20a or b), we readily obtain at uw = —1 


9 (0 ) 
(Cm sae ote, EP a 
perk 5 ef 
b a 
and in the neighborhood of u = 


—1 


na z 


h / —2¢ 


where z; are the roots of 


J2,;)Y2 (2. ~) 
a 


For 4 = +1 the container dimensions are 
147 (< 
("= ' . ate 
h Fi ' a*\ ’ 
og } 


nta z 


_ 
h V/ —2 


and near up = +1 


where z; are the roots of 
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JA x;)Vo (2, ~) = J, (:, *) Yo(z,). (42) 
a a 

The results of (37) and (40) agree with the numerical computa- 

tions (see Fig. 1). 

The container dimensions which lead to an eigenvalue of 
#@ = +1 can also be obtained directly from (22) and (23a, b). 
We again put uw = +(1 — €), then introduce 7 as a new in- 
dependent variable according to 


y = a1 — u*)n = 2ea% (43) 


and, in view of (22) and (23a), 


F(y) = =m + €(). (44) 


For m = 1, the only case of interest here, the function g(7) 
satisfies the differential equation 


ng'(n) = g(n) = a, 45a) 


and 


gi) =1 (45b) 


as one boundary condition, whereas the other boundary condi- 
tion furnishes the desired result. 

Treating the case u = +1 — € first, the solution of (45a, b) is 
obtained as 


g(n) = a™ log + 0, 


and the lowest-order terms of (235), i.e., the boundary condition at 


B? 
\ foe | 


a* 


lead then to the relation (40). 
Similarly, for w= -l1+e, 

L q 

- a”, 


g(n) = + (46) 


and (37) is readily obtained by inserting g(7) into (23b) at n = 


B2/a?. 


APPENDIX 3 
Discussion of Some Limiting Cases 


It is worth mentioning some special cases for which the eigen- 
value problem is appreciably simplified. These cases represent 
approximations to the results shown in certain regions of Figs. 1 
and 2. Fig. 5 indicates in what regions the approximations give 
good results. 

(a) For tanks where k(a — b) > 1 and |u| < 1, thesloshing is 
confined to the neighborhood of the free surface, as in the deep- 
water approximation for gravity waves. Starting from (20a) we 
find, using the asymptotic expansion of J, and K; [1], 


—ak + p 
—p*kbKo( kb) + [4 — 5yu? 


(ak + pee 
imetkbl of kb) + [4 — 5u2 + pw ]/,( kb) 


and hence 
—pkbKo(kb) + [4 — 5u* + w*)Ki(kb) = 0. 


Numerical results are easily computed and show that for small 
(h/2nb), where all curves coincide near the origin in Fig. 1, the 
representation is very good. 

For small h/2nb, we can replace K, and Kg in (47) by their 
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(48) 











Fig. 5 Regions where limiting cases represent good approximations; 
(a), (b), (c) refer to the corresponding paragraphs of Appendix 3 


asymptotic expansion and the approximation becomes 


= 22] ' 
nab 


This result is valuable because the numerical method described in 
the section, ‘“‘Three-Dimensiona! Oscillations,’’ is not very ef- 
ficient for these values of h/2nb. 

(b) At the other extreme, if h/2nb is very large, i.e., n — 0, then 
p tends to the values for the two-dimensional problem given by 
(14).4 Fig. 1 shows that for negative u these approximations are 
actually quite accurate down to (h/2nb) = 5. 

(c) Assuming yu? > 1, and both b/a and /b small, i.e., (h/2nb) 
large, leads to a good approximation in a certain region of positive 
u’s. It follows from (20b) that 


{laJo(la) + (4 — 1)Ji(la)} (4 — 5u* + pw) (50) 


(49) 


is the leading term. The solution 


w= 2/2 + 1) 


of the second factor represents the asymptotic value of u for 
(h/2nb) — @, (b/a) — 0, in agreement with (14). 


The solutions of 


laJo(la) + (wu — 1)Ji(la) = 0 (51) 


are marked in Fig. 1 and are observed to give surprisingly good 
approximations for small b/a, and in the intermediate region of 
(h/2nb) up to b/a = 0.4. Since these solutions depend solely 
on a, the radius of the tank, but not on b, the positive 4 hardly 
changes as the amount of fluid in the container decreases, within 
the parametric range of tnis approximation. 

A last remark refers to the curves represented in Fig. 2 for 
modes with nodal cylinders. From the numerical procedure de- 
scribed in the section, ‘“Three-Dimensional Oscillations,” 


it follows that 
+ 1, 
—1 


(52a) 
(526) 


if Jo(la)Yo(lb) — Jo(lb)Yodla) = 0, 
, if Jela)Y{lb) — JXflb)YAla) = 0, 
+ oe, if J (la)Y (ib) =_ J (lb) Y,(la) 


(47) 
pe") K,( 4d) 


For large arguments, i.e., for large p, the solution of these three 
equations is identical, namely 


t= —— (53a) 


(a.— b) 


‘For motions with nodal cylinders, w tends to infinity for large 
(h/2nb). 
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(53b) 


a h 
To 1 
Vu (*) 


‘In Stewartson’s notation [7] this would be written as 


4—- .— *\" c 
(1 — 1)? (27 + l)a (1 — b/a)’ 


ts 


A large part of Stewartson’s tables [7] can then, with good ac- 
curacy, i.e., within a fraction of one per cent, be obtained by com- 
puting just the constant p, for r = 0.1 and deriving the results for the 
other r values from the formula above. According to our remarks, 
pe is near an even integer. 


496 / DECEMBER 1961 


References 


1 H. B. Dwight, ‘Tables of Integrals and Other Mathematical 
Data,’’ The Macmillan Company, New York, N. Y., 1947, p. 178. 

2 H. Gértler, “On Forced Oscillations in Rotating Fluids,” 
Proceedings of the Fifth Midwestern Conference on Fluid Mechanics, 
Ann Arbor, Mich., 1957, pp. 1-10. 

3 H. Lamb, “Hydrodynamics,” 
1932. 

4 J. W. Miles, ‘Free Surface Oscillations in a Rotating Liquid,” 
The Physics of Fluids, vol. 2, 1959, pp. 297-305. 

5 O. M. Phillips, ‘‘Centrifugal Waves,’’ Journal of Fluid Me- 
chanics, vol. 7, 1960, pp. 340-352. 

6 H. Poincaré, “Sur |’équilibre d’une masse fluide animée d’un 
mouvement de rotation,’’ Acta Math., vol. 7, 1885, p. 259 (cited in [3], 
p. 717). 

7 K. Stewartson, “On the Stability of a Spinning Top Containing 
Liquid,” Journal of Fluid Mechanics, vol. 5, 1959, pp. 577-592. 


Cambridge University Press, 


Transactions of the ASME 





Theoretical Pressure Distribution 


KICHIYE HABATA 


Research Engineer, 

Saté Agricultural Machine 
Manufacturing Company, 
Shimane Prefecture, Japan 


in Journal Bearings 


By assuming oil viscosity constant, Reynolds’ equation for journal bearings has been 
solved in a manner similar to Hill's method. 
Waters’ method and Ritz’s method have been added. 


Two approximate solutions using E. O. 
Numerical computations have 


been carried out for a centrally supported 120-deg bearing with a unity slenderness 


ratio. Isobarriers have been determined from the pressure distributions. 


In order to 


show a justification for assuming the viscosity constant, the Reynolds equation was 
solved for the infinitely long bearing with variable viscosity, and the solution com- 
pared with that of Sommerfeld. 


A. FAR as the author is aware, an analytical solution 
of Reynolds’ equation for journal bearings having a finite width 
was first given in 1932 by Kyujiro Kino [1].' Later, in 1938, it 
was also solved analytically by E. O. Waters [2], and it was 
again attacked by Kino in 1940 [3]. In all those cases the prob- 
lem was solved by means of Hill’s method. 

In 1943 it was again solved by Vogelpohl [4] who used the 
Ritz method. 

In this paper a solution similar to Hill’s method will be given, 
but an attempt has been made to avoid the infinite determinant 
inherent in Hill’s method. Ritz’s method and Waters’ approxi- 
mate method will also be included for purposes of comparison. 

Fig. 1 gives a geometric representation of a partial journal 
bearing with running clearance. 


1 Solutions of Reynolds’ Equation for Finite Bearings 


If viscosity 4 is assumed constant, then the Reynolds equation 
for the finite-length bearing will be given by 


re) op re) Op ) _ dh 
h® hs = Gul 
or ( or ) sd oz (: oz ” dx 


or by putting z = a andh = cg, 


re) ( . Op ‘win o°p Gulla dg 
a*g? = 
a0 \" 20 O22 ct 0 


1 Numbers in brackets designate References at end of paper. 

Presented at the Summer Conference of the Applied Mechanics 
Division, Chicago, Ill., June 14-16, 1961, of Tae American Society 
oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial De- 
partment, ASME, United Engineering Center, 345 East 47th Street, 
New York 17, N. Y., and will be accepted until January 10, 1962. 
Discussion received after the closing date will be returned. Manu- 
script received by ASME Applied Mechanics Division, December 22, 
1960. Paper No. 61—APM-20. 





Fig. 1 Geometric representation of partial journal bearing 


Now let 
p = O(0)-Z(z) 


Then (2) becomes 


6uUa 
(9°9’)'Z + atg*OZ" = ‘ g’ 


c 


Following the process of separation of variables and taking the 


axial configuration as shown in Fig. 2, we get 


x 


p= >. 0,, cos mr 7 


er 





Nomenclature 


radius of journal 

axial width 

radial clearance 

h/c = 1 + €cos 6 

c(1 + € cos @) = film thickness 
linear, length of bearing are = Ba 
pressure within oil film 
temperature 

relative velocity of bearing surface 


Journal of Applied Mechanics 


mean load per unit bearing width 

a@é = periphery along bearing 

distance in axial direction of jour- 
nal 

angular extent of bearing 

eccentricity factor 

angle from line of centers to any 
position in film 

angle from line of centers to inlet 
edge of bearing 


angle from line of centers to outlet 
edge of bearing 


angle from line of centers to mean 
load w 


coefficient of viscosity 
exponent 
natural logarithm 


common logarithm 
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SSP aSASAo 


SSAASTA: 


where 9,, is the solution of 
(9°9,,")’ — r,.°9°98,, = Yng’ 

where 

™—* 24uUa 


mmc?’ m= 1,3, 5,... 


A, = mra/b, Y., = (—1) 
Expressions (3) and (4) are the expressions given by Kino, and 
(4) is also a type of Mathieu’s equation whose solution has not 
yet been explored completely. 

Three approximate solutions of (4) will be given as follows: 

Ritz’s Method. The solution of (4) with the given boundary con- 
ditions 9,,(@) = 9,,(0,:) = 0is obtained by minimizing the calcu- 
lus of variation formulation 


1(0,,) > pm [99,,”2 + d,.°8,,") + 27n9'9,,)40 (5) 


ua N 
8,, = s Zz OnnY mal 9) (6) 


Substituting (6) into (5), and differentiating J with respect to 
a,, where » is a particular value of n, gives 


al N 
oe Vas ™ 
= £ [> Aang Vm» V 


n= 


+ X,Y msVnn) + & Vr d@ (7) 
mr 


According to Ritz a», is determined so that (7) vanishes; i.e., 


a 
f. » Onn Vas! Vina 


n=t 


+d, Varna) + =. rtm | d6=0 (8) 
mT 
Now let 


¥,.(0) = sin 7 (0 — &) 


the expression proposed by Professor Vogelpohl. Then (8) be- 


comes 


t $00 [ cm: + n*)g* sin = (0 — &) 
ae B 


+ neg’ sin 6 cos AG - a | 
oa . . nT 
+(-1)2 Sma 0 at sin F) (0 — &)d8 =0 (9) 


For the 120-deg bearing, in particular, 
x/B = 3/2 
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Then (9) gives 
"= 1 
— Qe, v) 
m 


ZA nseOnn = (—1) 


where 
Amun = Amy = (vn + m*)P(e, » — n) + (yn — m*)P(e, v + n) 


P(e, 0) = (8 + &)r +3 V3 1 + €/4) cosd 
+ 3<V3 € cos 26 


P(e, +2) = — ws V3 4 + €) cos d — 2 V3 € cos 26 
oe 
- €* cos 3 


( 3e(4 + e%) . Iz, 
92 —4 sin ? = 972 — 16 sin 2 


2e? ; 
tam © 
P(e, +i = ¢ 

3 V3 € 
2? — 4 


(4 + €) cos @ 
I2V3« 


~ == eos 2 (2 
9? — 16 ¢ 


jt 


Oe, v) = : x 


sin +—— r (v odd) 


1283 « v 
ee cos @ ————-__ (v even) 


T Sy? — 4 
Assigning values 1, 2, 3 . . . for » and n in succession, (11) gives 


AmuQmi + AmizOm2: + AnvisOma +... 


Am2iOmi + A m22Om2 . A mo34m3 + e+e 


=(-1) 2 Qe, 2) 


AmnuQmi + AmzOm2 + Am2Om3 + eee 
m—1 


=(-1) 2 Qe,3) 





from which a,,, can be determined. 
Simple Solution (Waters’ Method [2]). 
tion of (4) we have 


Rewriting the reduced equa- 


3q’ 
0,” + 2 0,’ — r,,0, = 0 (13) 
7] 


Assume 0,, = A,,e*"’. 
39’ 

(u.! + yu, - A.) 0, = 0 
uv 


which could be satisfied by replacing g’/g by its mean value. To 
this degree of approximation, then 


Then (13) gives 


_ 3 


—_ 4 1 
=e 2 [A,ei(trn*+9o0'/% 


+ Bye i4rnt+90n'/) 4 7 (44) 
where 
p = [In g(A,) — In g(6)]/(A: — 6), 
and J,, is the particular integral to be given by (34). 
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A More Accurate Method. No simple solution which is valid for 
the larger values of € is known. Perhaps Hill’s method deserves 
the first mention. This method was applied to the journal bear- 
ing by Kino [1, 3]. His solution for 


(9°9,,’)’ — A,,29°9,, = 0 
may be summarized as follows: Let 
6, = g~**S,, 
Then the foregoing differential equation becomes 
on +(t-ar- 242} —*) 6. 
g q 
Substituting identical relations 


? 
“ 


~an* ae 


= 1— (1 — 
3 | - ———— oe) cos n@ 
€ 


1 


i 
i. @ 


ey 


: _ (17) 
=(1-e)-"421-€)-” >> [1+0(1 - 4] 
1 


1—(1 —«)'}» 
| - “] cos n@ 
€ 


cos nO = 4c)" + In?) 


g? 


into (16) and letting @ = 2y, we get 


- | on + bs a,(e*2"¥ + cman | ®, =0 
1 


a, 
ay? 


where 


DP, = ound . B b,,,e22n¥ 


Then (18) becomes 


D (em + F2n)agei2™¥ 


_ | on + b> a,(e?**¥ + ma | \ b,,,e227¥ = 0 


(20) 


co 


+ Mite + 52n)* — dmolonn — >, G,(bm.n-e + bants) = 0 (21) 


s=1 


Relation (21) gives the infinite determinant 


(Gm + 2)* + amo 


2? + amo 


(jh a— 2)*? + Gmo 


and this determinant is known to reduce to the following compact 


form: 
? 


Sere 
sinh > Mm 


A(jum) = A(0) — 
7 


sinh 2 (Gwo)'/? 


Hence y,, is determined from the relation 


T T ‘ 
sinh — ta = +[A(0)}'/2 sinh - (amo)'/* (24) 


Detailed accounts are given by Whittaker [5] as well as in Kino’s 
papers [1, 3]. 

The first difficulty is experienced in evaluating A(0). For 
é = 0.9 in the 120-deg bearing, for example, taking 1°, 2*, and 3? 
elements, respectively, gives 1, 0.5769, and 0.40968. Many 
more elements would have to be taken into account to obtain the 
stationary value of A(O). For larger values of m, of course, we 
may assume A(0) = 1 without serious error. Another difficulty 
will be experienced in evaluating b,,, in terms of bmo, especially 
when m = 1. Thus Hill’s method, so far as the bearings under 
consideration here are concerned, is found to be rather imprac- 
tical, and some other means must be devised. One method will 


be as follows: 


Hom. Soluti. 
ad v 





Assume 


6,, = Amo A) + >. [A,,,.(9) cos nO? + B, (8) sin n@] (25) 
n=1 
where A,,,, and B,,, are nonperiodic functions of 8; i.e., functions 
independent of cos n@ and sin n@. Omitting subscript m for sim- 
plicity, then 
0’ = Ao’ + T[(A,’ + nB,) cos nO + (—nA, + B,’) sin nO] 
0” = A,” + Z[(A,” — n*A,, + 2nB,’) cos nO 
+ (—2nA,’ + B,” — n*B,) sin nO] 
Substituting these relations in the original equation 
(g°0,,")’ — A,,7¢°9,, = 0, 
and equating the coefficients for cos n@ and sin n@ to zero gives 
2( Ao” — A*Ao) + €[Ai” — (A* — 2)Ai] — €B,’ = 0 
2e( Ao” —_ A*Ay) + 2[ A,” _ (A? + 1) A;] 
+ 4B,’ + e[As” — (A* — 2)As] + eB,’ = 0 
—6eAo” = 4A)’ + 2(B,’” - (\? + 1)B,) 
- eA,’ + e[B,” —_ (A? ne 2) By) = (0) 
€[Ay” — (A* + 4)Ai] + 5€B,’ + 2[A2” — (A? + 4) AQ] 
+ 8B,’ + &(As” — *A;) + 3B,’ = 0 
—5eA,’ + €[B,” — (\? + 4)B,) _ 8A,’ 
+ 2[B,” — (A* + 4)B.] — 3€A;’ + &(B;” — A*B;) = 0 


(26) 








Journal of Applied Mechanics 





DECEMBER 1961 / 499 





Aun - On ne%?, Bigs = bnnetn? 


Then (26) becomes, still omitting the subscript m, 
2(z*)ao + ex? + 2)a, — eud, = 0 


2e(x*)aq + 2(z* — 1a, + 4h; + e(z* + 2)ae + eu, = 0 


—Géeuao — Sua, + 2(z* — 1)bi) — Euan + e(x* + 2) = O 


e(x? — 4)a, + 5eub, + 2x? — 4)ae 
+ Sube + e(x*)a; + 3eub; 


—5eua, + e(z* — 4b, — Sua, 
+ 2x? — 4)be — S3eua;, + e(z*)d; 


e(x? — 10)a, + Teubs + 2(zr? — Das 
+ 12yub,; + ex? — 4)ay + 5euhs 


—Teua, + ex? — 10)b, — l2ya; 
+ 2x? — 9)b; — 5eua, + (x? — 4), = 0 


where 2,27 = u,? — A,,2 The reduction of the infinite de- 
terminant of (28) into terms of known functions of y,, or z,,, i.e., 
the expression corresponding to (23), is unknown. We are forced 
to consider only the first few coefficients because of complications 
encountered in developing the determinant. To obtain the same 
degree of accuracy, however, fewer terms are required than those 
in Hill’s method. The slower convergence of the latter results 
from having substituted the first two relations in (17). 

Let us take the first two b,,, into consideration ignoring the 


rest. Then (28) becomes, still omitting the subscript m, 


2(0)ao + €(2)a, — euh; = O 
2e(O)ao + 2(—1)a, + 4h, + €(2)a2 + eh: = 0 
6€uao + 4a, — 2(—1)h, + eua, — (2) = 0 
e(—A)a; + 5euh, + 2(—4)a2 + Sub, + €(O)a; = 0 
5eua, — e( —4)b, + Sua, — 2(—4)b. + Seua; = O 
e(—10)a. + Teph, + 2(-—9)a; + & —4)aa = O 
Teua, — €e( —10)be + l2wa; + 5epa, = 0 
e(—18)as + 2(—16)a, + e& —10)a, = 0 


e( —28)a, + 2(—25)as + € —18)as = 0 


e[—(n — 1)(n + 2))an1 + 2(—n*)a, 
+ e[—(n + 1)(n _ 2) )an+1 = 0 (29) 


where 


(0) = z,,°, (2) = z,.2+2,..... , (k) = z,,? 


Since the diagonal product of the determinant D of the co- 
efficients of the first seven rows of (29) can be factored out, z,, 
and hence y,, may be found from the determinantal equation D 
= 0. Having determined z,, and y,,, the coefficients bai, bm, 
Wie d's werd a4 can be determined in terms of ano by solving simul- 
taneously any six of the first seven equations of (29). 

A few more coefficients a,,, may be obtained from the eighth 
and other remaining equations., Thus 


500 / DECEMBER 1961 


Qaan = —[e} —(n — 1)(n + 2) }an-1 


+ 2(—n*)a,]/e{—(n + 1)(n — 2)} (30) 


However, they cannot be extended indefinitely, because sooner 
or later they begin to diverge. This phenomenon, of course, is 
due to the fact that the b,,,, beyond b,,.. were ignored. 

It has been found that the values of b,,,, decrease as € increases. 
Thus for larger values of €, ba: may be omitted. This means 
that the form of the pressure (in this case) justifies omission of 
b,,2 and those of the higher orders of n. Hence (29) becomes 


2(O0)ao + €(2)a, — eu, = 0 


2e(O)ay + 26—L)a, + 4b, + €(2)a2 = O 


6€ Udo 4ua, — 2(—1)h + eva, = 0 


e( —4)a, 5eub, + 2(—A)ae + €(O)a; = 0 


5eua, e(—4)b; + Sua. + 3eya; = 0 


e(—10)az + 2(—9)a; + & —4)aQ, = 0 


(31) 


The values of x,, and w,, can be determined from the deter- 
minantal equations formed from the first five equations of (31), 
and then the coefficients b,1, @.1 . . . @ms can be found in terms of 
amo by solving simultaneously any four of the said first five equa- 
tions. A few more may be found subject to the restriction already 
mentioned. 


When € = 


1 the foregoing determinantal equation gives 


—5042* — 504x? — 1080\* = 0, or 7x* + 7x? + 15A? = 0 


which has no real root, showing that the solution of equation (13) 
ceases to contain exponential terms. So the determinantal equa- 
tion which is roughly approximate has turned out to give a cor- 
rect conclusion. In fact, 9,, in this limiting case is given in terms 
of hypergeometric functions. 

For values of € very close to 1 or those of m larger than |, 5,,, 
may be omitted altogether. We then have 


Be = £(A,,? + 2%)", 


82? : 
= : . — © do. 
er? + 2) 


The subscript m has been dropped from r,, and a,,,, because they 
are independent of m in this case. The other a, may be found 
from (30) subject to the restriction already mentioned. In this 
case then, the solution of 


(9°9,,')’ — 39°98, = 0 


(32) 


- a, ae 
ez* + 2) 


becomes 
0,, = (A,,e%"? + Be #=*) di 8) 
where 
(0) = 1 + La, cos nO 


Particular Solution. Let 


o 


Jn, =g7 a Cmn Sin nO 


1 


Substituting J,, and its derivatives in (4) gives 


Transactions of the ASME 





[2(A,,.2 + Dems + €A,,2 + dem: — 2ey,,] sin 0 


aa ) fef{A,.2 + n(n — 3) }emn—a + 2A_? + NCmn 
9 


+ efA,,2 + n(n + 3) femat] sinn®? =0 (35) 
Equating the coefficients of each term to zero yields an infinite 
number of equations for determining c,,,.. The foregoing parti- 


cular integral becomes simply 


ee g~* sin 6 

a +1 

when A,,2 = 2 or mma/b = +/2. When m = 1, in particular, 

a/b = +/2, and for a bearing having a unity slenderness ratio, 

B = w/+/2 = 127.3deg. Thus the convergence of J,, slows down 

as \,,? deviates from 2. This is also true when ¢ is large. Like- 

wise, J,, reduces to the same simple form when € is very small. 
For the reason stated previously we have to seek another form 

of particular integral when ¢ is large and A,,? not close to 2. To 

this let 


x 


> Cmn Sin nO 


l 


J, = 972 =. = (36) 


Then (4) gives 
g=m"” — 3g'=m' — [Aw2g —3 + 311 — e€)g“JZ,, = yn99' (37) 
Proceeding in the same way as before, and omitting the sub- 
script m, we get the simultaneous equations 
[(4 + 2e*)(A? + 1) — 12€*]e, + (4A? + 22)e2 
+ €(A? + 18)cs = (4 + Dey 
€(4X2 — 8), + [(4 + 2e2)(A2 + 4) — 12€* Jen 
+ €(4d? + 48)c; + €%(A* + QW)ey = 4E%y 
€(X? — 2)c; + (4A? — 2)er 
+ [(4 + 2e*)(A*? + 9) — 12€ Je; 
+ €4X? + 82)e, + €%A* + 40), = €*y 
€( A? — 2)ce + €(4A? + 12)es 4+ 
+ [(4 + 2e)(A? + 16) — 12€ Jes 
+ 4A" + 124)c5 + e(A? + 54)es = 0 


from which ¢,,, can be determined. The procedure, however, 
becomes much more laborious than is the case with (34). 
Complete Solution. The complete solution of equation (4) or 


(g°0,,")’ 3 d,,.79°9,, - Yng’ 
is given, in general, by 
2 


— @0,, = J,,(0) + A,e*”"’®,, (0) + B,e~*~"@,,( —8) 
ula 


m 


where 


(+0) = 1 + am: cos 0 + am: cos 26 +.... 
+ (bm: sin 0 + ba: sin 20+ .... 


and J,, is given either by (34) or by (36). 
From the boundary conditions 


0,(h) = @,(0,) = 0 
we have 
A,,e"""®,,(00) + B,,e~#""®,,( —Oo) = —J m( 9) 
A," (0:) + Be *-b,( —6,) = —J,(0:) 
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Hence we get 
J (8; } 
eX ( 0, ) 


etm] | 8) 
®,,( — 6) 


etm Di(—6:) J,,(%) 

®,,(0;) ®,(—%) 
e2umhe DB) Jn) 
en" D(—O) &,,(6;) 


ezHmA 


(42) 


where 


cunt D(H) $,(—H) 


A, =1- 5 (6 
m e2undi ®,( — 0) ®,( 6,) 


For larger values of m the following approximations are found 
to be sufficiently accurate: 


J 3 6, ) 
eX", O,) 


4 eXso d,( _ 6, ) Jaf A) . 
a e74 = D(O,) Ps — Oo) 


eho J 4 6) 


®,( — 0) 


e2 Ho P,( 90) Ju 0, ) 
eX Dy —O) Bi 0;) 


J anf 6, } 


is “kite Bow a be) 
etm Ad | 6, } 


a? “Sra ee 
m\ ~ YO 


2 Numerical Examples 

Pressure Distribution. The numerical examples to follow are 
limited to a centrally supported 120-deg partial bearing with 
slenderness ratio equal to 1. First let us establish the angle 4% 
when € = 0. When € is very small, the solution of (4) is found 
to be 


30.56 
m(9m? + 4) 


3m 3m 
= 0 -— 6 
o +A,e? +B,e ? ) (44) 


Referring to the axis 8 = @ in Fig. 3, equation (44) becomes 


m—1 


ec ° 
— 6,(0’) =(—1) ? 
uUa 


30.56 
m(9m? + 4) 
3m 
. — (0°+¢) 
. sin (0’ + o) + A,,e ? 

m—1 
ce =. 
— @,(—0’) =(-1) ? 

pUa 


3m 
— = (0’+¢) 
+Boe * ] 


30.56 
m(9m? + 4) 


3 
™ (—0'+¢) —F-e+0] 


. sin (—0’ + @) + A, + Bae 


Since 9,, becomes symmetric about the new axis as € approaches 
zero, 


0,,(0.) = 0,(-0") as e090 


Hence 
sin (0’ + @) = sin (—@’ + ¢) 
3m 


a (45) 
o Rw * 


3 
*) sinh = v =0 








~ 6+ 


$ 6 @ 
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The first relation gives 
@ = 90°, & = 30°, A, = 150° 


the angles sought when « = 0. 


Pressure distributions were computed for «€ = 0.1, 0.2, 0.4, 
0.6, 0.8, 0.9, 0.95, and 0.99. Most of the computations were done 
before formulations (29) to (33) were developed. Computations 
for € = 0.2 to 0.8 were carried out years ago by means of the Ritz 
method given in Section 1. They were also recomputed with the 
addition of € = 0.1 by the method given in the “Simple Solution’’ 
of Section 1. For the foregoing reason, the computations for 
€ = 0.8, 0.9, and 0.95 were obtained, instead of the method dis- 
cussed under “Homogeneous Solution” in Section 1, by the 
following formulas. 


(32 — 326? + 4e‘)z,,” — (352 — 1846? — 40e*)z,,5 
+ [(32 — 50e? + 19€*)4X,,? + 352 + 1328e? — 532e*)z,,° 
— [(416 — 500e* + 121e*)4A,2 — 1888 + 2344? + 1864e*]z,,! 
+ [(1552 — 234¢* — 468e*)4X,,*? + 1152 — 34566? — 1296e*]z,,? 
— (1296e? + 324e*)4A,,? = 0 
An 


bar = — 2z,,*amo r 


Omi = 22,,%Gmo > Xe y 
3 An 
Gunz = 22 _7Amo —= 9 @s @ —2z,,7amo -_ 


A. aa 


= u,,[(16 + 4e*)( —4)( —9) 
— (46? + €*)(0)(—10) — 10€%2)( —9)] 
8( —1)( —4)(—9) — 6€%2)(—4)( —9) 
— 2€%0)(—1)(—10) + €{0)(2)(—10) (47) 
= €u,[20(—1)(—9) — 10€%2)( —9) 
— (8 + 2e*)( —4)(—9)] 
e*u,,( —10)[10(-—1) — 5€%2) — (4 + €*)( —4)] 
—e(2)Ani — €,, Am? 
For m = 3 and larger, 
(16 — 12¢€*)z,,§ — (32 + 48e? — 24e*)z,,° 
+ [(16 — 12e* + Ge) 40,2 + (—112 + 156" + 96e)]z,,4 
— [(64 — 2le* — 24e*)4d,.2 — (—64 + 192€* + 72€]z,,2 
+ (72e* + i8e*)4\,? = 0 
an, = — mtn" —4) — 3€%6)]ano 
va 3eun(1)[2(—4) — €%2)] ’ 
(0)( —4)[4(—1) — 3€%2)]ano 


= 2(1—€*)(0)ane 
3eu,,( —1)[2(—4) — €(2)] ’ 


~ 2 —4) — 2). 
(48) 





bmi 


Formula (47) was obtained by considering the first four and the 
sixth equations in (29). Inadvertently, the fifth instead of 
the sixth equation was omitted. Fore = 0.99 formulas (32) and 
(33) were used. 

Constant-Pressure Contours. Isobarriers or constant-pressure con- 
tours are given by 


(49) 


b> 0,, cos mr —e Peonst 
er. b 


and shown in Figs. 5 to 11. Those for € = 0.2 to 0.8 are based on 
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Ritz’s method, and those for 0.9 to 0.99 on the more analytical 


method discussed previously. 
Mean Load per Bearing Width. The total load W or bw, referring 


to Fig. 4, is given by 


i b/2 
bw = f f p\\d0dz 
00 —b/2 
6; b/2 4 
= f f ZO,, cos (9 — @) cos mx — dOdz 
60 —b/2 b 
m-—l, 


2h 
‘ 3 ZO,, cos (0 — )dé 
™m J && 


9 A 
= ( 60, cos (0 — o)dé 
mr J % 


(50) 


=(-1) * 





€=0.2 


THE LINE OF CENTERS | 





4sin Po] 


sin6@Joos3n $ 


se 


6-0'1323 
9-04 23sin3@'Jcos tr $ 


6'+.074385 sin6.6's.07113 
1302sin$ 


3 
+£.072420sin# 


+.071195 sin #6'cos on where 0'=0-@,. 


6, DEG. 


n 


’ 


.072342sin30~. 











‘Joos sn $ 


+. BS7sin 30 


56 sin 





xcos mw +[-02840sin $ 
Joschsrana 








p=[.4162 sin ie’+.071203 sin 36’+.074527si 


fia 
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and likewise 


€=0.95 





ae 
wv, = (-—1) o as a =6,, sin (6 = )dé (51) 
60 


Both w and w, have to be evaluated numerically. In the case of 
Ritz’s method, however, they can be integrated analytically, and 
the results are found to be 


(2.2778 sin@-.4897sin26 
0723014 eG,(4)-128.52 


6+.074655 sin 36-.071009 sin46)- 


O5=¢°(.02701 sin@-.071746 sin 26+.0%969 
995(-6) where d,=2.5638, 


Ag*5.0045, Ag=7.8226; $(46)=1- 1.4184 00802.0517 Sind +.11324 co$26-.0638c0s36, 
$3(t @)= |-1.4615 cos 6+ .03264 sin 6+.2057 60828, $,(26)=|-14710c0st.02417 Sind 


+.2195 cos 26. 


e 
———e 9 a, 
ua m(9n? — 4) ™" 


MeO."9? 
54 sin66)+. 


a 
° 
6, DEG. 
cos52/6), 


Imn 


-@), a 
34 e*59S,(8)- 3664.4 oS 


m(9n* — 4) 


b+Os5 
+.0°2999 sinS6-.0*7 


11415 sin @-.015875 sin2 


For the centrally supported bearing w, has to be zero. Thus w, 
determines (, @, and 6. 

In the examples given, it will be reasonable to ignore the effect 
of the negative-pressure regions for the values of € > 0.8 for the 
reason to be discussed in the next section. For € = 0.8, in the case 
of Ritz’s method, the negative-pressure region was integrated 
both by replacing the p = 0 line, the border between the positive 
and negative regions, with a straight line, and by dividing the 
negative region into eighteen rectangular sections. The com- 
parison of the two results has shown that the straight-line as- 
sumption of the p = 0 line is sufficiently accurate for practical 
purposes. For € > 0.9, the p = 0 lines became so nearly straight 


fa Os-936 


078194 @3995(0)+249.34 6399, 


cos 12/b+O3 cos 3nz/ 


aba 








sin 36-.0°3754 sin46)+.0'123 


+.075583 sin 36-.071442sin40 
x 9), 


2 
Tg 


that they were all assumed to be so. 
In those cases, then, the mean load and the vertical component 
become, designating them by w’ and w,’, respectively, 


—_ -_ 02 
wi =(-1) 2 — f 2O,, cos (0 — )dé 


ma J & 


m-l 5 . 
w,’ =(-1) 7? — f 26,, sin (8 — $)d6 
mm J 


where @, is the angle of the mean borderline between the positive 
and negative-pressure regions. Angle 62, in general, will be some- 
what greater than 7 (the Giimbel boundary condition), but will 
approach 7 as the limit as e— 1. 

In Table 1 are given values of (c?/uUa)w and (c?/pUa)w’ to- 
gether with % and w,/w. Ratio w,/w indicates how close the 
bearing is to being centrally supported. 

Discussion. (wing to the author’s lack of knowledge concerning 
the physical phenomena in the negative region, he has tacitly as- 
sumed that the negative pressure actually prevails, and computa- 
tions for € > 0.8 were carried out with this assumption. How- 
ever, in reality, this does not appear to be the case, and the 
generally accepted concept for the region seems to be that p re- 
mains zero instead of becoming negative. If this were the case, 
then, the continuity of the oil film requires that dp/0@ = 0 in 
addition to p = 0. Hence the boundary conditions give, by 
assuming 6, to be constant, 





(53) 











~.01119 sin4@) 


DEG. 


6, 


5447 sin 26+.07928 sin 36-.0°547 sin 46) 
@°5-91728) 


+(.076606 e*!2478+ 2.947 @-4!'2470)g 
.01091 sin 26-.01083 sin 36+,073814 sin4@) 


A," (00) + B,,e~*mh,.( —A) = —J,,( Oo) 


3¢.04477 sin @-.08867 sin 26+.04349 sin3¢ 


A,e="D,(02) + B,ye~*™,,(—O2) = —Jq(62) 


a (0, cos 12/b+O3c0s 32z/b+Os5cos $n 2/b) 
+(-.0'°1802 e8-4276, 579.6 e78-+270)¢ 
$= 1-1.7792 cos @+1.1886c0s 26-.4535 60S 36-.03544 608 46. 


+(.0°5148 e®9'728_109 5 


3(7,1223sin@-. 
O5*97(.01271 sin + 


“9 





2 
w 
= g 


Pp = 
QO, 
Os 


# 
oa 





A,,e#"*[ uB_(02) + &,,(6:)] — B,e~*~[ yu, ( —O,) 
+ $,(—8,)] = 0 


Eliminating the undetermined coefficients A,, and B,, gives 
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Table 1 


c2 
pUa ” 
0.1143 
0.3274 
0.3365 
0.863 
0.8833 
2.027 
(14)82 2.473 
. 88.5 5.635 
: , 48)87 ».810 
9 86 .99 
95 85 5.51 
99 75 


O, deg 

(14)47.5 
R 64.8 

(14)60.0 
R 76 


—0.0°966 


—0.0°7 


—0.896 
411.8 


a 
nla “4 
0.0518 


w,/w 
0.0°331 
—0.07289 
0.07184 
0.07413 
0.07258 
0.0102 
0.07355 
—0.0'l 
0.0721 
0.0°83 
—0.0351 
0.0596 


0.0°619 
0.07356 
0.07228 
0.0207 

0.07877 


0.0144 
0.0100 


R = Ritz’s method; 0.0% = 0.00, 0.0? = 0.000, and so on. 





NEEDS, AND RITZS’ METHOD 
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Fig. 12 6 versus «-curves 


eH) (5) [ep Pu —Os) + &,,"(—O2)] + etm (r— WH ( 8, 


®,, (9) [u,,P,,( — 92) 


from which a mean 6, may be determined by assuming an ap- 
A,, and B,, may then be determined either 


propriate value for 4p. 
The problem of de- 


from (41) or (42) by replacing 6, by 642. 
termining 6. may, perhaps, be simplified by putting 6. = 7m + 6 
where 6 is small. If the assumption 6. = const were not per- 
missible, the problem would become very difficult to solve. 

As Fig. 11 shows, 6, becomes precisely equal to 7 when € reaches 
0.99, and the boundary conditions reduce to the Giimbel form. 

In the light of the foregoing discussion, the results for € > 0.8 
become superficial, and the values of 4 will be somewhat different 
from those which would have been obtained by using the fore- 
Eventually, for € > 0.8, the bearing 


going boundary conditions. 
However, the general conclu- 


ceases to be centrally supported. 
sions drawn therefrom may still hold. 

When € is very large or approaches 1, the maximum pressure or 
pressures (there are three pressure maxima when « = 0.9 and 
0.95) can readily exceed the ultimate strength of the bearing ma- 
terials, resulting in the formation of pitting. 

The values of 4 given in Table 1 are reproduced in Fig. 12 for 
In Fig. 12 are given curves showing the rela- 


easy visualization. 
As far as the respective 


tion between € and the initial angle 6 
formulas are concerned, 4% will be correct to 0.1 deg for € = 0.1 
and 0.2, and to 1.0 deg for the higher values of €. Ritz’s method, 
which checks with the values of % given by 8. J. Needs [6], gives 
somewhat larger values than Waters’ simple solution and the 
more analytical one. The reason for the discrepancy is not clear. 
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- [on P (Oe) + B,,"(82)] 
®,,'( —82)] + ®,,( —62) [u, Pal O 


It may be due to an inconsistency between the assumed trigo- 
nometric function and equation (4). The value of obtained 
by Waters’ simple solution, however, would be the more correct 
because it is quite likely that it would give accurate results for 
the smaller values of «. The Waters simple solution, on the other 
hand, fails to give a reliable value of & when € = 0.8; so it will be 
safe to use it for values of € up to 0.6. 

At present no experimental evidence for the three pressure 
maxima indicated for € = 0.9 and 0.95 is available. The author 
hopes that this will be examined by some enthusiastic experi- 
menters. At the same time, the fact that two outer maxima can 
exceed the middle value should be also verified. 


3 Conclusion—Effect of Variable Viscosity 

The constant-pressure contours are self-explanatory. 
it should be stressed that the terminating line of the positive- 
pressure region for € = 0.8 lies beyond 180 deg and is not straight, 
but approaches 180 deg and a straight line, and coincides with the 
6 = m line when € reaches 0.99, and the Giimbel boundary condi- 


However, 


tions prevail. 


J (Bo 
+ &,'(4)] ~ Sq( Oe) 

Generally, viscosity is a function of p and temperature 7’. 
No solution for finite bearings with variable 4 can be obtained 
at present. 

For a moderate range of p the viscosity wu can be given, quite 
accurately, by the expression 


Bo = me®? where pg, = poe 4? (54) 
With this expression of uw, the Reynolds equation for variable 


viscosity can be solved for the infinitely long bearing. The solu- 


2.303 
log (1 = Bp) 
B a 


where p is the well-known Sommerfeld solution for the infinitely 


tion is given by 
p = 
long bearing with constant viscosity. 


As a specific example let us take castor oil at 7 
Then, according to Hersey and Shore [7], we have 


= 39 C. 


B = 2.303 K 4.39 X 10-* & 14.22 
= 1.437 K 10-*cm?*/kg (56 


To make the problem precise let us define a by the arithmetical 


mean; i.e., by 


o e®? dp , 
Mi 0 } uy(e®? = (57 
i= = 5 
g Bp “ 
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Table 2 


100 
99.8 
—0.2 


P, kg/cm? 
Pp, kg/ 0 50.0 
(p — P)/p X 100%. 0 —0.0 


Substituting (56) and (57) into (55), we get 


(0.001437 p)? 
p= 1002 lo - serene | 


(58) 


The pressure has been computed for a few values of p and given in 
Table 2. From the table it can be observed that, within the range 
of the pressure, the errors introduced by assuming the viscosity 
to be constant are surprisingly small. The fact that the dis- 
erepancies between p and f are very small was confirmed by the 
experimental work of Stanton [8] for p up to about 210 kg/cm*. 
According to his work the errors appear to be even less than those 
listed in Table 2. Although the foregoing analysis is for the in- 
finitely long bearing, the conclusion drawn therefrom may also 
hold approximately for actual bearings; that is, to state it more 
clearly, the discrepancies between the solution of Reynolds’ 
equation for the infinitely long bearing with the variable yu, and 
that of (2) may be of the same order as that between p and p given 
in Table 2. 

According to the extensive data collected by H. A. Howarth [9] 
the range that has been considered covers every item including 
the steel-mill rollneck bearing. Hence the mathematical analyses 
given in this paper should apply precisely to every possible type 
of journal bearing. 
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An Approximate Analytical 
Solution for the Stepped Bearing 


Previously, solutions of the problem of the Rayleigh-type bearing with a step which is 
not straight have involved the use of the electrolytic tank or the use of relaxation methods, 
both of which are somewhat inconvenient as compared with the approximate analytical 
method described in this paper. The solution of the derived differential equation is in 
the form of a convergent infinite series, but for rapid computation it is shown that an 
economized series (the rt method for the solution of linear differential equations) yields 
results of high accuracy. 


C. F. KETTLEBOROUGH' 


Professor, 

School of Mechanical Engineering, 
University of New South Wales, 
Sydney, Australia 


= classical paper on hydrodynamic lubri- 
cation [1]? proved that neglecting side leakage, optimum load 
capacity was obtained when there was a stepped convergence to 
the oil film. Later Archibald [2] considered the stepped bearing 
with side leakage and further work was carried out by Kettle- 
borough [3, 4]. A more general case of the stepped bearing is 
Wilcock’s hydrodynamic pocket bearing [5] in which the bearing 
area has a central depression. 

The bearing under consideration is shown in Fig. 1, in which 
the side lands taper to zero width at the entrance. The general 
case with a pocket is examined, noting that this reduces to a simple 
stepped bearing when the pocket disappears. 

Examination of the lines of equal pressure in Fig. 6 of reference 
[3] shows little evidence of side leakage The continuity equation 
for the elemental area shown in Fig. 2, and assuming a linear 
pressure gradient across the side lands is 





F, = F; 


+ 2F; 


where 





OUTLET EDGE 





Uhz hz? dp 
sncies | 3 ~ 12p | 





1 Formerly of University of Auckland, New Zealand. 

? Numbers in brackets designate References at end of paper. 

Presented at the West Coast Conference of the Applied Mechan- 
ics Division, Seattle, Wash., August 28-30, 1961, of Tae American 
Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial De- 
partment, ASME, United Engineering Center, 345 East 47th Street, 
New York 17, N. Y., and will be accepted until January 10, 1962. 
Discussion received after the closing date will be returned. Manu- 
script received by ASME Applied Mechanics Division, June 17, 1960. Fig. 1 
Paper No. 61—APMW-11. in b 


Nomenclature 














Plan of bearing described; symbols used as indicated. Letters 


kets are d i 1 in terms of L. 








a, A, b, B, c, C, d, D, e, E, g, G, wi, Wi, 
t2, W: are as defined in Figs. 1 and 2. 

Capital letters refer to nondimensional 
lengths in terms of length in direction of 
motion, L. 

Aj, Az, As, Aq are areas as in Fig. 1. 

F,, F2, F; are flows per unit length as in 
Fig. 2. 


Symbols 
a, = coefficients of polynomial (in- 
finite) 
b,, coefficients of 
(economized ) 
JS = coefficients of friction 
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polynomial 


film thickness, outlet land region 
1 
film thickness, inlet land region 
9 
film ratio = he/h; 
constant in equation (18) 
= index 
= pressure 
co-ordinates 
constant of integration 
friction force 
constant, equation (5) 
= length of pad in direction of 
motion 
nondimensiona! pressure 


= nondimensional pocket pressure 
= velocity of moving member 
pocket width 
= total load 
= nondimensional co-ordinates in 
terms of L 
new variable defined in equation 
(3) 
coefficient in economized poly- 
nomial 
coefficient in economized poly- 
nomial 
defined in Fig. 1 
viscosity 
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| [e(C) 
| x | | dx 


Fig. 2 Elemental area 


Simplifying 
O*p 2 
ae egk? 7 
Substituting 
ec = rtan@ 
g = (a — 2z tan @) 
making equation (2) nondimensional in terms of L by the sub- 
stitutions 
AL; z = XL; c = CL; g = GL 
6uUL 
— 


a= 
p= P 


changing the variable to X, by the substitution 
A 
xX = | — X 
(; tan ;) ' 


oP 
-—KP=0 
ox? 


equation (2) becomes, 


X,(1 - X;) 


1 
ee. Se (5 
k* tan? 6 5) 
The series solution of equation (4) is, with P = 0 when X = 0, 
KX;?. K(K + 2)X;? 
at 1s wig caplamee, RAS 
K(K + 2K + 6)Xi' 


4!3! 
 K(K +12) K +2.3)K + 3.4). . -[K +(n — 1)(n — 2)).X" 





niin — 1)! 
‘6) 


n=2 


K(K + 1.2K + 2.3) 





(K +(n — 1)in — xe 


alin — 1)! 


This series is convergent when X, < 1. This equation gives the 
pressure over the inlet land and the pressure in the pocket when 


2 tan 0 
X,-B (rd) 
A 
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Load Capacity 
Load capacity is found by integration of the pressure over 
the bearing surface 


W = S Spdzdz 


It is assumed that the hydrodynamic oil pressure is constant in 
the pocket and that linear pressure gradients exist between the 
outlet edges and the pocket ead inlet land. 


Load Supported by Inlet Land 
b 
-f pa — 2x tan @)dzr 
0 


wre ol 
we 6uUL P(A — 2X tan 6)dX 
hy? 0 


te B ad 
= HUM {4 (pax —2tano [ pxax) (7) 
hi? 0 0 


wie A zie < 
grax = (sora) @[F + 


+ n=2 


K(K + 12K + 2.3).... 1K +(n — 2(n — 3)] y 7 


ni(n — 2)! 


A 2 X;? ~ 
PXdX = ( - A a 
S 2 tan i) | 3 > 
K(K + 1.2) K + 2.3)....{K +(n — 3)(n — 4)] \ J 
= = = «41 


n(n — 2)'(n — 3)! 


Load Supported by Pocket. The pocket pressure (P,) is found by 
putting the value of X, corresponding to X = B in equation (6) 
and summing. The load supported by the pocket is then 


6uUL* 
-“— pP,{A — 2B tan 0 — E tan O}E (3) 
hy? 


Load Supported by Region 1. The component of the load sup- 
ported by the other areas indicated in Fig. 1 is as follows: 
Both areas A; 


6uUL* B 
ee tand | PXdXx 
h,? 0 


Both areas A; 


6uUL . E 
ht - PE tan 6 (2 + > ) 


Both areas A; 


6uUL? 


43 | P,D(B + E) tan 6} /2 
1 


6uUL 


= (12) 
i 


P,D{A — 2B + E) tan 6} /2 


The total load capacity is the sum of the components given in 
equations (7) through (12). The constant A» appearing in equa- 
tion (6) is yet to be found, and is determined from the continuity 
considerations. 

Oil Continuity for Pocket. The flow components are given in Fig. 
3, and a balance of the flow into and out of the pocket is 
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Le 
Qu 
ti for pocket 





. yUhy PT hy? Pp l 
“'2 ° Ime df 


A, P B + E 
2 P- log. | - 13) 
+ 12u tan 6 Se ( B \ 


We 


Df 


= (Wiki — We) 


_.._2tan@ dP j 2 (7 +E 
Wik P, - lo 
; A dX, "ee \tan 6 S B ) 


(x=b) 


(14) 


From equation (6) 


dP a K(K +2) K +6)...(K +n(n —1)) 

—— = A 1 - - X;" 

aX, | J p> nin! . | 
(15) 


This series is convergent provided X,;< 1. For a given pad ge- 
ometry and film ratio the constant Ao is uniquely determined. 


Solution of Equation (4) Using Economized Polynomial 
The solution of equation (4) has been found in the form 


) 


»> a,X," 


n=0 


P = (16) 


The formal working can be greatly simplified using the method 
described by Luke [6] assuming the solution takes the form of an 


economized solution. 


(17) 


P = > b,X\" 


n=0 


If equation (17) is placed in (4) and like powers of X, are equated 
to zero, the coefficients b, are indeterminant. Lanzos’ technique 
is to append to the right-hand side of (4) a polynomial of order n: 


a’?P 


— KP = 
1) aX,? 


X,(1—- X mb, (X;) (18) 


where m is a constant. By a suitable choice of polynomial within 
the range of X, a solution in the form of (17) is evolved. 

Worked Exampie. The slider shown as in Fig. 1 was considered 
with tan 0 = '/;, B = 0.6, EF = 0.3, D = 0.1,A = L = land 
k = 2.08 

The constant K in equation (4) is unity. The length of the 
inlet region in the direction of motion is 0.6 thus 


0< X, < 04 
Summing equation (6) to seven terms when X, = 0.4 
P, = Ao X 0.501056 


From equation (15) 
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() = Ao X 1.574948 = Py, X 3.143257 

ax, X;~0.4 

From the continuity equation for the pocket, equation (14), 
P, = 0.047781 

Therefore Ao and (dP/dX;) y,.0.4 can be found. 


The load capacity using equations (7) through (12) is found to 


wULs 
W, = 0.1432 
‘ ( h;? ) 


Using the economized polynomial method it was decided to de- 
termine a suitable series with n = 3 


(19) 


a et 
Xl — X)-Fe5 -F 


= mX)(X, — 0.1)(X, — 0.3) (20) 


The polynomial on the right-hand side of (20) satisfies the 


boundary condition P = 0, X; = 0 and also has zero values when 


X, = 0.1 and 0.3. 
Assuming 


P = A(X; + aX)? + BX; 


where Ao is an arbitrary constant as in equation (6) and equating 


300 _ 
= X hd 
703 
This equation gives the following when X, = 0.4: 
dP 


P, = Ao X 0.50014; — = Ay X 
’ , dX, 


coefficients 
320 


piss, (x. + 703 - 


1.56899 


The load capacity is found to be 


UL 
W,, = 0.1429 (“ ) 
hy? 


These values are very close to those previously given by the in- 


finite series solution. 


Comparison With Previous Results 

As a check on the accuracy of the approximations of the 
theoretical approach it is desirable to compare with results pre- 
sented in reference [4]. Consider Fig. 9(d) of this reference ia 
which A = L = 1; B = 0.7: E =0; D = 0.3; and tan 0 = */, 
and k = 1.76. With these values the constant A = 1. 

The range of X is 0 < X < 0.7 and therefore the range of X, 
is 0 < X, < 0.6; equation (4) with a suitable polynomial on the 
right-hand side is 
(21) 


, Pe. — E 
X\(1 _ X,) -—-Ps= mX(X; —_ 0.2)( X, — (0.4) 


dX? 


The right-hand side equals zero when X, = 0, 0.2 and 0.4. 
solution of equation (21) is 


‘ 180 _ 300 _ 
P ed Ao (x. + X;? + on xi) 


528 528 


Further computation gives the load capacity 
UL 
W, = 0.110 (‘“ 
h;? 
For this case Fig. 10 of reference [4] gives 
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(4)(%) Load Criterion 


Fig.4 Bearing shape modified 





pUL* 
W, = 0.114 ( he ) 


a difference slightly less than 4 per cent. 


Friction 
Once the pressure distribution is known, the other operating 
factors can be determined. By the usual method 


F h; , 
(£)(&) = ff axa 
ul L* region 1 
1 
+ ff dXdZ + 3(k — » f Paz (23) 
k region 2 


The friction-coefficient criterion is 


(2)-(N(SCAN(E) 


For the pad considered in the preceding section the values of 


(ic) (zs) 


were 0.836 using the economized series method and 0.848 using 
the electrolytic tank [4]. 


Effect of Pocket Size 

In order to investigate this factor the pad shown in Fig. 4 was 
investigated with tan 0 = '/; and k = 2.08. Asa variation the 
pocket was made rectangular in shape. As a result equation (8) 
becomes 


6uUL? 
a PoEW, 


Equation (10) becomes 


6uUL* 


5,2 P/2EB tan 0 


and equation (14) becomes 
510 / 
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oe AE ES See | 
03 O4 O05 O6 O77 O8 


Length of Pumping Land (8) 
Fig. 5 Performance characteristics 





pian’ (a) Pp fj 2 EF, Wl 
A \dX:Joea W \tanOB Df 


The polynomial solution given with equations (21) and (22) 
was used. The individual lengths of the pumping land and pocket 
were varied but the sum of these always equaled 0.9L; i.e., the 
outlet edge of the pocket was fixed. When X = 0.9 the pocket is 
eliminated. 

Computed results are graphed in Fig. 5. The graphs show 
that compared with the tilting-pad bearing this bearing supports a 
greater load with a reduced friction cuefficient. Maximum load 
capacity is achieved when the pocket length is 0.3L; minimum 
friction coefficient is obtained for a pocket length of 0.6L. How- 
ever, such nontilting bearings have their limitations as discussed 
in reference [7}. 


= (k — 1) 


Conclusions 

The analytical solution of the stepped thrust bearing presented 
in the paper yields accurate results. Although the ‘“7-method”’ 
is usually associated with Chebyshev polynomials, the use of 
polynomials of a suitable order produces satisfactory economized 
series. For the particular worked example, the pocket-type bear- 
ing is superior to the simpler stepped bearing. 
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Torque and Cavitation Characteristics 
of Butterfly Valves 


The present study deals with torque and cavitation characteristics of idealized two- 


dimensional and axially symmetrical butterfly valves. 


Theoretical results obtained for 


the two-dimensional case are compared with the ones obtained experimentally and by a 


relaxation technique. 


Based on the results of the two-dimensional case, an approximate 


solution is presented for the more general and practical case of three-dimensional butter- 


fly valves. 


Vaives are assemblies of one or more basic flow-re- 
stricting elements, and nearly all of these basic elements belong to 
one of the three main classes; namely, sliding, seating, and flow- 
dividing elements. Butterfly valves which belong to both the 
second and third classes are installed in pipes or penstocks and are 
normally used for either closure valves or for flow-rate control or 
governing. The major geometric variables affecting flow per- 
formance are the piping arrangement, shape of blade, and the 
angle of closure. 

Butterfly valves have been studied by many researchers. 
Among those notable are the studies of Armanet [1],' Bleuler [2], 
Cohn [3], Dickey and Coplen [4], Gaden [5, 6], Keller [7], Keller 
and Salzmann [8], Kerr [9], McPherson et al. [10], Netsch and 
Schulz [11, 12], and the closely associated study of Ball [13] on 
the cavitation characteristics of gate and globe valves. It should 
be noted that all of these studies were basically experimental and 
semiempirical in nature. In a previous paper [14] the author pre- 
sented an analysis for the theoretical] determination of contraction 
coefficients for two-dimensional butterfly valves. Discharge co- 
efficients for free discharge flow based on the contraction coef- 
ficients determined analytically have been found in excellent 
agreement with the test results reported by others [14]. 

It is the purpose of this paper to expand this analysis to the 
determination of hydrodynamic torque and to the prediction of 
cavitation behind the valve plate. 
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The results are in good agreement with the actual flow tests. 


Basic Analysis- Discharge Coefficients 


Information available on contraction and flow coefficients of 
butterfly valves is rather limited and obtained primarily from ex- 
periments conducted on two and three-dimensional models and 
prototypes. It has been shown [14] that the contraction and dis- 
charge coefficients for two-dimensional butterfly valves may be 
determined analytically by the theory of free streamlines devised 
by Helmholtz and Kirchhoff. The formation of two jets by a 
finite, two-dimensional stream impinging obliquely upon a fixed 
plane lamina placed between two infinite parallel planes, Fig. 1, 
is well suited to free-streamline analysis because of the dominance 
of inertia and pressure in the establishment of the flow pattern. 
Since the flow accelerates rapidly, shear is not a primary factor 
and the differences between comparable ideal and real flows are 
small. The importance of gravitational effects for the coefficient 
of contraction is already known to be secondary. However, the 
significance of the various restrictions can be shown only by com- 
paring the calculated results with those obtained from experi- 
ments of real flows. 

If the coefficient of contraction at points B and H are Ca and 
Ca, respectively, as shown in Fig. 1, then the following relation- 
ships exist: 


1) 








Fig. 1 Butterfly valve 





Nomenclature 


A = cross-sectional area of conduit 

Ca = contraction coefficient 

Ca = contraction coefficient 

Cg = discharge coefficient for free dis- 
charge flow 

discharge coefficient for 
tinuous pipe flow 

torque coefficient for two-dimen- 
sional valve 

torque coefficient for axially sym- 
metrical valve 
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Cos con- 
Crs 


Crs 


D = diameter of conduit 
F,, = normal force on valve plate 
g = gravitational acceleration 
ho = head at upstream side 
h, = head in cavity behind valve plate 
hs = head at downstream side 
AH = valve loss 
K = cavitation index 
L = length of valve plate 
(Continued on next page) 
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sin a 


n= Ca 2 (: on *) (c) B =sin~ 


(d) 


sin @ Vo 
), (e) Vy, 


~ BEES ( 


sin 8 
sin @ 
 Becdyr 
sin 6 
The velocities of both jets are equal to V; and the velocity far 
upstream from the valve plate is Vo. 
The results or the functional relationships obtained from the 
free-streamline analysis are reproduced in Fig. 2. The rate of 
fiow is expressed in terms of the discharge coefficient Cg since it 


is the most accustomed and widely used coefficient and more 
e . . . 
readily determined experimentally. Hence [10] 


Q = CeD%g- AH)? (2) 


in which AH is the net difference in total head between the sec- 

tions 1 and 3, in feet‘of the fluid flowing; i.e., the valve loss. In 

the case of free discharge into the atmosphere the valve loss is de- 
termined from 

r.2 r3 

Vo +h = 4; 

<J 


9 


<9 


= AH (3) 


In the case of flow in a continuous pipe of constant diameter we 
have 


ho — hs = AH (4) 


and finally for the flow from a valve discharging directly into a 
large body of fluid, we have 

Vo? 
— +h —h; = AH (5) 
29 


where h; is the depth of still water above the valve centerline. 

Although the results of such calculations are immediately ap- 
plicable only to two-dimensional flow of incompressible fluids, the 
scope of application is less restrictive than it would appear. The 
bulk characteristics of certain free-streamline flows such as the 
ratio of comparable areas have been found to be essentially the 
same for two-dimensional and axisymmetric patterns [15, 16, 
17]. This observation led the author to make a similar compari- 
son for the discharge and torque coefficients of two and three- 
dimensional butterfly valves. 

In the case of free discharge into the atmosphere we finally ar- 
rive at 
sin a 


sin 8 | 


The agreement of experimental data with the curve calculated by 
equation (6) was found to be good for all practical purposes [14]. 


T > 
= (Ca + Ca) | 1 — (6) 
ivf2 


For B. a 











Fig. 2 Contraction coefficients 





Nomenclature 


m = thickness of jet, Fig. 1 
= thickness of jet, Fig. 1 
pressure intensity 
discharge 
torque 
= velocity at upstream 
= velocity at downstream 
velocity of jet 
co-ordinate along axis of conduit 
distance from axis of valve plate 
to center of pressure 
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= distance from axis of valve plate 
to center of pressure 
= angle of opening 
= angle of complete closure 
width of valve plate 
height of conduit 
distance from axis of valve to 
center of pressure 


= density of fluid 


Transactions of the ASME 





In the case of flow in a continuous pipe of constant diameter the 
discharge coefficient may be evaluated by taking into considera- 
tion the over-all change in total head in the conduit. This change 
in total head is primarily due to an abrupt enlargement of the jets 
and may readily be evaluated from 


_ > ¥e 
29 


AH (7) 


Hence the discharge coefficient for an axisymmetric continuous 


flow is 

sin @ 

sin 8 

sin @ 

sin B 
which indicates that for a given a and 8, Cg; for continuous flow is 
greater than CQ for free-discharge flow. The difference between 


1.8 
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Fig. 3 Discharge coefficients for continuous pipe flow 
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the two becomes substantially larger as the value of a becomes 
smaller. The comparison between the results obtained from 
equation (8) and the experimental results reported by others 
[4, 10, 11, 12] are once again in good correspondence as seen in 
Figs. 3 and 4. This substantiates the author's belief that the 
calculation of the irrotational flow pattern for the two-dimensional 
butterfly valve is directly applicable to a comparable three-dimen- 
sional case, provided that the ratios of comparable areas are equal. 


Cavitation 

A phenomenon of considerable practical importance associated 
with butterfly valves is cavitation. Cavitation and resulting vi- 
brations had already been observed several decades ago [18] 
On the basis of the results obtained from the free-streamline 
theory, cavitation may be analyzed as follows: 

Neglecting the head loss due to friction, the equation of Ber- 
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Fig. 4 Discharge coefficients for continuous pipe flow 
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Fig. 5 Prediction of cavitation 


noulli between the upstream section and cavity behind the plate 
may be written as 

oe hae oe (9) 

29 29 
The prediction of h,, hence the prediction of liquid vaporization 
state, is the primary object of this cavitation study. Combining 
equation (9) with equations (2) and (4), and writing in a di- 
mensionless form leads to 

a Se i =. (10) 
me Cas ghsD* 

which shows that h,/h; is a linear function of Q?/gD*hs, for a given 
pair of a and 8-values. In Fig. 5, a graphical representation of 
equation (10) is given for 8 = 75 and 90 deg, and for various val- 
ues of the angle of opening a. From this figure, therefore, one can 
determine readily h,, if Q, D, hs, a, and 8 are known. Evidently, 
he and h, are related directly to hs, and h, is limited to vaporiza- 
tion of the liquid. 

The foregoing analysis is for steady flows and is based on the 
results obtained from the free-streamline theory as noted earlier. 
Consequently, the cavitation analysis is subject to the same re- 
strictions as the analysis it is based upon. Since the free-stream- 
line theory assumes a dead body of fluid of uniform pressure every- 
where in the wake of the valve plate, the foregoing analysis is more 
likely to indicate the beginning of severe cavitation rather than 
its inception. As a matter of record it should be cited that, prior 
to the reduction of pressure to vapor pressure in the wake, various 
degrees of cavitation may occur due to localized pressure reduc- 
tions caused by the presence of vortices. 

Bleuler [2] made an exhaustive investigation of butterfly 
valves operating under conditions involving cavitation and found 
that, if the cavitation index K defined as 
2g(hs — h,) 


~ Vet + 29AH 


is less than unity, severe cavitation can occur. He determined 
the critical zone for cavitation by observing a sudden drop in both 
the torque and discharge coefficients and found the upper limit of 
K, which corresponds to the inception of cavitation, to be 2.5. 
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Fig. 6 Cavitation index versus discharge coefficient 


Bleuler’s experimental results can be compared with those ob- 
tained from the analysis given here by combining the foregoing 
definition of K with equations (2), (4), and (10) which then 


yields 


7? 


In Fig. 6 a graphical representation of equation (11) is given to- 
gether with the results obtained from Bleuler’s paper. It is evi- 
dent from this figure that the theory predicts accurately the criti- 
cal zone of cavitation where the discharge coefficients drop rapidly 
depending on the angle of opening. For values of K larger than 
the one given by equation (11) and smaller than 2.5, various de- 
grees of intensity of cavitation may occur 

Ball [13] in a thorough analysis of the cavitation characteristics 
of gate and globe valves found that for values of K above 2 there 
was no evidence of cavitation; for values of K above 1 and below 2 
the cavitation was of very mild nature; for values of K below 1 
the intensity of cavitation increased as the value of K decreased; 
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and for values of K above about 0.4 the damage caused by cavita- 
tion was confined to the downstream end of the valve. 

The difference between the upper limits of K values as deter- 
mined by Bleuler and Ball might be due to the fact that the valves 
are of different shape and that Bleuler’s experiments were con- 
ducted by recirculating laboratory water back to sump. As a re- 
sult of this recirculation the water might have become aerated, 
thereby increasing the possibility of cavitation. Practical experi- 
ence of Henry Pratt Company [19] indicates that cavitation may 
be a matter of serious consideration for values of K equal to or less 
than unity. We may, therefore, conclude that the theory pre- 
dicts fairly reasonably the values of K for which the pressure prac- 
tically everywhere in the wake reduces to vapor pressure, the con- 
sequence of which is severe cavitation. 

Several methods have been devised to alleviate the problem of 
cavitation, the most common being the introduction of at- 
mospheric air into the vapor cavity. Anew method developed by 
Henry Pratt Company introduces atmospheric air through the 
butterfly valve shaft. The air is allowed to escape into the vapor 
cavity through a number of holes in the downstream face of the 


valve plate. 


Hydrodynamic Torque 

The operating member of a butterfly valve is subjected to a 
number of different forces while it is in operation. There is, of 
course, the force supplied by the valve-operating device, but, in 
addition, other forces may either aid or oppose the operating force. 
These forces have various origins and various characteristics, and 
it is necessary to know their magnitudes and natures in order to 
design for successful operation of the valve. It is not always 
possible to calculate every force acting on the valve accurately. 

The axial forces that act on a valve in motion include the 
inertial force and the frictional forces which are not accurately 
calculable. In any valve, under normal conditions, there will be 
a pressure difference between upstream and downstream faces, 
and this pressure difference which is nonuniformly distributed ex- 
erts a force and a torque on the operating member of the valve. 
The distribution of pressure acting along the downstream face of 
the valve plate is approximately a rectangle with a height equal 
to the pressure in the downstream section. 

A direct theoretical determination of hydrodynamic torque is 
confronted with insurmountable mathematical difficulties. 
There are, however, several topological models of flow past an in- 
clined lamina for which the torque may be determined using classi- 
cal hydrodynamic methods. These models and the butterfly 
valve differ from each other considerably because the latter is 
placed in a confined medium. It will be seen that, despite this 
gross difference, the results obtained from a particular topologi- 


cal model come surprisingly close to actual torque calculations 
These models, therefore, will be mentioned here briefly: 

1 For the Cisotti [20] model, which is shown in Fig. 7, it is evi- 
dent that the fluid pressures on the lamina are equivalent to a 
couple tending to set it broadside on to the flow. The moment of 
this couple when the general direction of the stream makes an 
angle a with the lamina is given by 


sin 2a (12) 


The torque calculated from this model is the largest one among all 
other topological models considered, and quite unrealistic for ob- 
vious reasons, 

2 The second and more realistic model is the Kirchhoff [21 }- 
Rayleigh [22] model shown in Fig. 8. According to this model 
the total excess pressure on the upstream face of the lamina is 
given by 


F,, 7 sin a 


—— : (13) 
pndVZ 4+ sina 


Here the velocity of the free streamline is equal to the velocity of 
approaching undisturbed flow. In reality, the velocity of the free 
streamline depends on the wake under pressure behind the plate. 
Experiments [23, 24] have shown that the free-streamline velocity 
is approximately 1.4 Vo. Theoretical solution of the flow with 


Fig. 7 Cisotti model 


Fig. 8 Kirchhoff-Rayleigh model 
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wake past an oblique plate is given by Mimura [25] using 
Roshko’s [26] notched hodograph method. The butterfly valve 
requires a similar solution for a better understanding of torque and 
particularly of cavitation. 

For the Kirchhoff-Rayleigh model, the moments about the 
center of the lamina give the following torque expression: 

oe a 3x ssn aa (14) 

pV 2% 8 (4+ wsin a)? 
The results obtained from equation (14) are shown in Fig. 9, to- 
gether with the other torque-coefficient diagrams for the purposes 
of comparison. The torque coefficient is maximum for a = 
32°20’. It should be noted that in all the models, as well as in an 
actual butterfly valve, the approach flow is assumed to be uni- 
form. In reality the flow is nonuniform and there is an increase in 
the moment coefficient as the flow becomes symmetrically more 
nonuniform. 

For the two-dimensional butterfly valve, determination of the 
torque coefficient proceeds as follows: Upon writing the equation 
of momentum between sections 1 and 2 in Fig. 1, and combining 
it with equations (1) and (3), we obtain the total normal force 
acting on the valve plate: 


F, [ ey 
ee 2 ee. ae 
pV7nd = 2 sina V; 


The results obtained from equations (13) and (15) are shown in 
Fig. 10, together with the two values obtained from the applica- 
tion of the relaxation technique and from experiments. Since the 
application of the relaxation technique has been presented else- 
where [27], no additional comment is necessary here except that 
theoretically determined contraction coefficients, Fig. 2, have 
been used in establishing the limiting free streamlines. 

From the equilibrium of the fluid body between AC and BD 
shown in Fig. 10 in the direction perpendicular to the main flow, 
we find that the difference between the total pressure forces acting 


on AB and CD reduces to: 
cos a Vo -? 
= — 1-— 
2 sin a V; 


F., cos 
fre f ae 
AB cD pnoV * 


Now, the torque acting on the valve may be computed in two dif- 
ferent ways: 


(15) 


(16) 


1 By taking the moment of all forces with respect to the valve 
axis, 


ne 


a ” Kirchhoff — Reyleigh 


4 
Fal 


+ @ Experimental 
O Relcaction 


‘ — 


pee 


T ap P™ dz — a px dt 
pdn*V * s m - pén'V 2 
V, 
+ '/(1 — sin a)(Ca — Ca) (1 - 7) (17) 
V; 
2 By taking the moment of normal force acting on the 
valve plate with respect to valve axis, 


T l Vo 2 
ne i ewes} —— 1) 
pin?V 2sina V;, 


Sian Joep P* 


—=X,, and —— = Xx 
AB pas a pas 


it is obvious that in order to be able to compute the torque from 
either equation (17) or (18), it is necessary to determine Xi, 
Xx, Or He. A direct integral calculation of these values which are 
merely the distances from the valve axis to appropriate pressure 
centers is practically impossible though mathematically feasible. 
Instead, the pressure at suitable intervals along AB and CD and 
the valve plate is computed from the results previously obtained 
for two-dimensional butterfly valves [14]. It was then possible to 
determine by the method of composite areas not only the pressure 
centers but also the normal force acting on the valve plate and the 
total normal forces acting on AB and CD. 

The foregoing method is neither too approximate nor subject to 
errors. On the one hand, equation (16) provided an excellent 
check on the difference of total normal force acting on AB and CD, 
since it was possible to compute the right side of the equation ex- 
actly and directly; and on the other hand, the torque computed 
independently from equation (17) provided a check on the torque 
computed from equation (18), and vice versa. 

The hydrodynamic torque coefficient computed by the method 
outlined is shown in Fig. 9 together with the two values obtained 
from the application of the relaxation technique and from experi- 
ments. In addition, another curve representing the torque co- 
efficient for axially symmetrical valves is shown in the same figure. 
This curve was obtained by multiplying the two-dimensional 
torque coefficients obtained from equations (17) and (18) by 
8/3. The constant 8/37 was obtained easily by applying the 
previously mentioned idea of equal area ratios and identical pres- 
sure centers for infinitesimal two-dimensional strips perpendicular 


(18) 


Defining 














Fig. 10 Normal force on valve plate 
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to the valve axis. Furthermore, it should be noted that the ve- 
locity on the free streamline was chosen in accordance with the 
equations 1(e) and (3). 

Representative pressure distributions and streamlines resulting 
from the relaxation technique are shown in Figs. 11 and 12. 


Experimental Investigation 


Experiments were conducted on a two-dimensional] transparent 
model, the cross section of which was 8 in. by 1 in., and the length 
was 50 in. The valve plate was constructed of brass plate 8 in 
long, '/s in. thick, and 1 in. deep. The upstream face of the 
blade was polished and the upper and lower edges were sharpened 
at 45-deg angles. The axis of rotation of the blade was made to 
coincide with the upstream face as shown in Fig. 13. Piezometer 








holes were made along the long axis of symmetry of the valve 
plate on 1-in. intervals. The first and the last piezometer holes 
were at '/, in. distance from the sharp edges. Cylindrical brass 
pieces '/; in. long and '/s in. diam. were welded at the location of 
piezometer holes behind the plate and a '/-in. drill was made 
through each cylindrical extension piece and plate. This insured 
a 10-diam-long straight entrance into the piezometer tube. Holes 
were carefully drilled and edges sharpened so as to eliminate 
any burrs that might have developed during the drilling process. 
To eliminate any leakage that might have existed between the 
plate and the Plexiglas walls, two very small channels were 
carved out along an 8-in. length of 8-in. by '/:-in. faces of the 
valve, and two round rubber pieces were partly embedded in 
them. When the Plexiglas walls were tightened (the upper plate 
was always removable), the rubber pieces flattened between the 
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Fig. 12. Flow pattern and pressure distributions for tan a = 1/3 


Journal of Applied Mechanics 


pecemBer 1961 / SIT 








Fig. 13 Equipment 


valve plate and the Plexiglas walls and prevented leakage com- 
pletely. During experiments the angle a@ was varied simply by 
loosening the upper plastic plate and rotating the valve plate to 
the desired setting with an external handle Then the plastic 
plate was once again tightened 
Discharges were measured with a calibrated 60-deg sharp-edged 
Pressures were measured by means of 10 
In addition, a pitot tube at the upstream side 
Pres- 


triangular weir. 

piezometer tubes. 
of the model measured the static and dynamic pressures. 
sures along the side walis were measured with the help of piezome- 
ter openings prepared carefully and attached to a manometer 
In order to measure all the pressures at once, too many 
To reduce their number to ten, first 


board 
manometers were necessary . 
the pressures along the plate were measured and the others were 
sealed leakage tight, and vice versa. During the experiments the 
thicknesses of jets at the upper and lower sides of the blade were 
measured (m and n). Experimental values were in excellent 
agreement with the theoretical results obtained from equations 
1 (a) and (5). 


Conclusions 


The detailed laboratory and theoretical investigations of but- 
terfly valves described herein warranted the following conclusions: 


1 The bulk characteristics of flows through two-dimensional 
and axially symmetrical butterfly valves are essentially the same. 

2 The conditions essential to the occurrence of severe cavita- 
tion can be predicted from comparative two-dimensional studies 
as a function of the geometry of the valve system and of the up- 
stream and downstream conditions. 

3 The torque to be provided for varies widely for various con- 
ditions but is nevertheless perfectly definite and subject to calcu- 
lations when the controlling factors are known. For a free-dis- 
charge valve the maximum value of the torque coefficient is about 
0.03, and occurs at about 20 deg from the full-open position. As 
a result of the theoretical aud experimental data presented herein, 
the moments to be expected for a butterfly valve in any setting 
and under any head can be calculated. 
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Permanent Periodic Surface Deformations 
Due to a Traveling Jet 


A steel bullet in the form of a right circular cylinder which strikes a 10-mil-thick plane 
lead target at 45 deg incidence and at 2700 fps acquires on its front surface a series of 
corrugations, or waves, approximately 10 mils in amplitude and 40 mils in wave length. 
This phenomenon ts investigated from a hydrodynamic point of view and it ts found that 
similar waves develop at much lower velocities with materials which are viscous liquids 
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under ordinary conditions. 


A mechanism of wave formation based on a hydrodynamic 


instability is presented. 


ane a flat-nosed steel bullet is shot obliquely at a 
thin metal target, wavelike surface deformations, as shown in 
Fig. 1, may be produced.? This phenomenon was first reported by 
Allen, Mapes, and Wilson [1].* 
duced with other metals. 

Two features of the waves in Fig. 1 should be noted. The 
main horizontal deformation, indicated by the orientation of the 


Similar waves have been pro- 


! Supported in part by U. 8. Army Ordnance. 

? William A. Allen and Earle B. Mayfield of the Naval Ordnance 
Test Station at China Lake, Calif., supplied all bullet specimens and 
data used in this paper. 

3 Numbers in brackets designate References at end of paper. 
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Discussion received after the closing date will be returned. Manu- 
script received by ASME Applied Mechanics Division, September 26, 
1960. Paper No. 61—APMW-6. 
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grain structure in the vicinity of the waves, is to the left; that is, 
in the direction which the lead sheet traversed the surface of the 
bullet. The peaks of the waves, however, turn in the opposite 
direction. 

The effect of varying the angle of incidence is shown in Fig. 2. 
At an angle of incidence of 5 deg no waves are produced. In- 
stead, the front surface of the bullet is essentially undeformed 
and a large part of the side of the bullet away from the point of 
first contact with the target is broken off. At an angle of inci- 
dence of 15 deg very small waves appear. At larger angles of in- 
cidence amplitude and wave length increase. These data sug- 
gest the existence of a critical angle of incidence above which 
waves occur and below which they do not. This was observed by 
Allen, Mapes, and Wilson. 

Fig. 3 illustrates generally similar waves which may be pro- 
duced when a thin metal sheet is projected obliquely against a 
thick metal slab.‘ Many examples of this effect are found on the 


4 Experiments of this type were carried out by S. Katz at Stanford 
Research Institute. 
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Fig. 2 End views of mild-steel bullets, illustrating effect of angle of incidence on wave length 
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Fig. 3(b) Closeup showing grid embossed on 
Fig. 3(a) Waves formed on a steel slab by impact of a thin copper sheet driven by high explosive upper piece from force of impact 
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Fig. 4 Experiment showing effect of angle of incidence on wave length. 
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sheet off to expose surface on left half of steel! siab 
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Fig. 5 Transformation to moving co-ordinates 


facings of shelters used in high-velocity impact experiments. 
The slab in Fig. 3 originally consisted of two 1-in-square, cold- 
rolled, mild-steel bars which were held together by tack welds on 
the ends. The contacting surfaces of the bars were lapped and a 
square grid was scribed on the lapped surface of the bottom piece 
in Fig. 3(6); the grid was embossed on the opposite surface by the 
force of the impact. The horizontal deformation of the slab, 
indicated by the deformed grid, is in the direction which the sheet 
swept across the surface of the slab, as was observed with the 
bullet. The peaks turn in the same direction, which is oposite to 
the direction of the peaks on the bullet. Waves of the latter type 
have been produced with other materials. A noteworthy example 
is the combination of an aluminum sheet projected against a 
lucite slab. Although lucite is normally a brittle material, waves 
similar to those in Fig. 3 were produced on the slab.° 

The effect of varying angle of incidence is shown in Fig. 4. A 
cold-rolled, mild-steel bar of 3'/; in. diam was used as a slab to ob- 
tain a continuously varying angle of incidence. At the time of 
impact the copper sheet was in the form of a cylindrical shell. 
The absence of waves in the central region suggests a critical 
angle below which waves do not occur. This is similar to the be- 
havior observed in the bullet experiment. 


5 This experiment was performed by J. O. Erkman at Stanford 
Research Institute. 
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Analysis of the Metal-Impact Experiments 

The relatively large permanent deformations of the surfaces of 
the bullets and the slabs in the experiments described in the fore- 
going indicate that the stresses in the region of impact were far 
in excess of the yield stresses of the metals. If the metals are 
treated as fluids, the contact pressure will be approximately 
‘/,9V2, where p is the density of the bullet and V is the velocity 
of impact. For the case of a bullet striking a lead target at 3000 
fps, the pressure, neglecting the compressibilities of the metals, 
will be about 5 X 10° psi. This is much greater than the metals 
can sustain without yielding. Thus the stress field in the region 
of impact will be composed of a high hydrostatic pressure and 
relatively small shear stresses, similar to the stress field usually 
found in fluids of low viscosity. One is led, therefore, to consider 
the wave-formation phenomenon as a problem in hydrodynamics. 
This approach has been used successfully by others [2, 3, 4] to 
explain the behavior of metals in various high-velocity impact 
experiments. In the present paper it leads to a plausible explana- 
tion of the wave-formation phenomenon. 

The experiments are analyzed most conveniently in a frame of 
reference moving with the instantaneous point of impact. As 
illustrated in Fig. 5, when observed in this manner the two types 
of experiments have the appearance of a jet directed against a 
moving base. The difference is in the relative magnitudes of the 
jet and base velocities. 

An important aspect of the experiments becomes apparent 
from the consideration of the flow of a two-dimensional, com- 
pressible, fluid jet incident upon a smooth rigid wall. Three flow 
patterns are possible corresponding to (1) subsonic jet velocities, 
(2) supersonic jet velocities at angles of incidence less than a cer- 
tain critical value, and (3) supersonic jet velocities at angles of 
incidence greater than the critical value. 

The flow pattern for subsonic jet velocities is illustrated in Fig. 
6. The most significant feature is the division of the jet into two 
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Fig. 7 Modification of a classical wedge flow to obtain flow pattern for a supersenic jet against a 


rigid wall at angles of incid less than critical 





streams, the relative sizes of which may be determined from 
simple momentum considerations. 

The flow pattern for supersonic jet velocities can be obtained 
from classical solutions to the wedge flow problem [5]. In Fig. 
7(a) the flow of a supersonic jet past a wedge is illustrated for 
wedge angles 2@ less than a certain critical value. Taking the 
pressure to be zero ahead of the shock, the lower half of the 
flow may be removed, as shown in Fig. 7(6). The upper part of 
the stream in Fig. 7(b) may be removed to obtain a jet if the 
necessary changes are made to satisfy the zero pressure boundary 
condition along the new upper surface. As indicated in Fig. 7(c) 
this is accomplished through a centered rarefaction wave originat- 
ing at the intersection of the shock wave and the free surface. 
Finally, the flow pattern is rotated clockwise and the rigid wall 
is extended to the left to obtain a jet incident on a rigid base, as 
shown in Fig. 7(d). 

The flow of a supersonic jet over a wedge for wedge angles 20 
larger than the critical value is illustrated in Fig. 8(a). Taking the 
pressure to be zero upstream of the shock wave, the bottom half 
of the flow may be removed as before, provided a suitable pres- 
sure distribution is supplied along OA, as indicated in Fig. 8(6). 

Rotating the flow clockwise through an angle @ and extending the 
rigid wall to the left, the configuration of Fig. 8(c) is obtained. 
As shown in Fig. 8(d), removal of the pressure distribution along 
OA allows part of the incident jet to flow to the left, reducing the 
pressure behind the shock wave. The lower pressure results in a 
reduction in the velocity of propagation of the shock wave rela- 
tive to the flow, and hence the shock moves downstream toward 
point A. However, the shock wave cannot reach point A, for 
this would not be compatible with the fact that the flow cannot 
be turned through an angle greater than the critical angle by an 
attached oblique shock wave. Therefore the shock wave must 
eventually find a position somewhere upstream of point A. The 
upper part of the flow of Fig. 8(d) may be removed if appropriate 
changes in the flow pattern are provided. With the assumption 
that the flow after the shock is supersonic, the adjustment to the 
free surface is accomplished through a centered rarefaction wave 
originating at the intersection of the shock wave and the free 
surface as shown in Fig. 8(e). The division of the jet into two 
streams is similar to the flow pattern of the subsonic jet. This 
522 


' DECEMBER 1961 








SHOCK WAVE 





(e) 
Fig. 8 Modification of a classical wedge flow to obtain flow pattern for 





@ supersonic jet against a rigid wall at angles of incid greater than 


critical 


similarity is very significant in the interpretation of the experi- 
mental data. 

In Fig. 9 the available data on the occurrence of waves in the 
bullet experiments are shown on graphs of angle of inci- 
dence versus jet velocity. Three regions are indicated cor- 
responding to (1) subsonic jet velocities, (2) supersonic jet 
velocities with > @., and (3) supersonic jet velocities with 0 < @.. 


* Critical angles in Fig. 9 are based on references [6, 7]. 
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Fig. 10 Data from Fig. 4 indicating conditions for occurrence of waves 


The data, although limited, indicate that waves form in regions 
(1) and (2) but not in region (3). A plot similar to that of Fig. 9 
for the second type of experiment is shown in Fig. 10. These 
data also show that waves occur in regions (1) and (2) but not 
in region (3). (The fact that the no-wave boundary extends into 
region (2) can be attributed to the compressibility of the base.) 
The loci of critical angles separating regions (2) and (3) in Figs. 9 
and 10 were calculated for a jet incident upon a rigid base. This 

ases in which waves did 
not form, since the surfaces of the specimens were not noticeably 
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AIR JET 0 * 1.2 = 580 ft/sec, V= 6.5 ft/sec 


= 560 ft/sec, V= 66 ft/sec 


AIR JET .* 15 = 690 ft/sec, = 5.1 ft/sec 


5 inches 


WATER JET: p = 1.3 ib/in®, w= 14 ft/sec, V= 5S ft/sec (oppron) 
° 


WATER JET: p= 1.3 ib/in® , v= 14 ft/sec, V= 5S ft/sec (eppron) 


Fig. 11 Periodic surface deformations in grease. Waves were produced 
by passing grease under a jet of air or water as indicated. Surfaces of 
samples 1, 2, and 3 were originally convex upward in cross section; 
samples 4 and 5 were flat. Undisturbed surface is shown along edges of 
sample 2 and along lower edges of samples 4and 5. Waves were about 
24 hr old when photograph was taken. Stagnation pressure of jet is 
denoted by po. 


deformed (see Fig. 2). Therefore it is plausible to assume that 
in region (3) the jet is diverted as a single stream upon impact, 
but in regions (1) and (2) it divides into two streams. This 
observation leads to the speculation that the division of the jet 
may be essential for the formation of waves. If such is the case 
it would appear that the wave-formation process is essentially a 
subsonic phenomenon and hence should be reproducible at lower 
velocities with materials which are liquids under ordinary 
conditions. 


Experiments With Jets impinging on Grease and Silicone 
Putty 


To investigate the possibility of waves forming at low veloci- 
ties, experiments were undertaken in which various soft ma- 
terials, such as grease, were passed under a jet of air or water. 
After many trials it was found that periodic waves could be 


readily produced in heavy automotive grease. Some examples 
are shown in Fig. 11. 

Waves were produced at still lower velocities using silicone 
putty instead of grease. The experimental arrangement is shown 
in Fig. 12. A slab of silicone putty with a convex upper surface 
is contained in a transparent plastic tray. The latter moves to the 
right at a steady velocity under a rectangular jet of water. The 
jet impinges upon the surface of the silicone putty and divides 
into two streams, as indicated in the figure. Direct measurement 
shows that the greater part of the jet is diverted to the right, al- 
though the relative depth of the streams might lead one to be- 
lieve otherwise. The excessive depth of the left stream is due to 
surface-tension effects, as indicated in the sketch. The spots on 
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Fig. 12 Experimental setup for producing 
waves in silicone putty. Lucite tray containing 
silicone putty moves to right at constant 
velocity under water jet which is stationary. 


Fig. 13 


Fermation of a wave in silicone putty 
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the surface of the silicone putty are air bubbles which become 
attached momentarily. 

Several stages in the formation of a wave in silicone putty are 
shown in Fig. 13. The velocity of the jet was 6 fps, corresponding 
to a stagnation pressure of 0.3 psi. The temperature of the water 
stream was 31 C. The base velocity was 22 mils per min and the 
time required for the formation of a wave was about 12 min. De- 
velopment of the wave in Fig. 13 may be considered in two phases: 
(1) A build-up phase, in which the hump gradually increases in 
size,’ and (2) a release phase, in which part of the hump passes 
under the jet, forming a wave. The build-up phase is shown in 
frames 1 through 4; the release phase is shown in frames 5 and 6. 
Frames 7 and 8 show the beginning of the next build-up phase. 
The arrows in Fig. 13, showing the depth of the left stream, indi- 
cate that the division of the jet varies during the evolution of a 
wave. The depth of the left stream decreases in trames 2, 3, and 4, 
and increases in frames 5 and 6; in frames 7 and 8 it decreases 


7 An analytical treatment of this phase, for a viscous material, is 
given in a companion paper, ““The Hump Deformation Preceding a 
moving Load,” by G. R. Abrahamson and J. N. Goodier, see this 
issue of the JournaL, pp. 608-610. 


again. This effect may be attributed to the changing shape of the 
hump. As the hump builds up, it tends to form a vane for the jet 
and diverts more of the jet into the main stream. When the 
wave begins to pass under the jet (frame 5), the flow to the left 
increases, as indicated by the rough appearance of the surface of 
the left stream. (Note the short time between frames 4 and 5.) 
In frame 6 the flow to the left has increased substantially from 
that in frame 5, and in frames 7 and 8 it decreases again, cor- 
responding to the hext build-up phase. 

The variation in the division of the jet in the cycle shown in 
Fig. 13 is illustrated in greater detail in Fig. 14 for the time 
interval from 200 to 315 sec. In frames 2 and 3 of Fig. 14 the 
flow in the left stream decreases, and in frames 3 and 4 the entire 
jet appears to be diverted into the right stream. In frame 5 the 
surface of the left stream is rough and the tip of the hump is 
visible through the jet again, indicating an increase in the flow 
in the left stream. In frames 6 to 8 the flow in the left stream in- 
creases further. As seen in Fig. 13, a wave subsequently passes 
under the jet. 

From Fig. 14 it appears that the flow in the left stream reaches 
a@ minimum just before the wave begins to pass under the jet. 


Fig. 14 Variation in division of jet from 200 to 315 sec 
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This observation is the basis for the wave-formation mechanism 
presented in the following section. 


A Mechanism of Periodic Wave Formation 


In the discussion of the development of periodic waves in sili- 
cone putty it was observed that the two phases in the formation 
of a wave are (1) the build-up phase and (2) the release phase. 
The build-up of a hump may be most easily visualized if the 
penetrating action of the jet and the motion of the base are 
imagined to occur in successive stages. Fig. 15 shows a two- 
dimensional jet impinging upon an initially flat base. The jet 
tends to penetrate the base, forming a depression. (The base is 
assumed to be incompressible, and hence the depression of the 
surface directly under the jet is accompanied by elevation of the 
surface elsewhere. Experiments show that this elevation occurs 
near the load as indicated in Fig. 15.) 

As illustrated in Fig. 16, the motion of the base tends to move 
the upstream side of the depression under the jet. Hence, the jet 
must continually penetrate new material to maintain the depres- 
The change in shape of the surface under the jet causes 
As the jet 


sion. 
more of the jet to be diverted into the right stream. 


Ne 


M////// i lll 


Fig. 15 Deformation to penetration of jet 


UPSTREAM SIDE 


MY YU aa 


Fig. 16 Change due to horizontal movement of base 





Fig. 17 “Permanent” regime 
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penetrates farther into the base, it must penetrate an ever-increas- 
ing amount of new material to maintain the depression and even- 
tually a ‘“‘permanent’’ regime may be established in which the 
penetration of the jet is just able to nullify the effect of the motion 
of the base. The hypothetical permanent regime is illustrated in 
Fig. 17. 

In Fig. 18 the effect of a momentary decrease in jet velocity is 
illustrated. The decrease in jet velocity results in a momentary 
decrease in the penetration of the jet, allowing the hump to shift 
downstream slightly. As shown in Fig. 18, this would cause a 
change in the division of the jet due to the change in the slope of 
the surface under the jet, and the right stream would become 
smaller and the left stream larger. The net result is a further 
decrease in the effectiveness of the jet in preventing the hump 
from moving downstream. Thus the permanent regime could not 
be re-established until after the release of a wave, even if the jet 
velocity were to increase to its original value. Fluctuations in the 
density or thickness of the jet, or in the properties of the base, 
would be equally as effective in initiating the release of a wave. 

To initiate the release of a wave, the penetration of the jet must 
be reduced to less than that necessary to maintain the hump. In 
the early stages of the build-up phase, the penetration of the jet 
is in excess of that needed to maintain the hump. As build-up 
proceeds, the excess penetration decreases, and if a permanent 
regime were attained the penetration would just be sufficient to 
maintain the hump. The point in the build-up phase at which 
fluctuations become effective in initiating the release of a wave 
depends upon the size of the fluctuations. The smaller the 
fluctuations, the more nearly a permanent regime would be ap- 
proached. Inasmuch as there must always be some random 
fluctuations in the flow, the build-up of a hump by a divided jet 
would always be expected to result in periodic surface deforma- 
tions. In this sense the permanent regime which has been en- 
visaged is unstable. 

The wave-formation process sugg sted in the foregoing requires 


PERMANENT REGIME 
OISTURBED FLOW 


Fig. 18 Change in division of jet due to a slight downstream move- 
ment of hump 


(a) (b) 


Fig. 19 Formation cf a wave on a bullet 
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(a) MILD STEEL BULLET 
0.022-inch-THICK COPPER TARGET 
@=30°, VELOCITY = 2707 ft/sec 


(b) MILO STEEL BULLET 
0.010-inch- THICK COPPER TARGET 


@=30°, VELOCITY = 2778 ft/sec 


Fig. 20 Bullets and copper targets which remained in contact after 
impact 


that the jet: (a) be fluid, (b) be able to penetrate the base, and 
(c) divide into two streams upon impact. The properties of 
the base are significant only as they affect the build-up of the 
hump. The three requirements on the jet are satisfied in the 
metal impact experiments as well as the silicone-putty experi- 
ments. Therefore it seems reasonable to suppose that they are 
two extremes of a very general phenomenon. The fact that 
waves do not form in the metal impact experiments when the jet 
is diverted as a single stream supports this conclusion. 

Waves may be produced on a base even though they are not 
permanent. Hence one can imagine situations in which transient 
waves might be produced by impinging gas streams, leading to 
noise and vibrations. 


Remarks on the Metal-Impact Experiments 


It was pointed out earlier, in the description of the waves 
formed in metals, that the peaks of the waves on the bullets turn 
in one direction and the peaks of the waves on the slabs turn in 
the opposite direction. This difference is readily explained by 
the process of wave formation described in the foregoing. 

The formation of a wave in the bullet experiment is illustrated 
in Fig. 19. The build-up of the hump produces plastic deforma- 
tion to the left, as indicated by the curved lines. When the hump 
passes under the jet during the release phase, the surface of the 
hump experiences a drag to the right, since the jet velocity is 
greater than the base velocity, and a crest develops as indicated. 
In Fig. 20 two bullet specimens are shown which illustrate the 
drag-produced crests. 

A similar illustration of the wave-forming process for the second 
type of experiment is shown in Fig. 21. The horizontal deforma- 
tion of the base is similar to that observed in the bullet experi- 
ments; however, the crest formed as the hump passes under the 
jet turns to the left since the base velocity is greater than the jet 
velocity. The effect is shown in Fig. 22. 

The waves previously discussed occur in so-called “explosive 
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Fig. 21 Formation of a wave on a siab 
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Fig. 22 Mild steel sheet and slab which remained together after impact; outline of waves is 
shown in the sheet; material between sheet and slab is polishing debris 
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welding” of metal plates. To produce a good bond by this 
mechanism it is necessary to use low angles of incidence to achieve 
nearly equal jet and base velocities and thus prevent separation 
and erosion. At such low angles of incidence the impact velocity 
required to produce waves becomes greater. 

In the present paper the mechanism of wave formation was 
considered. Further study of waves produced by traveling jets 
should include the development of a mathematical model for the 
observed hydrodynamic instability and the formulation of quan- 
titative relationships for amplitude and wave length as functions 
of target thickness, velocity, angle of incidence, and material 
properties. 
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tube section. 


Elastic-Plastic Design of 
Rectangular Pressure Tubing 


Elastic-plastic design permits the most effective use of the strength of the rectangular 
The condition of failure for a tube of perfectly elastic-plastic material is 
analyzed, and a formula is derived from which the limit load can be computed directly, 
A procedure is developed for determining by the area-moment method the wall deflection 
at any load from a bending-moment diagram modified to account for reduced rigidity. 
The total deflections thus faund are plotted against the various loads. 


This theoretical 


load-deflection curve then becomes the basis for design. 


ininaiss rectangular tubing is not regarded as 
pressure conduit in the conventional sense, specific applications 
for a member of this cross section require that it withstand in- 
ternal fluid pressure during some portion of its functional life. 
The analysis provides a theoretical load-deflection curve ex- 
tended through the plastic range to ultimate failure. The 
capacity of a given tube can be based upon this load-deflection 
curve. 

The analysis used in this paper assumes a perfectly elastic- 
plastic material. The stress condition at any point in the tube 
wall is then 

Ee 
= f < € 


= ) 
1— » 


¥ 


g=49, (€ > €,) 


Neglecting loading in the direction of the tube axis, the problem 
reduces to one of plane strain. The tubing is of such dimensions 
that the shearing stresses are small enough to be considered 
negligible in comparison to the bending and tensile stresses. Ra- 
dial stresses are also neglected. The stresses in the tube wall are 
then due only to combined bending and tension. Although the 
analysis takes into account the interaction between tension and 
bending moment, the bending-moment diagram does not include 
the effect of tensile forces. The idealized stress distributions 
through the wall for various degrees of loading are shown in 
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Fig. 1. The linear pattern in Fig. 1(a) is typical throughout the 
elastic range. Yield stress at an extreme fiber denotes incipient 
plastic flow. Increased load causes inward progression of plas- 
ticity as shown in (6) and (c). The condition represented by (d) 
delimits the process and establishes the theoretical limit design 
situation for combined bending and tension. At this stage de- 
formation continues without increase of the load. 

The load-deflection curve for a rectangular tube is derived by 
area-moments. The elastic portion of the curve is a straight line 
passing from the origin to the elastic limit, px, which is de- 
termined by ordinary stress analysis. Deflections in the plastic 
range are computed from modified bending-moment diagrams in- 
corporating the effects of reduced rigidity in the tube wall due to 
plastic flow. The limit load, px, may be found directly by use of 
a formula derived herein. 


Elastic Loading 
The tube cross section is treated as a rectangular frame with 
round corners. Because of the symmetry, it is necessary to deal 
ry res ra 
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Fig. 1 Stress distribution for combined bending and tension in plastic 
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Nomenclature 


distance between 
wall section, in. 
h, m,n,r dimensions of tube section quadrant, in. 
PD, Dery Pri internal pressure, elastic load, limit load, psi 
8 distance along centroidal axis, in. 
A = area per unit width of wall section parallel to tube 
axis, in.*/in. 
E = modulus of elasticity, psi 
M = moment of force per unit width acting on wall 
section, lb-in/in. 


neutral and centroidal axes of 
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tensile force per unit width acting on wall section, 
Ib/in. 

adius of centroidal axis of corner, in. 

angular deflection of transverse section about neutral 
axis 

reduced rigidity coefficient 

linear deflection of mid-point of wall, in. 

unit strain, yield strain 

Poisson’s ratio 

unit stress, yield stress, psi 
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with but one quadrant, ABOCD, as depicted in Fig. 2. The 
positions of arbitrary points on the centroid of the wall are de- 
noted by z, y, and @. Point O is the intersection with the cen- 
troid of astraight line extending from the axis of the tube through 
the center of radius of the corner, and is located by 


m 


¢o = tan-? — (1) 
n 


Typical bending-moment curves for rectangular and square 
sections are shown in Fig. 3. The M/p-curve is parabolic except 
between points B and C, where it is sinusoidal. The equations 
for bending moment are 
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Mep = r (m — x)? + Mp 
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Fig. 3 Typical M/p diagram 
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The distance between centroidal and neutral axes in the corner 


is given by! 
i PD A 
** 12R 15 \R 


The points of zero bending moment are 


My\'* 
m— (-2 ”) 
Pp 


y= n— [nt — 228m — n) — m* — 


(4) 


xa = 


9 Me bi - 
" ?p 


Points A, O, and D on the bending-moment curve are extrema. 
The tensile force in the wall is given by the following equations: 
) 


Nep = p(n +r) 


= 2 2)'/2 a F~ | 
= p | (m? + n*)/* cos { tan —@) +r]? 
n | 


| 
| 


Nes (6) 


Nga = Pim +r) 

Bending stresses are determined by use of the flexure formulas 
for straight and curved bars. Superposing these upon the 
stresses caused by tension in the tube wall, the following equa- 
tions for maximum combined stress at the critical points are 


obtained: 
Cuan m+r 6 iM, ) 
= - } 
P Ja h h? |p 


h/2—-eMo. 1 
= —— -2+- (7) 
), ; 
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[(m? + n2)'/2 + r] } 

her P 
a n+r 6 Mp 
- + 
Pp D h h? | p 


The highest of these o/p-values controls and is used to de- 
termine the elastic design load, p,.. 


¢ 


Plastic Loading 


In the elastic range the bending moment, or resisting moment, 
varies in direct proportion to the load; i.e., the value of M/p re- 
mains constant. 
tube section and progresses toward the neutral axis of the wall, 
the resisting moment no longer varies linearly with the load; 
M/p diminishes. When all fibers at this position have been 
stressed to the yield point, a so-called plastic hinge is formed at 
which the resisting moment remains constant with further 
deformation. 

The bending-moment diagram in Fig. 4 is limited to the region 
OCD because failure will occur on this longer side of the tube 
section. The form of the M/p-curve is established by conditions 


As plastic flow begins at some position in the 


18. Timoshenko, “Strength of Materials,”” D. 
Company, New York, N. Y., second edition, part 2, 


Van Nostrand 
1941, p. 70. 
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Fig. 4 Effect of inelastic action upon M/p diagram of rectangular tube 
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of equilibrium and remains unchanged during inelastic action. 
The solid reference line defines the curve for the elastic range. 
As the internal pressure increases to the limit load, the reference 
line shifts parallelwise to a new position shown by the broken 
line. When plastic flow commences at point O, the M/p-value 
diminishes. But that the sum of the 
M/p-values at points O and D remains constant, the value at D 
must increase. In other words, weakening of the material at one 
point results in shifting a portion of the burden elsewhere. Ul- 
timately, plastic hinges are formed at both points O and D, simul- 
This occurs at the 


since statics demands 


taneously, and the system becomes unstable. 
limit load, and the position of the reference line for the M/p- 
curve can be calculated. 

The derivation of the limit-load formula is given in the Ap- 


2:... ) 2 
" @ 
Z and Q are dimensional properties of the tube section and are 


m? 
; (9) 


pendix. This formula is 


Z = R{(m? + n?)'” — nj 4+ 
Q 4 { [(m? + n?)'/: 


Deflection of a Loaded Tube 

Elastic Loading. Fig. 5 shows the cross-sectional quadrant of the 
tube before and during loading. Deflection of the longer side can 
produce an inward deflection of the shorter side by effecting a 
rotation of the entire corner. The originally circular corner BOC 
is assumed to deform into a circle of different radius even though 
the bending-moment distribution is not constant. From the 
geometry of the figure the principal deflections, those along the 
section axes, may be evaluated readily. Assuming small deflec- 
tions, 


é, 


9 


= R+ AR — (R+(R+ AR)ac] + As 


6 

— R+ AR — [R — (R + AR)ag] + Ap 

Expanding and dropping higher degrees of small quantities, 
6, = 2AR — Rac + Ag) ) 

6, = 2.AR + Rag + Ac) f 


(10) 


The individual terms in equations (10) can be evaluated from 


the bending-moment diagram by area-moments. It will be noted 
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that flexural rigidity for thin plates is used in the following equa- 
tions for deflections :* 
12(1 — pv?) . 
Ap = Area 
B Eh BA 


— p?) 


12(1 
Areacp 


Eh® 


‘. 
Ad = “epAe MTOOw 


21 — p?*) 
Area x: 


AR = = 
wE Ae J 


The change of the corner angle during loading is the difference 
between the angular deflections of points C and B, 
Ad = ae 
The following expressions are useful for determining the areas 
and area-moments of a particular bending-moment diagram: 


(12) 


— Ap 


Areag, = nM, + 


pR? (m +n- 


2n 


t . 
. (Mp — Me) 


2n 
— (M, — Mz) 
Areage = 


Areagp = mM, + 


n? 5n 


2 
§ Areagg = > Mz t+ 12 (M, — Mg) 


# Areacp = 


Plastic Loading. To extend the area-moment method of com- 
puting deflections into the plastic range, it is necessary to divide 
the ordinates of the bending-moment diagram by reduced rigidity 
coefficients. In Fig. 6, 8 is plotted against M/h*c, for different 


? Timoshenko, ibid., p. 120. 
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values of N/ho,. There are three separate and distinct cases of 
combined bending and tension in the tube wall. The first is that 
of elasticity throughout the wall thickness at a given point. 
The second case is that in which plasticity existe any distance 
inward from the extreme fiber on one side of the neutral axis (the 
tension side), but elasticity exists throughout the other side. The 
third case is that in which plasticity occurs any distance inward 
from the extreme fibers on both sides of the neutral axis. 

In the first case 8, has a constant value of 1, and obtains within 
the limits 


M “ ( “) 
0o<—<—([1- 
—— © he, 


The equation for Case 3, derived in the Appendix, is 


rare: (2 ‘" (4 
a h?o, ho, 





eS ( N 
h*c, 4 
The derivation of 8 for Case 2 is included in the Appendix. This 
results in the expression 


(i as 1 N 1 y 
M ho, 2 ho, . 2 


h®o, (1 bo N y 
ho, 


8; = 54 
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Fig. 7 Modified bending-moment diagrams for typical rectangular tube; 
m = 1'/:in., a = Lin, = '/gin., hh = 3/5 in., cy = 30,000 psi 
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Although the 8-curves in Fig. 6 are represented by three dif- 
ferent formulas, it can be shown readily that no slope discon- 
tinuities exist. 

The procedure by which a plastic deflection is found is as 
follows: For any particular value of p, the form of the bending- 
moment curve is established by equations (2). The reference line 
is then arbitrarily positioned between the limits shown in Fig. 4, 
thus giving ordinate values to the curve. Now having the neces- 
sary M/h*c, and N/ho,-values, 8 for various points may be 
found from Fig. 6. Dividing the ordinates of the bending-moment 
curve by these values of 8, points on a modified curve are fixed. 
The areas under the modified curve can be measured by use of a 
planimeter, and equations (11) provide the angular deflections, 
Qp, A, and Ad. Equation (12) is then applied as a test. With 
sufficient iterations the correct modified bending-moment dia- 
gram is obtained and the true plastic deflection can be computed 
therefrom in the manner used for elastic deflections. If this 
method is applied for the limit load, 8 for points O and D will 
be found to equal zero and the modified curve will be undefined. 

Modified bending-moment diagrams for a typical rectangular 
tube subjected to various loads are shown in Fig. 7. The elastic 
load is represented by Fig. 7(a@) and the limit load by (6), while 
(c) and (d) represent intermediate loads. The broken curves 
delineate the plastic regions of the tube section. 

Load-Defiection Curve. The principal wall deflections computed 
from the bending-moment diagrams in Fig. 7 are plotted in Fig. 8. 
The elastic portion of the load-deflection curve is straight. The 
6,-curve is asymptotic to py where theoretical failure occurs. 
The 6,-curve, representing the shorter side which does not fail, is 
discontinuous at the limit load. 


Conclusions 

The limit design recognizes that failure of a ductile tube does 
not occur with incipient yielding. The limit load for a given tube 
is the pressure at which the strength of the tube, both elastic and 
plastic, has been realized and the system becomes unstable. 
This load is given directly by equation (8). The load-deflection 
curve is a graphic representation of the behavior of the tube as it 
undergoes the full range of pressurizing. In many applications 
the deflection under load is pertinent to the design criteria. 
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Fig. 8 Load-defiection curve for typical rectangular tube; m = 1'/, in., 
na = Vin, r = '/2in., h = */5in., cy = 30,000 psi 
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APPENDIX 


Derivation of the Limit-Load Formula. Fig. 9 shows the limit-load 
stress distribution at point O with the resultant force, (No)1:, and 
resisting moment, (4/,),:.2 Summing forces, 


(No) = oh; 4 h,), 
But 
h; + h, ws h 


1 | Mele) 
h + 
2 Cy, 
l (Nox 
h, E -—= ] 
2 vy 


Taking moments about the centroidal axis, 


h 
(Mohs = oyhg (3 et :) + oh, (+ + :), 


and since 


h, and A, being positive. 


Therefore, 


e = $(h,; — h,), 
(Mohs = ohh, 


Substituting equations (16), 


(Noha? 
(Bide ww * _ mar ] 
{ Oy 


By means of a similar development, 
(Np)? 
g,° 


_ (No? + No*hi 


Cg 
(Mp) = - : | _ 


Combining these two equations, 


o 
(Mo — My) = — | 2 
4 o 


In equation (2), M9 corresponds to @o, so that 
m 

Mo = pmR sin tan~! — 
n 


2 
— pnR (: — cos tan=! =) + = 
n 2 


* Similar moment expressions for combined bending and tension 
are developed in two papers by E. T. Onat and W. Prager, ‘‘The In- 
fluence of Axial Forces on the Collapse Load of Frames,”” Proceedings 
of the First Midwestern Conference on Solid Mechanics, Urbana, 1953, 
pp. 40-42, 1954; “Limit Analysis of Arches,”’ Journal of Mechanics 
and Physics of Solids, vol. 1, 1953, pp. 77-89. 
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Fig. 9 Limit-load stress distribution at point O 
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2 
__pm R eo 


Mo —- Mp = -— -_ ~ +. a 
: DP (mm? + n3)' (m? + n)'/* 


From equation (9) 
2 
(Mo — Mop)u = dis Rico + nt)'/? — nj + =f 


Using equations (6) and (9), 
(No? + Np*)u 
= pri®{ [(m* + n*)'/* + r]* + (n + r)*} 


Equation (17) now yields 


oh? Q 
— a 


Z Zz A? \'/2 
m= [-o+(a+ 9) | ™ 


Derivation of Reduced Rigidity Coefficient. Case 3 is illustrated in 
Fig. 10. The distance from the neutral axis to the elastic bound- 
ary is v, and is positive in both directions. It is assumed that a 
plane section before loading remains a plane section during both 
elastic and plastic loading. 

By summing the forces on the section in Fig. 10(b), we evaluate 

N 
e= (18) 


20, 


Zp = 


Summing the moments about the neutral axis gives 


h? ] Ne 
+ e —_ = _ < “ 
0 o 


¥ . 


Substituting equation (18), 


(19) 


v BB M N \?])'4 
— = —~3/1-—4 - (— 
h 2) hte, ho, 
Introducing the reduced rigidity coefficient into the differential 
equation of the deflection curve for plates, * 


1211 — v?)M 
da = = ds (20 
: BEh* ) 


Fig. 10(d) provides the following relation: 


ay) 
da = —————— ds 


* Timoshenko, op. cit. 
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Fig. 10 Combined bending and tension in tube wall 
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The lower limit occurs when @ is zero, and 


M I , ( N \? 
h?o, . i. ho, 
The Case 2 formula is developed in a similar manner. Fig. 


10(6) is considered modified so that a, is not reached on the upper 
8 6 M Je [ ‘ M ( N )] d's side of the neutral axis. Summing the forces on the section, 
= wal ; 


) \< - 
h®o, h?o, f h : 
e=v+t> + | 2 (: —- 23) 


Combining equations (20) and (21), 


and from equation (19) 


The upper limit of Case 3 exists when * 
Summation of moments provides the following cubic equation; 


2M 2N h 
v? + 3 - = e-(; +e) 
o o 


»” a . 


and equation (22) becomes 
M é By means of equations (23) and (24), v is defined explicitly and 
its substitution in equation (22) provides the expression for 2: 


8B = 6 


) 
2 
h?e, 


From equation (14) the upper limit for Case 3 is obtained, ( M + Fe . ao y 
M 2 


2 ») 
h Cy “- ho, ~ 


N etic v \) 
1+—-2 1- 
| ho, (=) ] ho, 
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Gas-Lubricated Cylindrical Journal 


B. STERNLICHT 
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Bearings of the Finite Length 


Static Loading 


This paper presents numerical solutions of the Reynolds equation for finite length, 
gas-lubricated cylindrical journal bearings under static loading (this corresponds to a 


load of constant magnitude and direction with respect to the bearing). 


It is shown that 


the incompressible results are but only limiting cases to the more general compressible 


solutions. 


The results of the two solutions are dovetailed together through the use of two 


dimensionless parameters: the inverse of the Sommerfeld number and the compressibility 


number. 


“linearized ph" methods are made. 


Comparisons of the iterative solutions and the first-order perturbation and the 


The advantages and disadvantages of these methods 


of analysis are discussed. 


a Reynolds equation for self-acting gas-lubricated 
bearings is a nonlinear partial differential equation. This equa- 
tion can be approximated by finite differences and can be solved 
This 
paper presents results using this method of analysis and compares 
it with other methods and experiments. One of the disadvantages 


9 


by an iterative process [1]? using high-speed computers. 


of this procedure is that each case requires a considerable amount 
of computer time. Since solutions to a large number of cases are 


necessary to cover the full range of variables, this method of 


1 This work was sponsored by the Office of Naval Research, Con- 
tract No. NONR 2844(00), Task No. NR 097-348. Reproduction 
of this report in whole, or in part, is permitted for any purpose of the 
United States Government. 

? Numbers in brackets designate References at end of paper 

Presented at the Summer Conference of the Applied Mechanics 
Division, Chicago, Ill., June 14-16, 1961, of Tae American Society 
or MECHANICAL ENGINEERS, 

Discussion of this paper should be addressed to the Editorial De- 
partment, ASME, United Engineering Center, 345 East 47th Street, 
New York 17, N. Y., and will be accepted until January 10, 1962. 
Discussion received after the closing date will be returned. Manu- 
script received by ASME Applied Mechanics Division, October 6, 
1960. Paper No. 61—APM-17. 


analysis represents considerable expense. On the other hand, 
one important advantage of this method is that once an iterative 
program is developed it is applicable to other journal bearing 
geometries; e.g., partial bearings, grooved bearings, and so on 
Another advantage is that this method of analysis has more cor- 
relation with accurately conducted experiments than do other 
analytical solutions available at this time. High accuracy is 
especially important in dynamic and stability analysis where 
accurate determination of radial and tangential-force derivatives 
with respect to displacement and velocity is required. 

The analytical solution which employs the perturbation tech- 
nique [2] has several major limitations: (a) The results yield 
force directly proportional to the eccentricity and attitude angle 
independent of eccentricity. This makes the results accurate only 
for small eccentricity ratios € < 0.3. (b) As a consequence of the 
first condition, the bearing stiffness is independent of eccentricity, 
whereas the actual bearing stiffness increases with increase in 
eccentricity ratio 

The “linearized ph" method of analysis [3] represents an im- 
provement over the first-order perturbation. This method of 
analysis yields stiffness and attitude angles which are dependent 


on eccentricity ratio, as they should be. Again, however, this 





Nomenclature 


= coefficient, equation (11) 
= coefficient, equation (10) 
= diametral clearance, in. 
= journal-bearing diameter, in point 
= eccentricity, 1n. 
: 12rW 
dimensionless force, 
Ap,LD 
accelerating factor 
film thickness, in. 


constant 


6uw 


number of mesh subdivisions in 


rectangular co-ordinates of a 


incremental distance 
eccentricity ratio 


compressibility 


components of fluid velocity in w = angular velocity radians per 


x, y, 2-direction, respectively sec 


Subscripts 


a = ambient 


ratio of specific heat of gas 
lubricant 


avg = average 
i index defining the value of z in 
journal bearing running from 1 

ton 
index defining value of z or @ in 


number, , 
journal bearing running from 1 


axial length of bearing, in. 


6 or x-direction 
number of mesh subdivisions in 
z-direction 


Pa C 


angle, radians 


radial 
tangential 
viscosity, lb-sec/in.* 


2 to m 
; number of iterations 


pressure, psi mass density, lb-sec?/in.‘ Superscript 


attitude angle, radians ‘, prime is dimensional 


force 
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method does not correlate very closely with the iterative method. 
The divergence in force and phase angle is especially pronounced 
at high eccentricity ratios € > 0.5. 

The analytical method for infinite length bearing outlined in 
[4] and corrected for finite length by use of end-flow factor, calcu- 
lated by perturbation method, yields the closest correlation to the 
iterative analysis. 

The foregoing discussion is not intended to detract from the 
value of analytical methods, which in general can provide good 
physical insight into the problem, but points out the value of the 
iterative method which is presented here. This report extends the 
range of variables studied in [1]. It covers practical range of 
operating eccentricity ratios 0-0.8 and L/D = 0.5, 1, 1.5, 2, for 
compressibility number A = 0 —~ . Extrapolation to higher 
eccentricity ratios, or L/D, can be done quite accurately by cross- 
plotting the presented results. The results are given in graphical 
form so that they can be readily used in design. Comparison of 
pressure distribution, force, and attitude angle with other methods 
of analysis and experiments are also presented. 


Theoretical Analysis 


The following approximations are made in the Navier-Stokes 
equation: 

1 Isothermal conditions are assumed. 

2 Inertia terms are neglected with respect to pressure-gradient 
terms. 

3 Vertical fluid velocity v is neglected with respect to horizon- 
tal fluid velocities. 

4 The predominant viscous shear stresses are 0*u/dy? and 
d*w/dy*. All other viscous shear stresses are negligible by com- 
parison. 

5 Pressure is independent of y-co-ordinate. 

6 Density is independent of the y-co-ordinate. 

7 The fluid is Newtonian. 


oz 


Oz 





Neglecting the effect of curvature, it is possible to analyze the 
circular bearing using the configuration shown in Fig. 1. 

The film thickness h’ in the bearing with certain eccentricity e’ 
is calculated approximately from the following equation (see Fig. 


))\. 
« 


Cc’ 
h’ = > + ¢’ cosd (1) 


Substituting the parameter h = h’/C’, equation (1) is made di- 
mensionless, 
‘ 


y 





NE ite 
h’ 


; 4g 


Fig. 1 Co-ordinate system 
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2 kK op 
um «(Oz 


“h= $+ $€ cos 0 (2) 


From the Navier-Stokes equation and the continuity equation for 
compressible fluid flow we get 


a > h’3 dp’ a p’h’3 dp’ : 2 ee 
Rab |+ [ ]- 30% 5,7 Oh’) @) 


p’ Oa’ dz’ L pw’ oO’ 
To write equation (3) in dimensionless form, the following dimen- 
sionless parameters are used: 


z D’ D’ da2 = dz’ 


L’dz = dz’ 


Mave 


Ap,’ 
127 


120 p’ 
P A Pa’ , 





Substituting (4) in equation (3) we get 


d [ ph® dp 7) P) kK = | r) 
—|—- — — | — — | = 6r — (oh) 6 
2(4 + (7 o Lu oz a2 PM) ©) 


For the incompressible case, the density remains constant. 
Therefore p is canceled in each term of equation (5). 
Writing equation (5) in difference form, we get 
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Fig. 2 Journal bearing 
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(ph)i, 54+4 — (ph)i, 5-4 
(ph) = (6) 





2 
oz 


Recombining the terms, equation (5) as a difference equation is 


(“*) (er) ‘ (“*) (mare) 
uw /i,j+s Ar / \wsij-y\ Ae, 


r= CA Y hen 








L Az 


= 6r 
Ax 


The pressure at the center of any grid is 


h); —~4 — (ph); \. hs 
6r [(ph)i, 5-4 \pn): i+4] it. ( ’) 


: Ax M /i,j+4 Az* 


(*“*) (Greed Z (“*) (% = Piss 
+(2) Au Fitn5\ As Au Finrns\ Ae, 


[(ph)s, 5+4 — (Ph)i, 5-3) 


Pi.i+1 





(h*p)i, ¢ —} 
AAz* 


A= (7) (h*p)i+4,39 + (h*9)i-4.3 
L’ Az? 


Qa = 





1 
+ Jia [Ao d.i+4 + O's, 5-4] 


+2/2 


The following boundary conditions are set: 
) p=1 at 


The pressure and pressure gradients are periodic, 
therefore 
Plo = P\2s 
op| _ 2p) 
OF \2e 


h*p Pi. 5-1 
+ 
\ # Ji,g—5 Az? 


Cb Oho (EN)o* 2 

M /i,j+4 Az" mw /i,j-4 Az* L’ B/it+e5 Ae? \ mw Ji-4,5 Ae? 
(2 [Ce t+ (2) 8 
L wm /i+3,5 Az? uM /i-3,5 Az* 





, 


The pressure is related to density by equation (9) 


*\V/yr 
p’ = p.'( ) (9) 
Pe 


This, written in dimensionless form, becomes 


7 A VV7 
june P ioe 


Using the foregoing relationship, the density in equation (8) can 
be replaced by pressure. For isothermal case y = 1 which further 
simplifies equation (8). 

For the journal bearing under investigation there is no film- 
thickness variation in the axial, or z-direction, hence 


hi+a,g = hi-a,3 


Also, it is assumed that the viscosity is constant throughout the 
field. Hence: 


Mit+d,§ = Mima.s = Mijth = Mij-9 = 1 
Thus equation (8) can be written in the following form: 
Ping = A + Apis; + Q2Pi.ji + AsPi-1.§ + APi.ja 
where 


6m [(ph)i, 5-4 — (Adi, 5+8) 
AAz 


‘ (2 * (hpdi+y 
L’ A Az? 

a (2 y (h*p)i—4, 5 
ae AAz* 


(h*p)i, 5+4 
= AAz* 
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Mm /i,5+4 Az? m 


BMC )aat Owl 
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Solution of equation (10) is performed in the following manner: 


1 L'‘/D’,«¢, A, m, and nare set. 
m = 12andn = 6.) 

2 The value of the film thickness at every point is determined 
from equation (2). 

3 p;,; is assumed equal to zero throughout the field. 

4 Having h and p;,,;, the first approximation to the pressure 
field is determined from equation (10). 

5 This pressure field is improved several times by iteration. 

6 The iterated pressure field is now used to calculate the 
density distribution from equation (9). 

7 Another pressure field can now be calculated from equation 
(10) by using A as calculated in step 2, p calculated in step 6, and 
the last iterated pressure p;,; from step 5. 

8 This cycle of pressure and density iteration is continued 
until p;,; reaches the tolerance factor specified for the run. 


(For majority of cases solved 


m n 


>> 2 \(Ps.sde ams (ps. ;)e-a| 


j=li=l 


> Dd lesa 


j=li-l 





Residual factor = < 0.1 per cent 


(12) 


(This tolerance was found to give sufficient accuracy.) 

9 The final pressure field is then used to compute the radial 
and tangential components of force. 

The force at a point is equal to the pressure at that point times 
the area. The total force on the bearing is the integral of pressure 
times area summed over the whole bearing. 


- = => > (p;.;), 008 OAxAz 


j=li=1 
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m n 


. = + > pe (pi. se sin OAxAs 
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From the pressure profile it is also possible to calculate the fric- 
tional force and flow. 

In order to accelerate the process of iterations, an accelerating 
factor g is employed. This factor may vary from row to row or 
from iteration to iteration. The value chosen at any time is based 
on experience. The following equation is used for the adjustment 





«06 | of pressure between successive iterations: 
r£ + — 


—— 
20.4) ¢202) 4201) 
fy 





Pig = G(Pide — (pi.s)e—1] + (pi.5)e (14) 
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Results 
Figs. 3-6 show a plot of dimensionless force f = (f,2 + f7)'7 
\e ibili L = ai : $e ht 
a 3 Gineewtestes howe vanes senpeely quate te 1/0 versus compressibility number A for various eccentricity ratios. 
The four figures are for L/D = 0.5, 1, 1.5, and 2, respectively. 
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Fig. 7 Attitude angle versus compressibility number for L/D = 0.5 
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Fig. 5 Dimensionless force versus compressibility number for L/D = 1.5 
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This scale for the abscissa was chosen because it conveniently 
covers the complete range of Afrom0—> ~. One of the reasons 
for choosing the dimensionless force f for the ordinate is that it 
gives a very convenient plot; furthermore, f is the reciprocal of 
the Sommerfeld number which enables an easy comparison of the 
results with incompressible results. Note that, for a specific ec- 
centricity ratio, the value of f is virtually constant at low com- 
pressibility number A < 1.0. The range of A over which f is 
virtually constant decreases with an increase in eccentricity and 
This leads to the conclusion that for low A, W ~ KA. 
@ versus compressibility 
The four figures are 

Using these figures 


L/D ratios. 

Figs. 7-10 give the attitude angle, 
number A for various eccentricity ratios. 
for L/D = 0.5, 1, 1.5, and 2, respectively. 
with corresponding figures for dimensionless force, it is possible to 
resolve the force to radial and tangential components: 
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Fig. 9 Attitude angle versus compressibility number for L/D = 1.5 
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Table 1 gives numerical values of dimensionless force and atti- 
tude angle. (The results for L/D = 0.5 are from reference [6].) 
These values were used to plot Figs. 3-10. Fig. 11 gives the 
dimensionless frictional force versus compressibility number for 
different values of L/D and eccentricity ratio. Note that the 
incompressible results give the highest frictional loss. Employ- 
ing the results presented in Figs. 3-11, one is able to design the 
appropriate bearing from the standpoint of steady load-carrying 
capacity. 

Fig. 12 is a cross plot of Figs. 
and attitude angle versus L/D ratio for several va 


3-6; it gives dimensionless force 
lues of ec- 





Dimensionless frictional force versus compressibility number 
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Table 1 
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0.45 
0.94 


2.21 
4.57 
11.49 
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Fig. 12 Dimensionless force and attitude angle versus L/D ratio 
centricity ratio and compressibility numbers. From the shape of 
the curve it appears that the dimensionless force is approximately 


constant at L/D>2(f = Kat L/D> 2). This would explain why 
the experimental results reported in [5], Fig. 11, for several L/D ra- 
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tios greater than 2 fit on one curve which is plotted on dimension- 
less force, p/p, versus A-co-ordinate system. This same figure also 
shows that for L/D < 2 the load-carrying capacity increases at 
a faster rate than the linear power of length. This explains why 
the L/D = 1 results presented in [5], Fig. 11, did not fall on the 
same dimensionless curve as did the L/D > 2 result. Table 2 
illustrates that the load-carrying capacity for L/D < 2 increases 
at faster than the first power of length. 


Table2 Effect of L/D ratio on static load-carrying capacity 
W\zpe2 


€ Wi rspes 
4.3 


The next few figures and Table 3 show comparison between 
various methods of calculation. 

The comparison of pressure distribution for case 5 is shown in 
Table 4. Note that the attitude angle is still considerably dif- 
ferent in the iterative and linearized ph-solutions, and that the 
divergence increases with increase in eccentricity ratio. 

Fig. 13 compares the dimensionless force and attitude angle 
versus eccentricity ratio for the three methods of analysis, for 
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Table 3 Comparison of results employing various methods of analysis: 1L/D=1 
Ne rere, ere 
PeLD 
lst order Linear- 
perturba- ized ist order 
tion ph Iteration pert. ph Iteration 

0.0552 0.057 0.060 : 80.5 
0.0920 0.099 0.117 : 73.5 
0.1288 0.151 0.234 , 56.1 
0.1472 0.187 0.392 : j 41.4 
0.177 0.191 0.224 ; 61.1 


Sen cnenen 


Table 4 Comparison of pressure distribution for Case 
L/D = 1 A=1 e= 0.5 
a 
0 /6 kK : 2/3 5/6 
13.987 010 j 14.335 14.509 70@ ist order 
14.225 240 .359 14.456 14.573 14.700 pert. linear- 
14.709 .708 » 14.703 14.702 14.700 ized ph 
iteration 


15.272 15.263 15.2: é 3 15.076 14.925 14.700 
14.099 093 iL .0: 14.962 14.857 14.700 
14.753 750 : : 14.730 14.720 14.700 


16.404 5.365 . 0: 15.717 15.281 14.700 
16.063 .032 9 .765 15.513 15.165 14.700 
15.900 . 880 ; 15.375 15.100 14.700 


7.080 17.020 . b. 16.085 15. 14.700 
.080 .020 }. 5.532 16.085 15.481 14.700 
».910 800 15.960 15 14.700 


.118 .055 }. - 16.082 15. 14.700 
923 840 . 586 é 16.542 15.729 14.700 
630 18.465 ; ; 17.135 16 14.700 

5.458 16 15.709 15 14.700 


. 800 5 . Of 16.479 15 14.700 
600 19. . 17.870 16 14.700 


.390 15. i 15.065 14 14.700 
5.080 1 5.7: 15.430 15. 14.700 
830 f ; 17.375 16. 14.700 


.137 , 14.324 14. 14.700 
3.708 1: 3. 14.037 13.302 14.700 
3.750 13.900 13. 14.070 14.150 14.700 


3.035 13.157 13. 13.683 14.119 14.700 

428 12.481 12.643 1: 13.345 13.925 14.700 
2.180 12.285 12.390 6 13.000 13.700 14.700 
2.320 12.380 12.560 12.868 13.315 13.919 14.700 
320 12.380 12.560 1: 13.315 13.919 14.700 
125 12.27 2. 13.200 13.900 14,700 


12.282 12.345 535 : 13.318 13.928 14.700 
12.766 12.816 12.968 13.226 13.595 14.083 14.700 
13.250 13.300 13.425 13.6 13.865 14.235 14.700 
12.892 12.942 13.091 13. 13.691 14.144 14.700 
13.439 13.473 13.577 13. 13.996 14.312 14.700 
14.000 14.020 14.100 , 14.300 14.465 14.700 


13.987 14.010 14.078 14.335 14.509 14.700 
360° 14.225 14.240 14.285 .359 14.456 14.573 14.700 
14.709 14.708 14.706 .704 14.703 14.702 14.700 


L/D = 1 and A = 1. Note that for low eccentricity ratios the for comparison. Note that this method of analysis compares 

three methods give results which agree quite closely. most closely with the iterative-computer solution and that the 
In order to show how the compressibility number influences the comparisons improve with increase in A. This is because other 

various methods of analysis, a comparison was made for L/D = 1 analytical solutions give for an asymptotic solution 

and eccentricity ratio ¢ = 0.8 in Fig. 14. This figure shows com- Lim ph = p.C 

parison of dimensionless force and attitude angle versus com- . 

pressibility number for the various methods of analysis. The in- 

finite-length bearing, analyzed by Elrod-Burgdorfer [4] with end- while Elrod and Burgdorfer [4] have shown that correct asymp- 

flow factor correction by perturbation method, is also included totic solution is 
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Lim ph = p,C (1 + § e)'/ 
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Thus as w—> © or A— o this method of analysis approaches 
the correct finite-difference solution. 

Fig. 15 shows comparison between theory and experiment. 
Note that the experimental results agree most closely with the 
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Fig. 13 Comparative results of dimensionless force versus eccentricity 
ratio for L/D = 1,A = 1 
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Fig. 14 Comparative results of dimensionless force and attitude angle 
versus compressibility number for L/D = 1, € = 0.8 


542 / DECEMBER 1961 


iterative solution; this justifies the expense of employing nu- 
merical methods for analysis of the Reynolds equation. It is 
worth while to point out that the authors in [5] used analytical 
solutions for infinitely long journal bearings in their comparison 
with experiments where finite-length journal bearings were used. 
For this reason their experimental results of load-carrying capacity 
fall below theoretical results. The reverse condition exists when 
analytical solutions for finite-length bearings are compared with 
The finite-length perturbation solutions give load- 


experiment. 
This 


carrying capacity which is below the experimental values. 
is especially true at € > 0.3. 


Conclusions 

1 It is shown that the incompressible solutions are but limit- 
ing cases to the more general compressible solutions. By proper 
choice of dimensionless parameters they are herein dovetailed 
together. 

2 The solution employing iterative procedure of the finite- 
difference Reynolds equation offers an accurate method for the 
analysis of finite-length journal bearings. 

3 Once the program is developed, it is applicable over the 
complete range of bearing parameters and can be used for other 
than plain cylindrical journal bearings; e.g., partial bearings, 
axial groove, and so on. 

4 The results obtained by iterative procedure correlate best 
with experiment. 

5 At this time the Elrod-Burgdorfer method of analysis for in- 
finitely long journal bearings [4] with end-flow correction factors 
obtained first-order perturbation correlates best with the iterative 
procedure. 

6 At low eccentricity ratios, « > 0.3, the load-carrying ca- 
pacity obtained by first-order perturbation agrees very well with 
iterative procedure. The attitude angle does not correlate very 


ITERATION 
ist ORDER PERTURBATION 
EXPERIMENT REF 5 


| 
—_ 
' 


Fig. 15 Comparison between theory and experiment of dimensionless 
force and attitude angle versus compressibility number 
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7 The linearized ph-method of analysis presents an improve- 
ment over the first-order perturbation and it has closer correlation 
with the iterative method. Up to € > 0.5 the load-carrying ca- 
pacity obtained by this method agrees very well with the iterative 
procedure. The attitude angle does not correlate closely, but it is 
closer than the first-order perturbation. 


Recommendations 

1 Conduct a similar analyses for other bearing geometries; 
e.g., grooved bearings, partial bearings, pivoted shoe, and so on. 
This analysis will be especially important for stability investiga- 
tions since plain cylindrical journal bearings tend to heve low 
stability threshold. 

2 Conduct a similar analysis for journal bearings which have 
high-pressure sources. 

3 Conduct accurate experiments in order to get better com- 
parison between theory and practice. 
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most technical materials have stress-strain laws deviating from Hooke's law. 
second edition of his book ‘‘Kerbspannungslehre”’ the author gave a calculation method 
for a special nonlinear deformation law. 


Arbitrary Nonlinear Stress-Strain Law 


Knowledge of stress concentration is very important for engineers in many practical 
But the stress-concentration factors for Hooke’s law often cannot be used because 


In the 


In the present paper a general theory for 


arbitrary stress-strain laws is established which leads to a calculation method for the 
real values of the concentrated stresses in the material. 


I. the second edition of his book ‘“Kerbspannungs- 
lehre’’ (Springer, Berlin, 1958), in the following referred to as 
KSL-2, the author investigated the behavior of stress and strain 
concentrations in the case of deviations from Hooke’s law for the 
range of greater deformations. In that work the problem of shear 
distribution in prismatical bodies served as a suitable mechanical 
model to encounter the mathematical difficulties. Extensive 
calculations based on a special nonlinear deformation law re- 
sulted in a relation between the “ideal” maximum stress Tg for 
Hooke’s law and the real maximum stress 7 as well as the nominal 
stress Ty for all notch shapes. 

In the meantime, a further exploration of the mathematical 
circumstances seemed to be desirable in order to attain a general 
calculation method applicable to arbitrary nonlinear deformation 
laws. Some hints were found in the fact that in the limit case of 
strong stress concentration at small nominal stresses, i.e., very 
great Hookian stress-concentration factors (SCF), there exists 
an identical relationship for flat as well as deep notches. 

In this paper the Hookian stress of the sharply curved notch 
is denoted as “‘leading-function’’ N(r). A hypothesis is estab- 
lished by which the connection between real stress and nominal 
stress as well as Hookian (elastic) SCF can be represented by a 
simple relation using the leading function. The relationship 
found in this way is applicable without contradiction to arbitrary 
nonlinear deformation laws. 

Herewith the problem is reduced to the determination of the 
leading function corresponding to a given (e.g., measured) de- 
formation law. By means of geometrical conditions for ortho- 
gonal nets, general relations for N(r) are established in this 
paper. For any deformation law F(r) the leading function is re- 
ducible to the integration of a linear second-order differential 
equation the coefficients of which are connected with F(r). 

For the special nonlinear deformation law as used in KSL-2 
the leading function is derived with exact consideration of the 
notch-angle influence. In the case of arbitrary deformation law 
the leading function of 0-deg notch is proved to be the geo- 
metrical mean value of stress and deformation. As the notch- 
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angle influence indeed is insignificant, this relation can be used 
approximately for any deformation law and any notch angle. 

Further, it is shown that the geometrical mean value of the stress 
and strain-concentration factors at any stress-strain law is equal to 
the Hookian stress-concentration factor. 

This theory, which for the present is derived for two-dimen- 
sional shear only, could be generalized with good approximation 
to arbitrary two or three-dimensional states of stress by means 
of one of the well-known theories of failure. 


The Basic Equations 


The complicated behavior of stress and strain concentration 
under any nonlinear deformation law can be studied by means of 
the shear flow in prismatic bodies. Fig. 1 shows a symmetrically 
notched prismatic body which serves as a mechanical model. 

The following notation is used: 


7 = shear stress 
y(r) = shear deformation 
G = shear modulus in Hookian range 
F = Gy = deformation function 


The general deformation law is 
F = F(r) 
with the restricting condition 


lim F(r) = ft 
r—>0 


CK ALS, 
FALLS 
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| 
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Example for model of prismatic notch effect 
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Fig. 1 





i.e., the material satisfies Hooke’s law in the case of small loading. 

The first step in the region of nonlinear deformation laws was 
realized in KSL-2 with regard to the special deformation law 

T 

F(r) = —————. 1b) 

| a hal ' 

where 7* represents a mathematical limit-stress value which can 

be chosen for good correspondence with experimental results in 

the interesting range, Fig. 2. 


tT 


t | 


— ae 


Fig. 2 Special deformation law as used in KSL-2 
lines of constant warping 
(u =const) . 





Stress lines 
(v=const.) 
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Fig. 3 Example of curvilinear co-ordinate system of stress lines and 


lines of constant warping 
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Fig. 4 Forces on curvilinear element 
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The solution for the stress function can be represented in this 
case by a superposition of two conformal mappings. The results 
are applicable for materials with similar characteristic stress- 
strain curves (for instance, some steels) but not for all metals. 

As isotropy is presumed, the main directions of shear stress and 
shear deformation coincide along the stress lines. The latter may 
be denoted by v = const (v stress function). Let u be the only 
displacement, which goes in the direction of the axis of the prism 
(warping of the cross section) so that the gradient of u yields the 
shear deformation and the curves u = const are orthogonal to the 
stress lines. ds, = h,du and ds, = h,dv are the line elements, 
Fig. 3. 

From Fig. 4 there follows the condition of equilibrium 

th, = C (2) 


The shear deformation is equal to the gradient of the warping 
function 

a. 3 

leah cs | 


¢ ae 7 


(3) 


Corresponding to equation (1) 


G 
Ve ey Sa 


For simplification the warping function is normalized by 
G=C 


and with equation (1) it follows that 


Geometrical Conditions 
Considering the components of 
obtains 
1 Or 
h, Ou 


1 Oy 
h, Ou 


Hence 
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Fig. 5 Geometrical connection between components of line elements 
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oy 


— =h, cos¢ (11) 
ov ¢ ( 


Differentiation of (8) and (9) with respect to v and (10) and (11) 
with respect to u, and subtraction, yields 


dh dy dh 
-08 os va h . Ul 
cos g (2 + 22) + sine (2 
dh, ow oh, 
sin ¢ +h, - © 7 
ine (2 * ) con 9 (2 
Therefrom follow the Lamé equations 


i Oh og 1 
ou - Ov 


oh, 
ov 


o 


From (6) and (2) 
C 


“ — F(r) 
and with (13) one obtains 


oy 
ou 


TF’ Or 
F? 


Ov 


F oF fe Ma 
T? Ou Ov 
Only for materials with the special deformation law (1b) will 


these two coupled differential equations become linear. In this 
case it is practical to introduce a parameter h by the relation: 


 * eee 
epee 5 Weeatiee: 


Then follows from (1b) 


(15a) 


h 


pe i (15d) 


F=C 


and one gets the Cauchy-Riemann equations for In h and ¢ 


og 


Ou 


0 oy 


(In h) = (15c) 
M ov 


2. (nh) = — 
’ ov 
This solution can be represented by means of two conformal 
mappings as treated in KSL-2. 
In the general case equations (15) can be linearized by the 
Tschapligin-Molenbroek transformation (known in gas dy- 
Considering the total differentials 


or 
ou 


namics). 
dr 
ou 


Ou 
OT 


du 


Ov 
or 


dv = 


it follows from the identity of dr and dg in both systems that 


Ou 


or 1 oO 
ov 


D % 


og 1 ov 
D or 


with 
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Substituting in (15) one obtains the two linear differential 
equations 
ou TF’ du Or 
-_<— = (19) 
or F? do or 


F oo 

rT? ww 
For u and v alone there follow by differentiation the two linear 
second-order differential equations 


as ra) (z ou 07u 

TF’ Or \ F or oy? 

7? oO (* ov Oo 
+ 

F or \rF’ Or 


oy? 
Solutions for Sharply Curved Notches 


Considering the neighborhood of a sharp notch with the flank 
angle w as shown in Fig. 6, the stress function and warping func- 


tion can be represented by 


¢ 
v = f(r) cos ( ) 
2n 
. ¢ 
—g(7) sin ( 
2n 


“= 


with 


From (19) there follows 





J 
ee 
Fig. 6 Example of stress lines in neighborhood of a notch 
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or from (20 
F (2 ) 
TF’ F “’) i. 4n?- 
r? (= ‘ l 
: -f'i - f=0 
F \rF’ 4n? 


For any deformation law found experimentally, these linear 
differential equations can be integrated by means of known 
numerical or graphical methods. 

However, solutions in closed form can be derived also. 


Solutions in Closed Form 
(a) For Hooke’s Law (F = 7) 


From 


fea) 
we find, with regard to (8) + (11): 


_ 2n+1 


2n 


AC 
2n + 1 


AC 


2n + 1 


Fig. 7 shows the case n = '/; as an example. 


(b) For the Special Deformation Law: 


-F—, 


Fig. 7 Stress lines and stress distribution at a 60-deg notch for Hooke's 
law 
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1 , 
h= {1 + [1 — (r/r*)2]'7 
2r 


Further, in the same way as before, we have 


2n+1 
Al, x 
2n + 1 


2n+1 


1 — 2n 
Fig. 8 gives the case n = '/; as an example. 
(c) For the General Case: 
F = F(r) andw = 0° 


For w = 0, i.e., 2n = 1, the following general integral of equa- 
tions (19) exists 


~ cos Y 
F 


Here it follows that 
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2rF 


1 + cos 29 
y= 4c ( = + 
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Fig. 8 Stress lines and stress distribution at a 60-deg notch for special 
deformation law (1b) 
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Fig. 9 Stress lines and stress distribution at a zero degree notch for 
deformation law F = + + A-r# with A = 4.44 X 10°* end wu = 10 


In Fig. 9 this case is represented for the stress-strain law 


F =r + Ar*(A, u constants). 


Relation Between Maximum Stress for Any Deformation 
Law and That for Hooke’s Law 


As explained before, the theory for sharp notches gives the 
stress distribution and therefore also the maximum stress for 
Hooke’s law and for any deformation law. Hence within the 
same boundary problem and at the same nominal stress ry the 
maximum stress for Hooke’s law can be regarded as a function 
of the maximum stress for a certain deformation law. 

Fig. 10 explains the functional connection between Hookian 
stress, real stress, and real strain. For technical materials with 
F(r) > 7 the real strain is greater than the Hookian, but the real 
stress smaller than the Hookian. If the stress-concentration fac- 
tor is introduced by the definition 


T/Ty = Qe (32) 
and the strain-concentration factor by the definition 
F(r)/F(ry) = @ (33) 


then it follows for F > r: 





a. > Ay > Ae 





respectively for F < r: 


Ae < Ag < ae (34a) 


From this fact it is obvious that there exists a function, which is 
neither stress nor strain, but a certain combination of both with the 
quality, that its concentration factor has the same value for all stress- 
strain laws and therefore is equal to the Hookian SCF. 

N(r) may be this function, which may be called “leading func- 
tion,’”’ then it is defined by 





(35) 


N(r)/N(ty) = Gg 








Considering Fig. 10 it is obvious that for the same stress the 
possible values of N must satisfy the conditions of inequality: 





F(r)>N(r) >7T (36) 
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Fig. 10 Method of leading function 


or for F <r Fane <r (36a) 


According to (1a) for small stress values F goes to r, therefore also 


lim {N(r)} =7 (37) 
) 


r—( 
and in consequence 


lim {N(ry)} = Ty 
ty—+0 
and it follows from (35) 
lim {N(r)} (39) 


tw->0 


= Aytn = TH 


This relation is very useful for the determination of N(r). If 
Tq remains finite, the value of ay goes to infinity for very small 
values of the nominal stress Ty. Therefore N(r) is identical with 
the Hookian stress for sharply curved notches. 

Equation (35) satisfies the following conditions: 


1 In the region of small stresses the set (35) gives the relation 
for Hooke’s law as must be guaranteed by (1a). 

2 In correspondence with (39) it is exact for sharply curved 
notches. 

3 In consistence with physical results it holds 

F(r)>N(r) >t” >7r or F<N< ty <7 

4 For ag = 1 it follows that N(r) = N(ry); ie, 7 = Ty. 
This means that if there is no stress concentration the stress 
value must be equal to the nominal stress for all deformation 
laws. 


Fig. 10 shows an example. The deformation function Gy = 
F(r) and the leading function N(r) are plotted versus the stress 7. 
Starting from the nominal stress Ty one gets the corresponding 
value of N(ry); this multiplied by ag gives the value ag: N(ry) 
and with the N(r)-curve the corresponding real maximum stress 
The deformation Ym.x related herewith can be found by 
ef. the arrows in 


Tmax- 
means of the stress-deformation curve F(r); 
Fig. 10. 


Determination of the Leading Function 


The curvature of the notch base is 


1 {1 a&, 1 
p hh, ov u=0 Cc 


v=V0 


TF’ dr 
F d'y=0 


v= 


This term must have the same value for Hooke’s law; i.e., with 
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F=r2=N(r) and v 


and for the general case with 
v = f(r) 
where f is a solution of (24) with the conditions 


lim f(r) = 
0 


Sommd 


lim g(r) 
r>0 
1 


1 2n 
= (+) and (for simplification) A = C = 1. 


It follows that 





2n 
TF’ 2n+1 


2nFf’ 








or with regard to (23) 





2n 
> |2n+1 


Solutions for Leading Function N(7) in Closed Form 
(c) Hooke’s Law: 
T f= ( 


It follows from (41) or (4la) that 


F(r) = 


N(r) = 7 (42) 
as must be. 


(b) Special Deformation Law: 


We have 


with 


1 ! 
h = — {1 + [1 — (r/r*)*)'7} and k = ( 
2r 9 
The leading function is 


oa 


N(r) = — 
r\?]'2 ) a l 
o< 5) | ( 2 m 2 
As can be seen in Fig. 11 the notch-angle influence is so small 
that the curve for w = 0° can be used for all values of w. 


(c) General Case: 


It follows for w = 0° (i.e., 2n = 1) that 
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Fig. 11 Leading function for law F(r) = 7/(1 — r*/r**)'/ for various 


notch angles 
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Fig. 12 Diagram for determination of real stress from nominal stress 
and Hookian SCF by means of hyperbolas (cf. equation (44)! 


and therefore 


(44) 


Hence the leading function is the geometrical mean value of stress and 
deformation, and there exists a simple method to determine the 
real maximum stress in zero-degree notches for any deformation 
law, Fig. 12. Since the notch-angle influence can be neglected, this 
rule holds also for any notch angle (the notch angle is considered 
already at the determination of ay). 


Relation Between Stress and Strain Concentration 
From equations (33) and (44) it follows that 


[Tmaxl”(Tmax))'/* = ayltyF(Ty))' ’ 


r-@ 


=| 


[Ty « 


Introducing stress and strain-concentration factors for any 
stress-strain law by the definitions 
Qe = Tmax/Ty (46) 
OQ, = F(Taax)/F (Ty (47) 
one obtains from (45) the simple rule 
/ $49 
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(48) 





This means: ‘‘The geometrical mean value of the stress and strain- 
concentration factors (at any stress-strain law) is equal to the 
Hookian stress-concentration factor.” 

This rule may become really important for further stress- 
concentration research work. 


Transition to Arbitrary States of Stress in Notches 


For the foregoing formulation the two-dimensional state of 
shear stress served as a mechanical model to encounter the 
mathematical difficulties. The results and especially the method 
of the leading function, however, may be generalized for arbitrary 
loading states in notches by means of one of the well-known 
theories of failure. We use the distortion-energy theory. Here- 
with the working or comparison stress ¢,, which leads to the same 
energy to distort the element as the three components ¢,, ¢,, 
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and 7,, of the plane state of stress generally possible in the 
notch base, is calculated by 


o, = (0,2 — 0,0, + ¢,? + 37,,2)'” 49) 


This relation is used for the evaluation of a comparison nominal 
stress Oy from the separate nominal stresses as well as for the 
evaluation of the comparison stress Oy from the separate notch 
stresses valid for Hooke’s law. Hence one obtains for the Hookian 
SCF the value 


Qy = Oy/Ty (50) 


For the determination of the real stress equations (32), (33), 


(35), and (44) can be used if 7 is replaced by o V3 and F by 


Ee Tx) 


= = F*/+/3, respectively, Ty by ¢y/V/3, F(ty) by 
V3 V3 
_ F*(ey) 

” a 

Further investigations of this question are intended. 
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On a Restricted Class of Coupled 
Hill’s Equations and Some Applications 


A class of systems of coupled Hill's equations is studied. It ts shown that for systems 


of equations in this class, completely decoupled Hill's equations may be obtained and the 


stability of the solutions may be studied in a very much simpler manner. 


Several 


physically significant problems are treated to demonstrate the nature of the method. 


I. the course of a study on ship motions [1],? it 
was found that systems of coupled Mathieu’s equations may 
arise through nonlinear coupling between various types of motion. 
Such systems of ordinary differential equations with periodic 
coefficients are also of considerable interest in other fields of 
engineering. It is, therefore, thought desirable to make a gen- 
eral investigation on the properties of the solutions of such 
systems. In what follows we present some of the results ob- 
tained in a study concerning the question of stability or bounded- 
ness of these solutions. 

This paper is concerned mainly with differential equations of 
the type 

d*x 

de + B(t)x = 
where x is a column matrix of the dependent variabies 2;, 22, . . . , 
Z,, B(t) is a real n X n square matrix whose elements }, (t) are 
periodic in ¢ with period L. The system of equations (1) may 
be looked upon as a set of n coupled Hill’s equations which 
when the periodic elements are simple harmonic in t may be fur- 
ther referred to as a set of n coupled Mathieu’s equations. These 
equations emerge quite naturally as the variational equations in 
the study of the stability of periodic solutions of some nonlinear 
systems [2]. On the other hand, for certain dynamic systems, 
equations of the type (1) are in fact the governing differen- 
tial equations. Although the method of solution described here is 
applicable to both categories, specific examples used in this paper 
to demonstrate applications of the method of solution are selected 
from the latter. 

In most cases of stability investigations, the primary interest 
is in determining whether the trivial solution x = 0 is stable or 
unstable. This question is in turn resolved by knowing whether 
the nontrivial solutions of (1) remain bounded or unbounded as ¢t 
increases. The final result is usually indicated by means of stable 
and unstable regions in a space of the system parameters. 

The literature on the stability of solutions of linear ordinary 
differential equations with periodic coefficients is abundant; 


1 The work reported in this paper was carried out at the University 
of California, Berkeley, Calif., under the Office of Naval Research 
Contract Nonr-222(75), administered by the David W. Taylor Model 
Basin. 
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for an account of the subject, reference may be made to Cesari 
[3], where other references are cited. Most of the work on the 
stability deals with a system of equations, more general than 
(1); namely, a system of linear ordinary differential equations of 
first order as follows: 

dy 


A(t 
dt Y 


to which the system (1) may easily be reduced. In comparison 
with (1), y in (2) is a column matrix of 2n dependent variables 
and A(t) a 2n X 2n square matrix. When (2) is in its general 
form, the available stability analyses are very involved and, as is 
to be expected, the stability criteria can usually be obtained only 
after lengthy numerical calculations. It is for this reason that 
the present paper deals with a restricted class of (1) for which 
the question of stability may be answered in a fairly simple man- 
ner. First, a general discussion is given for this restricted class, 
and then, several examples of application are offered; all of them 
are problems of considerable physical interest and, in so far as 
the author is aware, have not been treated before. 


A Restricted Class of Equations (1) 

It is well known in the theory of matrices [4] that if C is a 
square matrix with constant elements and if, and only if, for 
each of the characteristic values of C the multiplicity and the 
nullity are equal, then a similarity (or collineatory) transforma- 
tion exists such that 


A = M-'CM (3) 


where A is a diagonal matrix and M is a nonsingular matrix 
usually referred to as a fundamental (or modal) matrix forC. In 
the following, we shall call C diagonable if (3) holds. 

Now we are in a position to define precisely the restricted class 
of (1) to be treated in this paper. The system (1) is said to be 
in our restricted class if for a given B(t) a nonsingular matrix T 
with constant elements exists such that 


T“B(t)T = A(t) (4) 
where A(t) is a diagonal matrix. Since the elements of B(t) are 
periodic in ¢ with period L, the elements of A(t) are necessarily so 
with the same period. The motivation in studying this restricted 
class is now apparent. With (4) being satisfied, we can introduce 
a column matrix z such that 


z= Tz (5) 
and (1) may then be reduced to 
dz + A(t (6) 
A(tjz = 0 ( 
dt? 


Since A(t) is a diagonal matrix, (6) consists of n completely de- 
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coupled Hill’s equations, with the dependent variables 2, 22, . . . , 
z,, respectively, appearing alone in each. Once this is done we 
need only to construct the regions of stability and instability in 
the parameter space for each decoupled Hill’s equation. The 
totality of n such separate stability investigations in the parame- 
ter space then yields the stability criteria for the entire system 
(1). The work of finding the stability regions for (6) is further 
reduced, if some or all of the equations (6) belong to a group of 
special Hill’s equations for which the stability “charts” are al- 
ready available. Some of these are the Mathieu equation [5], the 
Meissner equation [6], the Hill equation with two harmonic 
terms [7], and so on. 

Next, be proceed to discuss various properties of this restricted 
class of (1) and, particularly, we wish to formulate conditions 
which will enable us to determine beforehand whether or not a 
given system (1) belongs to the restricted class. Let us express 
B(t) as a sum of matrices in the form: 


Bit) = Bo + >, SAOB, (7) 


t=1 


where B, and B,(t = 1,2, ..., m) aresquare matrices of order n 
with constant elements and f,(t) are scalar periodic functions of t 
with period L. If m is infinite we shall require the series to be 
convergent for all values of ¢. With B(t) given by (7) the condi- 
tion (4) will be satisfied if there exists a nonsingular matrix T such 
that 


T-"B,T = Ay j = 0, 1, oveyg ™M (8) 


where A, are diagonal matrices with constant elements. Equa- 
tion (8) means that all the B{j = 0, 1, . . ., m) must be diagonable 
by one and the same fundamental matrix T. In order to verify 
(8) one needs to know T: To find such a fundamental matrix 
for a matrix of high order involves, however, very lengthy calcu- 
lations. We shall therefore offer here the following conditions, 
with the aid of which we can determine beforehand and without 
actually calculating T whether (1) with B(t) given by (7) belongs 
to our restricted class. A necessary condition for (8) to be true 
is that all the Bj = 0, 1, .. ., m) must be commutable with each 
other. This is obvious because for any two B,, say B, and B,, (8) 
implies 


B; = TA,T- (9) 


and two matrices of the form (9) always commute. The suffi- 
ciency conditions for (8) to be true are (i) that one of the B,(j = 
0,1,...,m), say B,, has distinct characteristic values,’ and (ii) 
that it commutes with all the other B;. Let B, be one of the mem- 
bers of the latter group. By condition (i) B, is diagonable. Let 
T be a fundamental matrix for B, so the first of (9) holds. What 
remains is for us to show that B, is diagonable by the same T if 
B, and B; commute. Postmultiplying both sides of the first of 
(9) by T one obtains 


B, = TA,T—, 


B,T = TA, (10) 


Next, premultiplying both sides of (10) by B, and using the com- 
mutativity of B, and B, we obtain the following sequence of 
equalities 


B,B,T = B,B,T = B,TA, (11) 


The’ equality of the first and the last terms in (11) implies that 
B;T,is also a fundamental matrix for B,. Since all the funda- 
mental matrices of one and the same matrix which has distinct 
characteristic values must have their corresponding columns 
proportional, we are led to 

* The condition of distinctness of the characteristic values may be 
relaxed. However, to simplify the analysis we shall not treat the 
more general case in this paper. 
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B,T = TA, (12) 


from which the second of (9) follows. Hence the proof of 
sufficiency is complete. 

Thus far we have defined a restricted class of (1) by the re- 
quirement (4) and have also given specific necessary and suffi- 
cient conditions for differential systems (1) of the type (7) to be- 
long to the restricted class. In what follows, several physical 
problems are studied within the framework of the foregoing 
theory. Only linearized systems are treated here. The results 
obtained should therefore be interpreted strictly within the scope 
of linear theory. The question concerning the effects of neglected 
nonlinear terms on the stability characteristics is not relevant 
to the main issue of this paper and hence is not discussed. 


Coupled Pendulums With Oscillating Supports 

As a first example of application, let us consider two identical 
compound pendulums attached to a common support, Fig. 1(a). 
Let us consider the case where the two are uncoupled and the 
support is subjected to an oscillating motion f(t). Since the 
pendulums are identical, the differential equations of motion will 
be the same for both. Assuming small oscillation amplitudes, 
the equation of motion is given by 


d*r ,s (: 
dt? ko? 


where z may be either one of the angular displacements z; and 
22, ke is the radius of gyration of the pendulum about its point 
of suspension, and c the distance between the point of suspension 
and the centroid of the pendulum. It is well known [8] that, 
for certain motions of the support, the solutions z of (13) may 
grow and become unbounded. Under these conditions the 
vertically hanging down equilibrium position of each pendulum 
is an unstable one. If f(t) is a simple harmonic motion such that 


: Z) z=0 (13) 


g dt? 


fi) = a cos (14) 


(13) may be written as a Mathieu equation of the form 


d*z 


qn + (6 + € cos 7)z = 0 (15) 


wherer = 24, 6 = cg/ko??, € = ca/ko* (16) 
In this case the question of stability of the equilibrium positicn 
can be answered completely with the aid of the stability chart 
for Mathieu’s equation; the criteria may be indicated by means 
of regions of stability and instability in the 2 — a plane. We 
note here that identical stability criteria apply to both pendulums. 

Next, let us modify the system by introducing an elastic cou- 
pling between these two pendulums in the form of aspring with a 
spring constant k, Fig. 1(b). Now a question arises. What is 











Fig. 1 Geometry of two identical pendulums, pled by 


a linear spring, with oscillating supports 
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the effect of the spring on the stability of the system? Would the 
presence of the spring tend to enhance or reduce the stability? 
By this we mean whether the stable regions in the 2 — a plane 
will be enlarged or reduced. The answer is not quite obvious, 
although once the analysis is carried out it becomes apparent. 

Again considering only small amplitudes of oscillation we ob- 
tain the equations of motion as follows: 


d*x c df 
ae (3. ~ ee? dt? B.) tid 


(17) 


where 


1 0 
0 1/’ 


4 ke* 
m ko? mk? 
kb? cg kb? 


mk? ko? 


k bo 


mk? 


m is the mass of each pendulum and b is the distance from the 
point of suspension to the point where the coupling spring is 
attached. In view of the fact that B, is a unit matrix, By and 
B, certainly commute. Hence both may be diagonalized by a 
same fundamental matrix T. One easily finds that in this case 
(17) may be reduced to 


dz 
a + A(i)z = 0 (19) 


2 (" - *) 
22 a — 22)’ 
cg c df 0 
ko? ko? dt? 
9 cg of 2kb? c df 

ko? mk? ko? dt? 

The matrix equation (19) consists of two decoupled Hill’s equa- 
tions. If f(t) is such that the stability charts of these Hill’s 
equations are known, then the stability problem of the original 
system (17) is essentially solved. For example, let us assume 
that f(t) is given by (14). In this case (19) becomes two Ma- 
thieu’s equations and may be put in a standard form 


d? 
ae + (6; + €,cosT)z; = 0, 1 = 1,2 (21) 


r= , 


cg ca 
“wor” =F A 


2kb? ca 
S 1+— I], ra 
6: | & let 


We can now construct for each equation of (21) the stable and 
unstable regions in a parameter space, say, for example, a three- 
dimensional space with cg/k?Q*, ca/ko* and kb*/mcg as its rec- 
tangular co-ordinates. The regions which are stable for both 
equations are then stable for the whole system. As an illustra- 
tion, let us take kb?/mcg = 1. In this case the stable regions in 
the parameter plane of cg/k »%Q2* and ca/k,* for the first equation 
of (21) are the areas shaded by 45-deg lines (in one direction only) 
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Fig. 2 Stability chart for “regular” equilibrium position of a system of 
two coupled pendulums with their supports subjected to identical simple 
harmonic motions. kb*/mcg = 1 


in Fig. 2. For the second equation only the demarcation lines 
between the stable and unstable regions are shown. This is done 
to enhance the clarity of the diagram. The regions which repre- 
sent stability for the whole system are those which are cross- 
hatched. Remembering that the areas shaded with 45-deg lines 
(in one direction only) are also the regions of stability for the 
uncoupled system, it is evident that the presence of elastic cou- 
pling tends to reduce the stability of the system asa whole. For 
example, with small oscillation amplitudes of the support the 
uncoupled system is unstable only in the neighborhoods of fre- 
quencies 


co/kerP? = 1/1, %/,..-, 


while the coupled system is unstable in the neighborhoods of fre- 
quencies 


4/ 


cg/keP?Q? = 1/9, 1/3, */4, 4/2, . 


as well. 

An analysis similar to that given in the foregoing may be 
carried out for the case where the coupled pendulums are in their 
inverted positions. Let the motion of the supports again be 
f(t), positive in the downward direction as before, and let z; and 
z, be the angular displacements of the pendulum with respect to 
their inverted equilibrium positions. With other notations re- 
maining the same as before, we find the equations of motion again 
given by (17) but with 


cg kb? kb? 
ko? mk,? mko? 
kb? cg kb? 


mk,? ky? mk,? 


Again let us assume f(t) to have the form of (14). After carry- 
ing out the diagonalization and introducing a new time variable 
Tt = 0, the equations of motion are reduced to a pair of Mathieu 
equations like (21) with 

cg ca 


ccnailipt —octartgtig 


_ (: “A 2kb? wi ca 
keo?? , & a 


meg ko? 
We are now again in a position to construct the regions of sta- 
bility and instability in the parameter space with the aid of the 
stability chart for the Mathieu équation. | Taking kb*/meg = 1 
as before, the stable regions are shown in Fig. 3. The areas 


&, = 
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Fig. 3 Stebility chart for inverted equilibrium position of a system of 
twe coupled pendulums with their supports subjected to identical simple 
hermonic motions. kb*/meg = 1 


shaded with 135-deg lines (only one area is shown, others being 
outside the diagram) are the stable regions for the first Mathieu 
equation and simultaneously also for the uncoupled system. 
However, the regions of stability common to both equations, 
hence for the coupled system as a whole, are only those areas 
which are crosshatched. Two of them, a nearly triangular region 
labeled I and a thin strip labeled II, can be seen in Fig. 3. Here 
we observe that the elastic coupling has caused a drastic reduction 
of the stable regions. 

One sees that the analysis may easily be extended to a system 
of n identical coupled pendulums. The elastic couplings between 
the pendulums need not be the same. As a matter of fact, 
even the pendulums need not be identical, provided only that 
they have the same equivalent length ko?/c. If the last condi- 
tion is satisfied, the equations of motion will be of the form 


ce df oe 
ke? at? 1) x=o0 25) 


d*x 

ae (2 " 
where I is a unit matrix and the negative and the positive signs 
are used for the regular and the inverted positions, respectively. 
Again this equation can be reduced to a system of n decoupled 
Hill’s equations and the stability property of the system may be 
studied accordingly. Since no essential new features will appear 
we shall not present here the detailed analysis. It suffices to 
say that because of the large number of degrees of freedom the 
regions of stability will be reduced very drastically indeed in com- 
parison with those for the uncoupled system. 


A Double Pendulum With Oscillating Support 


In this section we shall discuss systems of equations (1) of 
another type which also belong to our restricted class. Let us 
investigate the stability of the four possible equilibrium positions 
of a double pendulum when its support is subjected to an oscilla- 
tory motion f(t), Fig. 4. Fig. 4(a) gives the geometrical descrip- 
tion of the pendulum while the four possible displacement con- 
figurations about the equilibrium positions are shown in Fig. 4(b). 
They will be referred to henceforth as configurations DD, DU, 
UD, and UU. Let us further denote the masses of the pendu- 
lums by m, and m, and the radii of gyration about their respective 
points of suspension by k; and k. Then, considering only small 
amplitudes the equations of motion for the configuration DD may 
be written as 


d*x d*f _ (a : 
dt — (o _ “) B.x=0, x= (“) (26) 


where 


B, = (27) 


( bu —by 
—ba bn 


) (for DD) 
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fit) f(t) 


Fig.4 Geometry and four possible equilibrium positions, DD, DU, UD, 
and UU, of a double pendulum 


and 
_ karma + brs) 


myky2ke? + mab% ky? — 4%) 
mebc? 


a myky*ke? + mb* ke? ~ 2?) 


(28) 


bee mic + bmz) 


- 28c 
myky*ky? + meb%(k_? — 2?) — 
€2(myk,? + mb?) : 


28d) 
mk, ke? + meb* ke? aaa C2?) ( 


be = 
The quantities by, bi:, bu, and by are all positive and are of di- 


mension 1/length. For the other three configurations B, takes 
on the following forms, respectively : 


b b 
( n " (for DU) 
— bay — bee 
—by —by 
= for UD 
B, ( = “< (ior ) 


—bu brie , 
= for UL 
B, ( “es os (ior ) 


Let us assume now that B, may be diagonalized, which is the case 
for the present problem. Then (26) belongs to our restricted 
class and can therefore be reduced to a pair of Hill’s equations, 
and the question of stability may be studied accordingly. To 
be specific, let us take f(t) as given by (14) and also take, for the 
sake of simplicity of the analysis, 


B, = (29a) 


(296) 


(29¢) 


m = ™ (30) 


a=a@=b=h =k (31) 


Conditions (30) and (31) imply a double pendulum consisting of 
two identical simple pendulums. Making the diugonalization 
and introducing r = Qt,(26) is reduced to 

d?z; ° 
~ + (6; +€,cosr)z; = 0, i= 1,2 (32) 

dr* 
1 1 

ataa™ ata? aa 


. -. @ 
6, = (2 + V2) o 
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(For DD) 


a 
‘ 4; ‘ 
(2 — 72) . » = (2 
C1 


all 
4 = + V2) 
c 


For the other three configurations z,, 6,, 
follows: 


(For DU) } 


(For UD) 


(For UU) 


The stability regions in the parameter space of g/c,Q? and a/c; 
for the configurations DD, DU, and UU are shown in Figs. 5, 6, 
and 7, respectively. In each case the demarcation curves which 
belong to the first equation are labeled 1 and those belonging to 
the second equation 2. Fig. 6 will also apply for the configura- 
tion UD if the equation labels are interchanged. Upon inspect- 
ing Fig. 7, one finds only a very small “triangular’’ region of 
stability near the origin. This means that, at least for this 
example, the UU equilibrium position is always unstable unless 
the motion of the support is of very high frequency (¢,Q?/g > 100) 
and has just the correct amplitudes. 


Vibration of Masses on a Noncircular Rotating Shaft 


Another group of problems for which the governing differential 
equations also belong to our restricted class is that of the stability 
of a system of several masses mounted on a noncircular rotating 
shaft. It is well known that with a single mass instability may 
occur under certain circumstances [9]. Therefore, an extension 
of the analysis to systems with a number of masses will be of con- 
siderable interest for engineering applications. Let us consider 
a shaft rotating in a vertical position and denote its length by 
i. Let n masses m, mm, ..., m,, be attached to the shaft at dis- 
tances al, al, asl, . . . , a, measured from one end of the shaft. 
For the sake of simplicity we shall assume that the masses are 
constrained so as to move in a fixed vertical axial plane P and 
that the shaft mass is negligibly small in comparison with the 
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(33) 


and ¢; are found to be as 





i 
0.5 
Fig. 5 Stability chart for DD equilibrium position of a double pendulum 


with its support subjected to a simple harmonic motion. m, = me, c: = 
Cc = b = ky = ke 


A 7) 


Fig. 6 Stability chart for DU equilibrium position of a P 
with its support subjected to a simple harmonic motion. m, = m, ci = 
ce = b = ky = ke 








aA =) dul 


Fig. 7 Stability chart for UU equilibrium position of a P 
with its support subjected to a simple harmonic motion. m, = m, ¢; = 
e=b=k, =k: 








attached inasses. Let us further assume that the cross section 
of the shaft, although noncircular, is uniform along the whole 
length and that the speed of the shaft is constant. Because of 
the lack of circular symmetry, the flexural rigidity EJ of the shaft 
in the plane P will depend upon the angular position of the 
shaft with respect to P, and will, therefore, be a periodic function 
of t. It follows that the influence numbers‘ (referred to plane 
P) will also be periodic functions of t. Let us denote them by 


* An influence number ai; of an elastic system is defined as the de- 
flection at station i caused by a unit force at station ). 
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a;,;/f(t). Letting 2, 2, ..., z, denote the displacements of the 
masses in the plane. P and using the influence numbers, the equa- 
tions of motion may be written as 

1 d*x 

—- AM — +Ix = 37 

ae ni 
where Ais ann X n square matrix with elements a,;;, M a diagonal 
matrix with diagonal elements m, m:,..., m,, and x a col- 
umn matrix with elements 2, m,..., Z,- When A is non- 
singular, which is usually the case in engineering applications, 
one may premultiply both sides of (37) by f(t)M~'A~ and obtain 
d*x eae ; 
ry + fi)M"A"'x = 0 (38) 
Calling M~'A~' a matrix B, and assuming it to be diagonable, 
which again is usually true in ordinary cases, we see easily that 
(38) belongs to our restricted class and may hence be decoupled 
into n ordinary Hill’s equations. Once this is accomplished one 
can study separately the stability of the solutions of each equa- 
tion and establish the stability criteria. The totality of these 
criteria will then govern the stability of the whole system. 


Noncircular Rotating Shaft 

In this section we shall study problems involving systems with 
infinitely many degrees of freedom. The governing differential 
equations can no longer be put in the form (1) of n ordinary dif- 
ferential equations. Nevertheless, the analyses may be carried 
out in the same spirit as that used in the preceding discussion. 

Let us consider a uniform vertical shaft of noncircular cross 
section rotating at a constant speed and assume that the flexural 
vibration, if any, is restricted to a fixed vertical axial plane P. 
Then the equation of motion in terms of the displacement v is 
given by 


[Co + Cit)} - (39) 


re) 
ort 


where C, is the average flexural rigidity of the shaft, C(t) is the 
fluctuating part and hence a peridodic function of t, and y is the 
mass per unit length of the shaft. Before proceeding further 
with (39) let us write down some pertinent results from the in- 
vestigation of a circular shaft with flexural rigidity Cy. The 
governing equation is 
C d'v o*v 
* ort - ot? 


(40) 


For a set of given boundary conditions one can solve (40) and 
find the normal modes of vibration »;(z), vez), . . . and the natural 
cireular frequencies @, @:, .... The normal modes and the 
natural frequencies are such that 


d‘v; 


we ee 
dr* 


= pw,*7,, t= (41) 

Now let us go back to (39) and assume that the same set of 
boundary conditions prevails for the noncircular shaft. Let us 
express v in terms of the normal modes 


v= y * 2,(t)v{z) 


(42) 


Substituting (42) into (39), utilizing (41) and recalling that the 
normal modes v; form an orthogonal set, one is led immediately 
to a system of ordinary differential equations in the 2, as follows: 


d*z,; C(t) 5 

i ieee! . —— = =] sets 

ao + ( + C ) 2,=0, 1 ,» 2, (43) 
Each equation of (43) is a Hill equation. Here we recall that 
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the w,; can be determined if the boundary conditions are known. 
If, in addition, the periodic variation C(t) is also known, the sta- 
bility criteria for the equilibrium position of shaft (corresponding 
to z; = 0,4 = 1, 2,... ) can then be obtained from a study of 
For example, if C(t) is given by 


C(t) = Con cos mQt (44) 


where {2 is the angular velocity of the shaft and m is an even 
integer,’ one can reduce (43) to the following standard form of 
Mathieu’s equation: 


d*z; ‘ 
— + (0; +€ cosT)z; = 0, += 


dr? = 


 % Seen 


w,* 


“~~ ni? 


w? 


i = m3?” 


(45b) 


Here tr = mt. Utilizing the stability chart for Mathieu's 
equation one can conclude immediately that there will be insta- 
bility at frequencies near 


2 
— Wi, 
mn 


9 = (46) 


yrs S oer 


The instability is particularly serious near the frequencies 


9 
- 


Q=—a, +=1,2,3,... (47) 
m 


because of the large instability region in the stability chart for 
Mathieu’s equation near 6; = '/,. 

Before concluding this section it should be mentioned that 
there are many other problems similar in nature to those treated 
in this and the preceding sections of this paper. One may men- 
tion here, for example, the problem of the stability of a hanging 
chain with an oscillating support. This problem may be con- 
sidered to be a natural extension of the double-pendulum problem 
treated earlier and can be analyzed following the same general 
lines of approach as those discussed in this section. One also 
recalls the problems of the stability of columns and strings under 
periodically varying forces which have been analyzed in detail 
by Lubkin and Stoker [10]. 
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A Numerical Solution of the 
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Shell Structures Specialist, 

Flight Propulsion Laboratory Department, 
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Nonlinear Equations for Axisymmetric 
Bending of Shallow Spherical Shells 


A numerical solution is obtained for the nonlinear equations for clamped, shallow 


spherical shells under external pressure. 


Results are presented in the postbuckling 


range which have not been computed previously. The upper and lower buckling pres- 
sures are compared with the experimental data of Kaplan and Fung. 


Ne paper is concerned with the solution of the 
nonlinear differential equations for shallow spherical shells under 
external pressure. Clamped-edge boundary conditions were 
assumed although the method of solution is applicable for any set 
of finite conditions. 

The spherical-cap problem has been the subject of a great num- 
ber of investigations. Some of the early results for buckling pres- 
sures showed disagreement with each other. Most of the con- 
fusion arose from the fact that the solution for the nonlinear 
problem must be formulated as a sequence of linear problems. 
This made it difficult to distinguish between instability in the 
sequence of numerical calculations and points of instability of the 
differential equations which correspond to the classical buckling 
pressures. 

Recently, Budiansky [1]! results for the upper 
buckling pressure for various ratios of the shell rise to thickness. 
Weinitschke [2] also arrived at essentially the same values for 
these pressures by another method. Results for the lower 
buckling pressure have been published by Keller and Reiss [3] 
for a limited range of parameters. The results of the present 
study show good agreement with those in the foregoing references 
and include lower buckling pressures which have not been ob- 
tained previously. 

In addition, pressure-deflection curves are presented in the 
postbuckling range. These show three solutions to the differen- 
tial equations for the range of pressures between the lower and 
upper buckling pressures. These solutions correspond to the 
three possible equilibrium states postulated by von Karman and 
Tsien [4]. However, solutions were found above the upper buck- 
ling pressure which show that the pressure-deflection curve de- 
termined by the differential equations is not monotonic in this 
range although these equilibrium states are apparently unstable 
for the shell. 

The buckling pressures are compared with the experimental 
results of Kaplan and Fung [5]. This comparison shows that the 
finite-deflection equations for a perfect spherical cap are in- 
adequate to predict the experimental buckling pressures. The 
lower buckling pressure from this theory does represent a lower 


1 Numbers in brackets designate References at end of paper. 

Presented by the Applied Mechanics Division of Taz AMERICAN 
Socrery or MecsanicaL Enaineers, at the Tenth International 
Congress of Applied Mechanics, Stresa, Italy, August 31-September 
7, 1960. 

Discussion of this paper should be addressed to the Editorial De- 
partment, ASME, United Engineering Center, 345 East 47th Street, 
New York 17, N. Y., and will be accepted until January 10, 1962. 
Discussion received after the closing date will be returned. Manu- 
script received by ASME Applied Mechanics Division, October 27, 
1960. 
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bound for postbuckling pressures which gives relatively good 
agreement with experiment. 

The method of solution of the present paper is to assume a solu- 
tion for the nonlinear differential equations. A correction for this 
solution is obtained by solving the linear nonhomogeneous 
“variational” equations for the nonlinear system of equations. 
This correction is used to compute a new assumed solution and 
the process is repeated until the correction approaches zero. 


Nomenclature 
The nomenclature in this paper follows that of E. Reissner [6] 
and his students [7-9] for most variables (see Fig. 1): 


g polar angle 
B angular deflection of shell middle surface 
y = stress function 
a 
h 
p 
v 


value of & at edge of shell 
shell thickness 

= external pressure 
Poisson’s ratio 

m4 12(1 — v?) 

Eh*/m* flexural rigidity 
radius of sphere 
shell rise above horizontal plane through edge 
radial and axial deflections of middle surface 


Fig. 1 Notation 
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The basic differential equations can be obtained by specializing 
E. Reissner’s equations [6] for arbitrary shells of revolution in 
the form 
ae — part BY 

(e+ je 8-9-4 


a é & 
(1) 


, ty —% = aen(s- 2) 
+ sr f Eh\ 8 2 


Primes denote differentiation with respect to —. The first of 
equations (1) is the moment equation for a differential element of 
the shell. The second is the relevant compatibility equation. 
In both equations, cot £, has been replaced by 1/£ which re- 
stricts their validity to shallow shells. 

The equations are nondimensionalized by introducing a 
geometrical parameter, u*, and a load parameter, yy, defined by 
pw? = maa*/h = 2m*H /h, y = m‘a‘a‘p/4Eh* 

The new variables are 
&=ar, f = —4Eh*B/m‘pa‘a*z, g = —4hy/m'pa*a*r 
The differential equations, equations (1), become 
d*f 


_ ‘ 
#0 +30. + p?zg + yafg = 2x 


dg = dg 2) 
Ogee TAA Ow = 8 


In this notation, g is positive for compressive meridional 
stresses at the middle surface and the ‘‘membrane solution’’ for 
positive external pressure, p, is 

q 
f = 


(3) 


The stress resultants, couples, and displacements are given by 


a Ne 


aN, Y 
Eh? — 


Eh? 
6Y df 404 

- a v 
mp4 . dr Mb 


6Y df , 
ate" |» +(1+ ns (4) 


m*y? 


6aMe 
Eh? 


a 
- 7 2-49 — wWolz 


’ l 
cos zf dz, = oot le (l-—»)+2— 
h m? h my? dz 


The boundary conditions for the clamped shell are 


df d 
= oo 0 
dz dz 


atz =0 


—, 
f= +g1l—v)=0 atzr=1 
ir 


d 


Method of Solution 


The method of solution is to assume an approximate solution 
(fas On) for equations (2) and solve for the correction (6f,, 5g,) to 
this solution defined by 


=f, + 4, 
= gn + 59, 


(6) 
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Substituting equations (6) into the differential equations, equa- 
tions (2), obtains 


L(5f,.) + w*rdg, + V2 Sn5Gn + GnOfn + Of,8Gn) = —Ein(x) 


(6f,,)? , . 
L(ég,) — prof, - 72 [1a + = ] = —E,,(z) (7) 


where 


Ein(z) = fn) + 2(M'gn + Yingn — 2) 


, VS? 
Ex (z) = Lign) —x\ ws, + : 


d*y dy 
we dx? dr 
It can be seen that minus the right sides of equations (7), 
E;,(z) and E;,(x), represent the errors in the assumed solution 
(fas Gn)» The left sides of these equations contain nonlinear terms 
of the same form as the original equations, equations (2), but 
these nonlinear terms will be small compared to the linear terms, 
if the assumed solution (f,, g,) is near an exact solution of equa- 
tions (2). This is in contrast to equations (2) where the non- 
linear terms become large for solutions in the postbuckling region. 
Neglecting the nonlinear terms in equations (7) gives 


Lf.) + Y¥rgnf_ + 2M? + ¥f,)69, = —Ein(z) 
L(dg,) re x(p? + VS On = — Eon z) 


(3) 


The procedure is to solve equations (8) for df, and 5g,, compute 
a new approximate solution (fas, gas) from 
Sax - Se v of, 
(9) 
Gn+i = Gn 7 59. 


and substitute this solution back into equations (8) which are then 
solved for a new correction (6fa4:, dgnsi1). If the correction (4f,,, 
69) approaches zero as m increases, then the approximate solu- 
tion (fms, gm41) must approach an exact solution of the original 
nonlinear equations, equations (2). 

The converse is not necessarily true, and the conditions when 
it is not true are of particular interest. If the approximate solu- 
tion (f,, g,) is also the exact solution, equations (8) become 


L(6f) + yxg Of + x(u? + yf)dig = 0 
L{bg) — x(u* + yf df = 0 


(10) 


Equations (10) are the linear ‘“‘variational’’ equations for the non- 
linear system, equations (2). There are values of u?, y, f, andg 
for which equations (10) can have a nonzero solution. In fact, 
these values of y serve to define the classical buckling pressures 
since a nonzero solution implies another possible equilibrium 
position for the shell infinitesimally near the one defined by (f, g). 
In “‘linearized’’ classical theory, the f and g in equations (10) are 
obtained by solving equations (2) with y = 0. The results of the 
present study indicate that the linearized theory gives good ap- 
proximations to the critical values of y. Budiansky also dis- 
cusses this point in comparing eigenvalues of the linearized 
theory using the ‘‘“membrane”’ solution of equations (2) defined by 
equations (3) with modified boundary conditions and critical 
values of y obtained by an iterative solution of nonlinear equa- 
tions equivalent to equations (2) and the clamped boundary 
conditions of equations (5). 

In the neighborhood of critical values of y = y, defined as 
eigenvalues of equations (10), it can be expected that the con- 
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vergence of the sequence of approximate solutions of equations 
(8) and equations (9) will be poor. This is indeed the case and 
“exact”’ values of y, cannot be obtained in this manner. How- 
ever, approximate values of 7, can be obtained by extrapolation 
or by finding upper or lower bounds for it. 


Numerical Solution 

The set of linear differential equations, equations (8), does not 
have closed form solutions for most functions of f, and g, so that 
these equations must be solved approximately. The method used 
here has proved useful in other high-speed digital computer pro- 
grams for shell analysis [10] and has certain advantages for this 
type of problem: 

1 Bending stresses can be computed nearly as accurately as 
membrane stresses. 

2 Location of stations is arbitrary so that stations can be 
clustered near the boundaries to better approximate “edge 
effects.” 

3 Problems with any linear set of boundary conditions can be 
solved directly without resorting to superposition. 

The numerical solution is applicable to equations written in the 
general form 


n 
> [Ri fa)y;"(2) + Pifaz)y;(2) + Qi Ax)yfz)] = Fz) 
j=l 


j= 


Primes denote differentiation with respect to z. The R, P, Q, 
and F are known functions of z and the y,(z) are the dependent 
variables. After equations (11) are formally integrated by parts 
twice, they become 


S. n b—gz 
> R;fx)yfx) = 7 R; (a)y (a 
1 b-—a 


j=1 


1 . 
- ” OK(z, t 
+ R;(b)y Ab) (: °)] -f : 
‘ P b—a, ot 
a 
n b 
[= Hous | dt +f K(z, t) 
j=l a 


‘ 3 a.couse | _ rant dt (12) 


j=1 
where 


H,(x) = 


P,f{z) — 2R,;"(z) 

Gifz) = Qifz) — Pyj"(z) + Ryj"(z) 
{ (b — z\(t — a) 
| t<2z 
| (b — a) 

K(z, t) = 


(b — tz — a) 
t<b 


(b — a) 
( (b — 2) 


(b — a) 


The numerical solution solves the set of integral equations by 
transforming them into a set of linear algebraic equations which 
are then solved by Gaussian elimination. The transformation 
makes use of quadrature formulas of the form 
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(15) 


b , 

oK(z, t = 

i) at © Hwyltat = - Dd Adz) (t,)y(t,) 
a 


r=1 


b m 
f K(z, t)G(t)y(t)dt = _ BiAx)G(t,)y(t,) (16) 


r=1 


The method of computing the sets of coefficients A,(z) and B(x) 
is derived in reference [10]. It should be mentioned here that 
the kernels, K(z, t) and 


oK(z, t) 
ot 
are used as “‘weight functions’ so that their discontinuities at 


t do not affect the accuracy of the quadrature formulas, 
Also, the locations of the m stations ¢, 


I= 
equations (15) and (16). 
are arbitrary. 

The end points of the interval are convenient stations so that 
t; = a andt,, = b. Substituting the quadrature formulas into 
the integral equations for the (m — 2) interior values of z, = ¢, 
obtains 


l(b —2z,) 


n n 
me Ry Axzy)yft)| = [> Refadvia) | lm = 


j=l j=1 


= |(z, — a)| 
+ [= Reddvs0) om < 


j=1 


2 | 
+ || A,(z,) b» Hf 2,)yf2,) | 


ig=l 


i< 
+ || Bfz,)|| | >> Gifu f2z,| - 


j=1 


BAx,) 


23...m—1 (17) 


where | | denotes a column vector and || || a matrix of (m — 2) 
rows and m columns. 

Equations (17) are a set of r(m — 2) linear algebraic equations 
in rm unknown y,(z,). The remaining relations necessary) 
to make a linearly independent set of nm-equations are con- 
tained in the boundary conditions. The boundary conditions are 
assumed to be linear combinations of the y,(z) and their first de- 


rivatives in the general form 


n 
> [(Cyyfz) + Dy;(z)] = E z=a, 
j=l 


z=b (18) 


The derivatives of the yz) at the end points of the interval ap- 
pearing in the boundary conditions represent additional un- 
knowns in the algebraic equations. These derivatives are 
eliminated by replacing them with the p-point Lagrange interpola- 
tion formula passing through the end point and the neighboring 
(p — 1) points. 

The boundary conditions complete the algebraic set of equa- 
tions which are then solved by Gaussian elimination. The first 
derivatives of the yz) are determined next by using the known 
y(z,) in a Lagrange interpolation formuia. 

The IBM computer program? for the spherical cap problem 
begins by solving equations (8). For this pair of equations, the 
numerical solution outlined in the foregoing has 


2 The numerical solution was programmed by Mrs. D. Stallone. 
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n = 2,m = 19, w(x) = Of, and y:(z) = dg, 
Ru z Ru 0 FP, = — E,,(2z) 
Hu 1 Hy» = 0 
Gu = Y29n Gi (pu? + ¥fn) 
Ry = 0 Rv z 
Hy = 0 Hn = 1 
Gu = —2(u? + Yfn) Gn 0 


The 19 stations were located at z = 0, 0.011, 0.036, 0.074, 0.124, 
0.186, 0.256, 0.332, 0.415, 0.5, 0.585, 0.668, 0.744, 0.814, 0.876, 
0.926, 0.964, 0.989, and 1.0. This distribution of values makes 
almost all of the elements of the B,(z,) quadrature matrix positive 
with the largest elements near the trace r = k. The quadrature 
formulas of equations (16) are exact for polynomials of degree 
(m — 1) in the integrand excluding the kernels. Most of the re- 
sults given here were computed using quadrature matrices with 
elements accurate to approximately 5 significant figures. Re- 
cently this has been improved to 8 significant figures. Compari- 
sons with “exact’’ solutions for this type of problem indicate that 
the peak answers for the dependent variables will be correct to 3 
significant figures and 5 or 6 figures, respectively, for the 5 and 
8-figure-accuracy matrices. 

The input data to the program consist of the parameters v, yu’, 
and ¥ along with the values at the 19 stations of the initial guess 
on the solution fo and go plus L{ fo) and L(go) for use in computing 
Ey( x) and Ex(x). It is assumed that fo and gp satisfy the bound- 
ary conditions for the clamped shell, equations (5), so that df, 
and ég, satisfy the same homogeneous conditions. 

The program solves equations (8) numerically starting with the 
initial guess (fo, go) and computes new approximations from equa- 
tions (9). This operation is performed a given number of times 
N, prescribed as input data. The values of 5f, and dg, for each 
value of n up to N are printed as output for a check on con- 
vergence. The value of fy, is then substituted into the original 
nonlinear equations, equations (2), and these are solved nu- 
merically in the form 


Lif) + wzg + (yzfvu)g = 22 


F; = —Ex(z) 


(19) 


fs 
Ug) ~ 2 (ut +H) y= 0 


along with the differential equation for the axial deflection w. 
The solution (fy4:, gv4:) can then be compared with the solution 
‘f, g) from equations (19) as a further check on convergence. 

The values of (f) and L(g) are then computed from the values 
of f and g, using equations (19). These functions are useful as 
input data for an initial guess at the solution for neighboring 
values of u* and y. In fact, if additional pairs of u* and y are 
given as input, the current values of f, g, L(f) and [(g) are used 
by the program as initial guesses fo, go, L( fo), and L(go) for the 
next pair of u* and yy. Finally, the stress resultants and couples 
of equations (4) are computed from f and g and their derivatives. 

The original choices for fo and go will be discussed in the next 
section along with the results. 


Numerical Results 

The pressure-deflection curves for given values of u? and vy = 
0.32 are plotted in Figs. 2 and 3. The dimensionless deflections 
are the maximum value of w/h appearing in the tabulated out- 
put at the given stations. The results in Fig. 2 for values of 4? 
up to 25 are relatively easy to obtain and are not new. The 
pressure-deflection curves are monotonic up to u* ~ 11. Above 
this value of u*, the curves have two horizontal tangents, labeled 
U and L on the curve for u4? =.25. These horizontal tangents 
split the curves into three branches for computing purposes and 
for the initial estimate on the solution, (fo, go). 
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The guess fo = go = 0 makes the solution converge to the initial 
portion of the curve OU. On this case (fi, g:) is the well-known 
solution from linear shell theory in terms of Kelvin functions. 

Answers were obtained in the postbuckling region LN by 
starting with the monotonic curve for a flat plate (u* = 0). 
The nonlinear membrane solution for this problem was easily 
adapted for an initial guess on fo and gp at high values of y. Then, 
holding y constant and increasing y?, the solution converged to 
the postbuckled branch for the other curves. 

The results on this branch are characterized by tensile stress 
resultants, NV, and Ng, at the center and over most of the shell 
and by high bending moments and normal shear resultant near 
the edge necessary to satisfy the fixed-edge boundary conditions. 

After the branches OU and LN were established for 4? = 16, 
a rather crude interpolation between the two known solutions 
was sufficiently accurate to force convergence on the unstable 
branch UL at y = 120. Having this solution, u? and y were 
varied simultaneously to get solutions for higher values of u? on 
the unstable branch. 

After a solution converged on a given branch, it was not difficult 
to move up and down that branch by varying y with constant 
u*. Nearing the horizontal tangents, the convergence became 
poor, so that these points are extrapolated values. 
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Fig. 2 Pressure-maximum deflection curves 





eose 2 se 3c eae 
iA a 236 

0 249 

© M64 

o *s8! 





; ee 
12 16 20 
{ #) mon 








deflection curves 


Transactions of the ASME 





The results for u? > 36 in Fig. 3 are complicated by the fact 
that there is apparently a trifurcation in the solution at the upper 
buckling pressure yy. There are three distinct branches to the 
curve in the vicinity of yy. These are also shown to a larger 
scale and plotted against the center deflection w(0)/h in Fig. 4. 

For example, on the curve for 4? = 64, it was possible to pro- 
‘eed from the origin up the curve with increasing y until the 
solution failed to converge at approximately y = 4550. How- 
ever, the initial guess fo = go = O again led to a convergent solu- 
tion of a higher mode shape at y = 6000. Proceeding up this 
branch, the solutions again fail to converge at y = 7200. 
This branch was also followed from 6000 down to y = 4500 with 
good convergence all the way. 

The unstable branch UL was also computed in this vicinity, 
but the lack of convergence in the solution near y = 4550 pre- 
vented determining how the three branches behave in the neigh- 
borhood of this critical point. 
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Pressure-center deflection curves 
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Fig. 5 Deflection of cap with un? = 64 for given values of + 
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The few results calculated above the upper buckling pressure 
‘vu indicate that there are solutions for higher mode shapes and 
higher buckling pressures other than those presented here. This 
possibility is of theoretical interest; however, these equilibrium 
states are obviously unstable for the shell. 

Some of the results plotted as a function of z for various values 
of y and uw? = 64 are shown in Figs. 5, 6,and7. They show the 
marked differences in the shape of the solutions on different 
branches for the same values of ‘y. 

On proceeding down the postbuckled branch of the curve LN 
toward the lower buckling pressure y,, the convergence again 
fails. Near this critical point, the numerical solutions jumped 
back to the unbuckled branch as yy decreased. No similar jump 
was observed at the upper critical point. The numerical solu- 
tion tended to oscillate about the initial assumed solution near 
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Fig. 7 Normal shear resultant for cap with u? = 64 for given values of y 
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Fig. 8 Buckling pressures from theory and experiment 


The “‘stability curves’’ are plotted in Fig. 8. The upper curve is 
Yv/u* and the lower one is y,/u‘. The classical buckling pres- 
sure for a complete spherical shell is given by y/u* = 1. The 
upper curve is the same as that given by Budiansky and Weinit- 
schke [11]. The lower curve is new except for the values given 
by Reiss and Keller [3]. 

The experimental results of Kaplan and Fung are also shown in- 
cluding the postbuckling pressures for oil loading. This loading 
approaches constant-volume buckling. It can be seen that these 
postbuckling pressures show much better agreement with the 
lower stability curve than the initial buckling pressures do with 
the upper curve. 


Concluding Remarks 


The comparison between the experimental buckling pressures 
and the theoretical pressures shows that finite-deflection theory 
for axisymmetric deformations of a perfect shell is inadequate to 
predict buckling. 

Alternate approaches have been proposed to close the gap be- 
tween theory and experiment. These include considering the 
effect of initial axisymmetric imperfections or investigating un- 
symmetrical buckling modes for perfect or imperfect shells. 

Budiansky [1] computed tie variation in buckling pressure re- 
sulting from different amplitudes of a given axisymmetric imper- 
fection shape. These results showed little effect on the buckling 
pressure. 

In the author’s opinion, the influence of initial axisymmetric 
imperfections deserves additional study using imperfection shapes 
# the form of the deflections calculated on the unstable and 
postbuckled branches of the perfect shell. One reason for this 
conclusion is that the disagreement between theory and experi- 
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ment extends to the pressure-deflection curves. For higher values 
of u*, the experimental curves of Kaplan and Fung for pressure 
versus center deflection fall well below those of theory and have 
a much smaller slope at the origin. This indicates that there was 
appreciable bending deflection long before buckling in these 
shells. It seems probable that this can be explained by the 
“membrane rotation’? in an imperfect shell using small finite- 
deflection theory. Preliminary results seem to bear this out. 

The possibility of unsymmetrical buckling is by no means ex- 
cluded for the clamped shell since the compressive circumferen- 
tial stresses are high compared to the meridional stresses at some 
points. In the complete sphere, it seems unreasonable to assume 
unsymmetrical buckling without again introducing the effect of 
initial imperfections. 

The formulation of the problem as a sequence of linear dif- 
ferential equations in terms of the ‘variational’ equations for an 
assumed solution is general and can be extended to other non- 
linear differential equations. The numerical solution used here 
for the linear differential equations is also general and has some 
advantages over other computer methods for boundary-value 
problems. Of course, any suitable method for solving the linear 
differential equations is applicable. 
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A NUMBER of recent papers [1, 2, 3, 4]' have con- 
sidered the response of dynamic systems to random excitation. 
With the exception of Bogdanoff’s paper [3], the analysis has 
been confined to the stationary aspects of the motion. The study 
of the transient motion of a system under random excitation has 
a history extending over the past 30 years. The first solution 
to the problem was given by Uhlenbeck and Ornstein [5] in 
1930, and in a later paper Uhlenbeck and Wang [6] solved the 
same problem using the Fokker-Planck equation for the system. 
Housner [7] was the first to treat the earthquake problem as an 
example of random excitation; unfortunately, he did not publish 
his results. The most recent paper on the subject is that of 
Bogdanoff and Goldberg [3] who solved exactly the same prob- 
lem as Uhlenbeck and Ornstein [5]. With the exception of 
Housner [7], all these authors assumed the input process to be 
white; this assumption radically simplifies the mathematical 
problems of analysis. 

The purpose of this paper is to analyze the transient motion of 
a single-degree-of-freedom oscillator subjected to a stationary 
random input having an arbitrary power spectrum. An approxi- 
mate solution is presented for the case of small damping and a 
smooth power spectrum having no sharp peaks. The applica- 
tion of the results of this analysis to determining the response of 
structures to strong motion earthquakes is discussed. 


Analysis 
Consider a simple harmonic oscillator acted upon by a random 


force. The equation of motion is 


mé + Bi + kr = malt) \«) 


where m = mass of oscillator 
8 = constant of viscous damper 
k = linear spring constant 


ma(t) = external force acting on mass 


Divide both sides of (1) by m: 
Let 
B/m 


k/m = @? 


(3) 


1 Numbers in brackets designate References at the end of the paper. 
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1962. Discussion received after the closing date will be returned. 
Manuscript received by ASME Applied Mechanics Division, Sep- 
tember 21, 1960; revised draft, March 2, 1961. Paper No. 61 
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Transient Response of a Dynamic 
System Under Random Excitation 


This paper analyzes the transient response of a simple harmonic oscillator to a sta- 
tionary random input having an arbitrary power spectrum. 
results of this analysis to the response of structures to strong-motion earthquakes is 


The application of the 


Equation (1) becomes 
E+ Zwolle + wor = a(t) 
In the analysis which follows, it will be assumed that: 
(a) a(t) is stationary 
(b) a(t) is Gaussian 
(c) a(t) has mean zero 


(d) a(t) has power spectrum ¢(w) 


Let A(t) be the impulse response of the system: 


e~ Swot 


A(t) = sinwt, t>0 


where 
@ = wll — £2)'/2 


Only the case where ¢ < 1 wil! be considered, since it is the case 
of most interest. 
If the initial conditions are 


2(0) =a; x#0)=b (7) 


Then, if a(t) is assumed to be mean square continuous, a valid 
solution of (4) is 
wer 
e~F sin wil 
w) 


t 
+ [Me — nari (8) 
0 


Since it was assumed that a(t) was Gaussian, and since the sys- 
tem is linear, it may be shown that z(t) is Gaussian also [6, 9]. 
For a Gaussian process, only the mean and the variance are re- 
quired to characterize the complete process. It is therefore 
necessary to compute the stochastic, or ensemble average, 
(x(t)), and the variance o%(t) to characterize the x(t) process. 
Once these two functions of time are known, the probabilistic 
description of x(t) is known. 


Fao . 
a(t) = ae Set | co wt + sin wt | + 
@) 


Stochastic Average of x(t) 
The stochastic average of z(t) is obtained by taking the sto- 
chastic average of equation (8). 


“. wl) = 


os 
—— Ws ., 
(t) = ae~*%*t | cos at + — sin art 
@ 


b i ¢ , 
aa e~ *S! sin ant + f h(t — r)(a(r))dr (9) 
7 . 


w 
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But by assumption (5c), (a(r)) = 0. Hence, 


tar ; -” Ge . 
u(t) = (2(t)) = ae~ ott | co wt + onl sin wt] 


@) 


b 
+ — e~*% sin wt (10) 
@) 


It is seen from the foregoing that the stochastic mean of the 
motion depends only on the initial conditions. 


Variance of x(r) 
The variance of 2x(¢) is defined to be 


oXt) = <[2(t) — u(t)]*) 
Using equations (8) and (10) and substituting in (11), 
t ft 
ot) = f, 3 h(t — r)h(t — 7’) (a(r)a(r’))dr dr’ (12) 


The quantity (a(r) a(r’)) is by definition, Ra(7,7’), the auto- 
correlation function for a(7). Since it was assumed in (5a) that 
a(t) was stationary, then 


(11) 


(a(r) a(r’)) = Rd{7,7') = R(t — 7’) (13) 


The autocorrelation function for a stationary process depends 
only on the time difference (r — 7’), and not on 7 and 7’ indi- 
vidually. The simplest problem to treat is that of a completely 
random function, for which R(r — 7’) is given simply by 2D 
6(r — 7’). Such a process has a white power spectrum with a 
spectral density 4D/cycle. Although such a process allows con- 
siderable mathematical simplification, it is a process which can 
never be realized physically since it would irivolve infinite mean- 
squared power. All physically realizable processes involve 
power spectra which go to zero for sufficiently high frequencies. 
If @(w) is the power spectrum under consideration, the require- 
ment of physical realizability is that 


a dw)dw < @ 


For a stationary random process, the autocorrelation function 
may be obtained from the power spectrum or vice versa, since 
they form a Fourier cosine pair (6). 

The autocorrelation function R,(r — 7’) is given by 


(14) 


R«{r— 1’) = | (co) cos wr — rdw (15) 


where ¢(w) is the power spectrum of a(t). Substituting (15) 


into (12), the variance is given by 


t ft f@ 
ox) = fF fi f, Ow) cos w(t — r’)A(t — 7) 


h(t — r’)dwdrdr’ (16) 


Since the integrals involved in (16) are convergent, the order of 
integration may be reversed. Using the expression for A(t) given 
in equation (6), 


~ t t 
@) (eatin 
a= f ee | oes t—1') sin w(t — 7) 
« & o Jo 


sin w(t — 7’) cos w(t — 7T’)dwdr dr’ (17) 


The double integral on ¢ occurring in (17) may be evaluated after 
some tedious algebra, giving 


ot) = f Ke) 
0 


2 
1 + eo 2st 1! + — ¢ sin ayt cos wrt 
2(w)|? on 
9 
— ewst (2 cos wt + Dens’ sin wt) cos wt 
w 
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2w ; (aot)? — wi? + w? . 
— ett —— sin wt sin wt + (aoog')* = ————— gin? cnt> | dw 


@ aw? 
(18) 


j2(a)|? = (a? — w*)? + (2wwft)? (19) 


Equation (18) exhibits some interesting properties. They are: 


(1) Ast—~0O 
at) — 0, as would be expected; 
(2) Ast— o 


a )dw : ' 
a%t)—> for, the result which would be predicted from 
0 ZW )) 
generalized harmonic analysis for the 
stationary problem; 


(3) If @(w) is set equal to (2D/m) and the integral (18) evalu- 
ated by contour integration, then 


~ en? t 
4), 2 »¢ sin 2w,t 
te tT WoW SIN £0) 


(2art)? ‘ 
+ — sin? ayt (20) 


w,? 


As would be expected, this result is identical with the result ob- 
tained by Uhlenbeck [5] for a white process. 


Approximate Evaluation of Equation (18) 


For any analytic function $(w), equation (18) can be evalu- 
ated by contour integration. If ¢(w) is given numerically, then 
equation (18) can be evaluated numerically. However, if $(w) 
is a smooth function of w, having no sharp peaks, and ¢ is small, 
then a very good approximation may be obtained in the following 
way: If ¢ is small, the function 1/|z(w)|* is sharply peaked 
at w = wp; therefore, the main contribution to the integral comes 
from the region around w = Ww. By analogy with Laplace’s 
method of evaluating integrals, equation (18) may be approxi- 
mated by 


7 1 9° , 
o,%(t) ~ P(wo) m E +o 
9 [4a) 2 


Zant . _ & Zant . 
1+ - sin wf cos wit — e 2 cos w,t + Sin Gt 
Ww: Ww) 


9 
“er ' 2w 
cos wi — e** (sin a, sin wt) ( *) 
wW 


(aot)? — a2? +m? | 
+ x. - sin? dw (21) 
a? f 


Evaluating the integral in (21) by contour integration, 


mw THe) ~— 
o,(t) = Aan? E on 


@,? 


(Zant)? . 
yon? + an ba sin? wt + wou,f sin aunt | (22) 


Zero Damped Oscillator 


Of special interest is the case when ¢ is zero. The results for 
this case can be obtained from equation (22) by a limiting 
process : 
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e— 2wogt { . 
mene aay? — gin? wt 
WwW" 


+ wont sin 2 ant | 


(2aot")? 
2 


Lim [ {1 — (1 — 2aoft)(1 + £ sin 2 wot) 
[0 


+ Ol(gé)*)}F-) (23) 


Wo) 


T 4 
.0,%t) => ry HK [2wot — sin Zwol]} (24) 


@y* 


Results 


For convenience, equation (22) may be written 


J; \ _2f3 in? (1 2)'/29 
) +T pee = $9) 


‘—- sin 2(1 — mf | (25) 
> a 


where @ = wp. 

Plots of equation (25) are shown in Fig. 1 for £& = 0, 0.025, 
0.05, and 0.10. It will be observed that for £ = 0.1, the system 
approaches stationarity in roughly three cycles. Hence, even 
though the output process is nonstationary, only a slight error is 
made by treating it as a stationary process, provided the sta- 
tionary input is applied for a sufficiently large number of cycles. 


Distribution Functions for x(+) 

As was pointed out previously, z(t) is Gaussian if a(t) is Gaus- 
sian. Hence the probability that z lies in the interval z to z + 
dz is given by 


wine j_ce- mo 


1 
= (2x) ott) exp 1 — 2oXt) f dx 


u(t) = (x(t)) 


(26) 


where : 
ot) = ({2(t) — wd]? 


The stochastic average y(t) is given by equation (9), and de- 
pends only on the initial velocity and displacement. The 
| ory, 2,5 
|  20x*we 


Tow, 


Fig. 1 Transient response of a dynamic system 
under random excitation 
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variance ot) is given by equation (18), and is independent of 
the initial conditions. 


Probability of Exceeding a Given Value 


The probability that z(t) exceeds a given value, ko, is obtained 
by integration of equation (26): 


3 oe 1 (x — p)* 
ne > be) -f (29)'70 ep }- gon § @ 


ko — p 
- if - ett So t] 


where erf is the error function. 

For some physical processes, for example brittle failure, the 
sign of z(t) is unimportant. The probability that the modulus 
of z(t), |z|, exceeds a given value, ko, is obtained by integration 
of equation (26): 


(28) 


(29) 


aD 1 _— \2 
% P(|z! >ko) = ————— GD a 2. a dz 
; ke (29) “80 ] 


20? 
—ke 1 (x — p)? 
+ f (Qn) 7e exp \- _— dx (30) 


(ko — p) (ko +m)l 
ohne +e ~ore ¢ SD 


” P(\z]>ko) = 1-4 fer 

In the special case of a system starting from rest, the probability 
that x exceeds ko is given by 

k ve 

1 — erf oh (32 


It is interesting to note that the right-hand side of equation (32) 
does not involve time, even though z and ¢ are both functions of 
time. This is in contrast to the situation in equations (29) and 
(31), where the right-hand side of the equations is also a function 


P(\z| > ko) = 


of time. 


Application of Results to Strong Motion Earthquakes 


An intensive study of strong motion earthquakes has been 
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made at the California Institute of Technology [8] over the 
past 25 years. As a result of these studies, the following state- 
ments may be made: 


1 The duration of strong motion earthquakes is in direct rela- 
tion to their intensity. The stronger the earthquake, the longer 
it lasts. 

2 The strong earthquakes tend to be quite random in nature. 
The weak ones tend to be more deterministic. 

3. While no earthquake is completely stationary, since it must 
first build up, and must eventually die out, the very strong earth- 
quakes exhibit long portions of quasi-stationary behavior. 

4 No earthquake exhibits a white-power spectrum. All 
earthquakes so far analyzed show a peaked power spectrum falling 
off sharply at high frequencies. 

5 Unfortunately, the amount of data on strong motion 
earthquakes is quite limited, so it has not been possible to obtain 
anything like a complete statistical description of earthquakes. 
However, the available data show that, at least out to the 3¢ 
point, the stronger earthquakes exhibit Gaussian statistics with 
mean zero. 

Applying these statements to the foregoing analysis we see 
that: 


a) The results of the analysis may be applied with some con- 
fidence to the very strong, long-duration earthquakes, since the 
analysis did not assume a white process. 

(b) For the shorter earthquakes, some attempt should be made 
to account for the nonstationarity of the input process. This 
has been done for a particular class of inputs by Stumpf [9] in his 
Doctoral thesis. 

(c) Some caution must be exercised in applying the distribu- 
tion function for the displacement in the case of earthquakes. 
It is well known that the probability of exceeding a specified 
value is quite sensitive to the tail of the distribution function, 
and this is the very area where our ignorance is greatest in the 
earthquake problem. 


Example 


As an illustration of the application of the foregoing theory to 
earthquakes, consider the response of a singie-story building to a 
strong motion earthquake. For the purposes of analysis, the 
building will be treated as a roof of mass m, supported by columns 
of shear stiffness k. The variable z in equation (1) will then 
represent the displacement of the roof relative to the base of the 
building. 

Let w,) and ¢ in equation (4) be given by 

wo = 5 rad/sec 
(33) 
t = 0.025 
Kanai [10] has analyzed a large number of earthquakes and 


has suggested that the spectral density, @(w), of the ground mo- 
tion of earthquakes may be expressed by 


w? 
1 + 4h, 
Vy 
2 : B 


w? 2 w? 
1- ) + 4h? 
v,? v,? 


B = const 


B = spectral density at bedrock 
v,, h, = parameters depending on local geology 


For the purposes of illustration let 
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any? ft?/sec* 
QOD Se _ eadeer” 
2 \2 2 rad/sec 

(! o a) + “#5, 


(anry* (4m) 


Wo, * 5 rad/sec 


¢ = 0025 





— ft, seconds —= 
2 4 6 8 10 l2 14 16 18 





Fig. 2 Transient response of building to random earthquake 


0.5 
‘tr 
1 ft?/sec*/rad /sec } 


These values were so chosen that @(w) approximates that for 
the El Centro, Calif., earthquake of May 1940 [8], which lasted 
for 25 sec. Using equation (22), the root-mean-squared dis- 
placement, o,(¢), is given by 


1H wo) , ge — 2uogt 
4[ uw? a? 
(2arf )? —-— { Vs 
@; = sin? at + Woe@if sin Za, { (36) 


Fig. 2 shows the numerical results of substituting (33), (34), and 
(35) into (36). 

It will be seen that the root-mean-squared displacement o, 
reaches a stationary value of 0.57 ft in roughly 9 sec. Since the 
earthquake is assumed to last for 25 sec, little error would result. 
in treating the problem as a stationary one. 


References 

1 A. C. Eringen, “Response of a Tall Building to Random 
Earthquakes,” Proceedings of the Third U. S. National Congress of 
Applied Mechanics, ASME, June, 1958, pp. 141-153. 

2 A. C. Eringen, ‘“‘Response of Beams and Plates to Random 
Loads,” JouRNAL oF AppLiep Mecnanics, vol. 24, Trans. ASME, 
vol. 80, 1957, pp. 46-52. 

3 J. L. Bogdanoff and J. E. Goldberg, ““On the Transient Be- 
havior of a System Under a Random Disturbance,"’ Fourth Mid- 
Western Conference on Solid Mechanics, The University of Texas, 
September, 1959, pp. 488-496. 

4 W.S8. Thomson and M. V. Barton, “The Response of Me- 
chanical Systems to Random Excitation,’”” JouRNAL or APPLIED 
Mecuanics, vol. 24, Trans. ASME, vol. 80, 1957, pp. 248-251. 

5 G. E. Uhlenbeck and L. S. Ornstein, “On the Theory of the 
Brownian Motion, I,"" Physical Review, vol. 36, September, 1930. 
pp. 823-841. 

6 G. E. Uhlenbeck and M. C. Wang, “On the Theory of the 
Brownian Motion, II,” Reviews of Modern Physics, vol. 17, nos. 2 
and 3, April-July 1945, pp. 323-342. 

7 G. W. Housner, “‘Random Excitation of Vibrating Systems,” 
unpublished manuscript, 1945. 

8 J. L. Alford, G. W. Housner, and R. R. Martel, “Spectrum 
Analysis of Strong-Motion Earthquakes,”’ California Institute of 
Technology Earthquake Research Laboratory Report, August, 1951. 

9 H. J. Stumpf, “Response of Mechanical Systems to Random 
Excitation,” PhD thesis, California Institute of Technology, 
June, 1960. 

10 K. Kanai, “Semi-Empirical Formula for the Seismic Char- 
acteristics of the Ground,” Bulletin of the Zarthquake Research Insti- 
tute, University of Tokyo, Tokyo, Japan, vol. 35, 1957. 


Transactions of the ASME 





On the Stability of Rotation of a 
Rotor With Rotationally Unsymmetric 
Inertia and Stiffness Properties 
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analyzed for the case where there is a diametral inertia inequality and there is an elastic 
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many systems of this type possess an unstable speed range which 
depends on the gyroscopic coupling, the inertia inequality, the 
stiffness inequality, and the relative orientation of the principal 
axes of inertia with respect to the principal axes of stiffness. 
These results are in agreement with the qualitative predictions of 
Smith.? The interplay of the various parameters in determining 
the unstable speed range is exhibited analytically and graphically. 
An interesting result is that, for fixed inertia and stiffness in- 
equalities, the unstable speed range is greatest for that orientation 
of the axes which gives the smallest difference between the zero- 
speed natural frequencies. 


& dynamics of a rapidly rotating rotor subjected 
to transverse elastic restraint constitu s one of the classical 
problems of applied mechanics. In the simplest models the 
inertia and stiffness properties are taken to have rotational 
symmetry, and gyroscopic effects are neglected. More sophisti- 
cated models, including either gyroscopic effects or unsymmetrical 
flexibility of the nonrotating bearing supports or unsymmetri- 
cal flexibility of the rotating shaft, are well known.’ In aremarka- 
ble paper presented in 1933, D. M. Smith? discussed qualita- 
tively the simultaneous effect of these three items and also in- 
cluded unsymmetrical inertia properties. A quantitative analysis 
for the case of simultaneous asymmetries of the bearing and shaft 
flexibilities but without gyroscopic coupling was given by Foote, 


Equations of Motion 


Poritsky, and Slade’ in 1943. 

Recently the present authors obtained a quantitative solution‘ 
for the stability problem of a rotor with unsymmetrical inertia 
properties and unsymmetrical bearing-support flexibilities. The 
present paper contains a quantitative analysis of the stability 
problem for a rotor which has unsymmetrical inertia properties 
and unsymmetrical flexibility of the rotating shaft. We find that 
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We consider a rigid rotor with principal axes of inertia &nf 
rotating with uniform angular velocity w about the axis ¢ and 
study the stability of this motion when linear elastic restraint of 
the orientation of ¢ is provided by massless springs that oppose 
displacements about the axes a, b which revolve with the rotor as 


shown in Fig. 1. The diametral moments of inertia 7; and J, 
need not be equal and the effective stiffnesses k, and k need not 
This is an idealized model for systems such as a two- 
We study the effect on 


be equal. 
bladed propeller carried on a flat shaft. 


Fig. 1 Rotor with principal axes of inertia (¢, 7, {) and principal axes of 
elasticity (ca, b) 
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the stability of the inertia inequality, the stiffness inequality, and 
the angle @ between the principal axes of inertia and the principal 
axes of stiffness. 
The stability of the steady rotation (& coinciding with z in Fig. 
1) depends on the speed w and on the following four parameters: 
I: -I,.. ae ‘ 
= ——§——" (inertia inequality) 
Ig +1, 
(1) 
k, —k ; . 
é = —— ~ (stiffness inequality) 


ke +k 
@ = (angle between principal axes of inertia and stiffness) 


I 
Aw— 


(axial inertia term) 
l; TT I, 


The inertia inequality parameter has the range —1 < €; < 1 and 
the axial term has the range 0 < A < 1 but for any real rotor 


€; S n? — &)dm 
a = (2) 
A S (nt + &)dm 


and therefore 'e;| <A. Actually, without any loss of generality, 
we may suppose that J; > J, and k, 2 k, and, restrict our con- 
siderations to the following ranges: 
0f6&<A<1 
0f¢6<1 
T 
0<¢ <> 


A straightforward method of obtaining the stability equations 
is to linearize the general equations of motion for the Hooke’s 
joint obtained by means of Lagrange’s equations. Using the 
displacements 0, and @, about the axes a and b as generalized 
co-ordinates, the potential and kinetic energies are 


V _ $k,0,* + $k,O,? 
T = $([pme? + 1,0? + 1 We") 
where 


we = 8, cos @ — 6, sin ¢ cos 8, 
— (sin @ sin 9, cos 0, + cos @ sin @,) 


= 6, sin d + 6, cos ¢ cos 6, 
+ w(cos ¢ sin 0, cos 6, — sin @ sin 4) 
—6, sin 0. + w cos 8, cos 4, (5) 


> = 
baat | 


Application of Lagrange’s equations yields a pair of simul- 
taneous nonlinear second-order differential equations for #, and 
@,. After linearization these equations are considerably simpli- 
fied by introducing the displacements 4; and @, shown in Fig. 2, 
which for small motions are related to @, and 6, by the rotational 
transformation 7’, here represented in matrix notation: 


(e]- Lesa) - [3 
A, —sin @ cos ¢ jL@, ° 18, 


The resulting linearized equations in 6; and @, are 


I, 0 


1,0 10%: [ Me od ss . 
r nda] + we — 2 1-1 ofl) * Lom -% 


These same equations may be obtained directly in a simpler 
manner by adopting the small-motion relations from the start and 
writing the torque-angular momentum equations. Thus instead 
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Fig. 2 The small angles 6, 0, and @., % are produced when the 
diametral plane is tipped slightly 


of (5) we use the linearized approximations 


a= 6; - w6, 
Wy =6, eZ w6; 


Or = w& 
in the angular momentum 
h = iglgwe + in] pWy + ig] swe 
along with the differentiation laws 
di 
dt 


=@ Xi (10) 


for the unit vectors to obtain (7) as the statement that the £, 7 
components of torque equal the corresponding components of the 
time rate of change of h. 


Stability Analysis 


For the stability analysis we assume solutions to (7) in the 


form 


O,=ce™ jexein (11) 


and investigate the conditions under which at least one X lies in 
the lower half plane (instability). When (11) is substituted in (7) 
we obtain an eigenvalue problem for A. By introducing the 
parameters (1) and the following “average natural frequency”’ 
for diametral oscillations at zero speed 


ky + ky 


= 12) 
I: +I, ( 


Wo" 


the characteristic equation for the eigenvalue problem can be 
written as 

adt — 282+ 7 = 0 (13) 
where 


a=1-—é? 





6: i k, 0 O: 
Tel Te ' lola] te te 





2 
8B = At —¢€*+(1 — A)? + (*) (1 — €€,c08 2p) = (14) 
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Fig. 3 Stability diagram for rotors with stiffness inequality and gyro- 
scopic coupling but symmetrical inertia properties 


Wo . Ww 
y2i—] Cl —¢,9 — 2 
WwW w 


For every combination of parameters there are four roots of (13) 
forA. Since —A is always a root if J is, it follows that for a stable 
combination the roots of (13) for A? must be real and positive. 
If @ is positive (which according to (3) is in fact the case) the 
necessary and sufficient conditions for the quadratic (13) to have 
real and positive roots are 


) 1 — 2A + €€, cos 2¢) 


+ (1 — 2A)? — €? 


B>0O, Bt>ay, y>O0 (15) 
It turns out that the first two of these conditions are satisfied for 
all speeds when the parameters €;, €,, @, and A lie in the ranges (3) 
and thus that the third condition of (15) is the governing stability 
criterion. The first condition is clearly true since according to 
(3) A? — €, is positive and thus 8 can be considered as the sum 
of three positive terms. The second condition is less clearly 
true. The expression 8? — avy is a quadratic in (@»/w)* which is 
positive at the origin and at infinity. To show that 8? — ay is 
never negative in between we examine the expression for the 
zeros of 8? — avy in the (w/w)? plane and find that the roots can 
be real and negative or can be complex conjugates in the right 
half plane but that in the ranges (3) the zeros of 8B? — ay are 
never real and positive and hence the second condition is satisfied 
for all speeds. 

The condition y > 0 is thus the governing stability criterion. 
According to (14) y is a quadratic in (@/w)* with the four 
parameters of (1) entering into the coefficients. Depending on the 
system elastic and inertia properties which fix the inertia in- 
equality ¢;, the stiffness inequality ¢€,, the angle @ between the 
principal axes of inertia and stiffness and the axial-inertia term A, 
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1 — 2A + e€, cos 26 + {[(1 — 2A)e, + & cos 26]? + €%1 — €,%) sin? 26} '7* 





Fig. 4 Stability diagram for rntors with inertia inequality and gyroscopic 
coupling but symmetrical elastic properties 


a rotor can have one of three different behaviors with regard to 
stability as the speed w is increased from zero to infinity: 


(a) The rotor is stable for all speeds. 

(b) The rotor is stable for low speeds, but is unstable for all 
speeds above a certain critical speed a. 

(c) The rotor is stable for low speeds, unstable for a certain 
range w, < w < @, and then stable for all speeds greater then a, 


The critical speeds w, and w, are obtained from the roots of the 


equation y = 0. 


1 -<«, 


(16) 


When the combination of parameters gives negative values for 
both roots of (16) we have case (a), when root 1 is positive but 
root 2 is negative we have case (b), and when both roots are 
positive we have case (c). 


Discussion of Results 

Three-dimensional diagrams portraying the surfaces defined by 
(16) are shown in Figs. 3, 4, 5, and 6. In Fig. 3 the interaction 
of axial inertia and elastic anisotropy is shown for the case of no 
inertia inequality. When A > '/; the rotor is stable for all 
speeds. When A < '/; we have case (c) with an unstable speed 
range which is wider for larger stiffness inequalities. 

Fig. 4 shows the interaction of diametral inertia anisotropy 
with axial inertia for the case of no stiffness inequality. Here 
in contrast with the preceding figure the “unstable valley’’ re- 
mains wide open as the speed increases. This corresponds to the 
At high speeds there is an interesting tie-in 
here with classical results. As w-—> © the inertia effects become 
large in comparison with the elastic effects. We thus approach 
the case of a free rigid rotor rotating about a principal axis of 
It is well known that such motion is unstable when the 
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case (b) behavior. 
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Fig. 5 Stability diagram for rotors with equal elastic and inertia in- 
lities ; i inertia axis aligned with mini stiffness axis 








q 


axis of rotation is the axis of the intermediate moment of inertia; 
i.e., we have instability for rotation about the {-axis when 


I, <Ip<Ik (17) 


which in terms of the parameters (1) is when 
H1—€) <A < #1+ €) 


This, however, is exactly the unstable triangle shown at w = © 
in Fig. 4. 

To illustrate the effect of the angle between the principal axes 
of inertia and the principal axes of stiffness we show in Figs. 5 
and 6 the extreme orientations @ = 7/2 and @ = 0 for the case 
€, = €;. At high speeds, the elastic effects become negligible and 
we have in both cases the same limiting behavior as in Fig.4. At 
low speeds, however, the stiffness inequality and its relative orien- 
tation has a marked effect. Comparison of Figs. 5 and 6 shows 
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Fig. 6 Stability diagram for rotors with equal elastic and inertia in- 
equalities; maximum inertia axis aligned with maximum stiffness axis 


that in passing from @ = 7/2 to @ = 0 with the same magnitudes 
of inequalities the ‘unstable valley’ has widened; i.e., the un- 
table speed range has been increased. 

This result can be shown to be a general one by studying (16). 
We examine the sign of d(w/w»)?/d(cos 2) and find that in case 
(b) the sign is always negative for w, and that in case (c) the signs 
are always negative for w, and positive for w.. Thus the unstable 
speed range increases as cos 2¢ increases. A given inertia and 
stiffness combination has the smallest unstable range when 
@ = 2/2; i.e., when the maximum diametral inertia is aligned 
with the minimum stiffness. This is also the orientation which 
gives the largest spread between the two natural frequencies of 
free vibration when w = 0. This effect of orientation is in marked 
contrast with the effect of increasing €, when €; = 0 (or vice versa) 
where we obtain simultaneously an increase in the unstable speed 
range and an increase in the spread between the two natural fre- 
quencies for w = 0. 
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Resserch Engineer, Torsional-vibration modes are uncoupled from the bending and extensional modes in 
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thin shells of revolution, 
upon a linear second-order differential equation. 


The solution for the uncoupled torsional modes then depends 


The governing equation is subse 


V. L. SALERNO! quently solved for the frequencies of a conical shell. A tabulation of the first five fre- 
Prayer vse quencies for varying ratios of the terminal radii is presented. These frequencies are 
Consulting Engineer, identical to those of an annular plate which has the same supports as the conical shell 
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| existence of uncoupled torsional and bending 
modes of vibration in thin circular cylindrical shells is well 
known. An analogous situation is present in the circular conical 
shell? and its limiting case, an annular disk. Uncoupling of the 
torsional and bending modes is demonstrated for arbitrary thin 
shells of revolution. 


Statement of Problem 

We consider an element cut from a shell of revolution, Figs. 1 
and 2. The curvilinear co-ordinates, a and 8, are lines of princi- 
pal curvature of the middle surface of the undeformed shell. The 
z-axis is taken normal to this surface. Associated with these 
orthogonal axes a, 8, and z, are the displacements u, v, and w, 
respectively. 

Axisymmetric deformations usually are characterized by the 
displacements u and w as a function of one co-ordinate only and 
v = 0. Here, however, we stipulate that 


u= ua 
v( a (1) 
wes wad 


Substituting (1) into the stress-strain® and strain-displacement‘ 
relations yields the specialized stress-strain relations 


= Fé 1 Ow pw Ae l 
Ta = = + u + + 
1 — uw? LA; Oa A,Az Oa R, 


1 Also, Dean, School of Engineering and Science, Fairleigh Dickin- 
son University, Teaneck, N. J. 

? The problem considered here arose during the course of a doctoral 
dissertation at the Polytechnic Institute of Brooklyn, conducted by 
H. Garnet, under the supervision of Prof. Joseph Kempner. 

3V. V. Novozhilov, ‘“‘The Theory of Thin Shells,”” P. Noordhoff 
Limited, Groningen, Netherlands, 1959, p. 52. 

4 Ibid., p. 24. 
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E6* 1 oO 
M, = : - 
*) LA; da@ A; da Rf 


Tap = T ga = 


2 


~ 1201 — »* 


Fig. 1 Co-ordinate 
notation 


Fig. 2(a) 
Mg a Mz 
io 


4 


Fig. 2(b) 


MB Ou 1 OAs 
+ + u 
Ay 0a A\Ase 0a 3 


(2b) 


Eé6 Ag re) ( v ) 
4 (2c) 
jl ow u ' 
mM OA: §1 Ow 
AiA: oa 1A, oa 


Z,w 


Force resultants 
Ma Mas 
a 


se 


Ry” 


Moment resultants 
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= E6* be As 
we 1200 — pw) LAAs dae 
+ 


Ee A; d 


M 
“1211 + ») 2 


=-alle 
@) os 


In the foregoing, 4 is the thickness of the shell and yu is Poisson’s 
ratio. The parameters A; and A: are metric coefficients, given 
in the usual form 


ds? = A;*da® + A,*d8? (3) 


Also R,; and R; are the principal radii of curvature. 

Substituting equations (2) into the force and moment equa- 
tions of equilibrium* we confirm that (1) describes a possible dis- 
placement field subject to the added restriction that the body- 
distributed forces must depend upon a@ only. Replacing the 
body forces by the inertia terms in the equations of equilibrium 
and neglecting the terms N,/R; and N:/R2, we have, letting p fig. 3 Torsional mode chap 
equal the mass density per unit thickness: 








1 dA or dtu Teble 1 
vate — Tp) =~ + As xr | — 9b =0 (4a) - 

AiAs ’ P lst Root | 2nd Root | 3rd Root] 4th Root] 5th Root 
(nly | (Dy | (aby | G-De | (by 








ae... (4b) 


da ot? 3.1416 
3.1427 


3.1455 


12.5664 | 15.7080 
2.5666 | 15.7082 
T 12.5674 | 15.7088 
oath iam nol mm I 3.1498 12.5684 | 15.7096 
‘ 3.1550 12.5698 | 15.7107 
3.1609 2.5713 | 15.7119 
1 As*Mas) . l 3.1675 6.2965 4 12.5731 | 15.7133 
— = Nn, 
A\A;* da 3.182 6.304 4 12.577 15.716 


N PMO BR DO bo 
On OU S 
wure © 


aa 
A 1A 





OAz oMa ; 3.197 6.312 Aud 12.581 15.720 
(at — Mp) + As ad = Na (4e) 3.235 | 6.335 af 12.593 | 15.729 
; 3.271 6.357 ef 12.605 15.739 
where Ng is a function of u and w only and Ng depends on v alone. rer eo a aaa 5 fae “= = 
The first three equations in the foregoing are the conditions for 
force equilibrium in the a, 8, and z-directions, respectively. The >. 4 3m 6.445 | 4 12.657 15.782 
transverse shear Ng, appearing in (4c), may be eliminated by a ee mt ee 15.802 
using the moment equilibrium equation (4e). Attention may 5498 6.546 | 9.626 2.728 35842 
then be confined to (4a), (4b), and (4c). Examining equations 0 3. 5S .673 12 , | 15.879 
(4a, b, c) and recalling the stress-strain relations (2) we not that 12 305 63 15.913 
(4b) depends upon v only. The two remaining equations are 3 ae " oe eo 
functions of u and w only. Hence for shells of revolution the H 4 i ie 796 &.. . fs wet 
torsional mode of vibration is uncoupled from the bending and a 667 "249 9. 53 12.920 16.020 
extensional modes. 
We now restrict our attention to the torsional modes described 16.07 
by (4b). To this end we put (2c) in (46) to obtain r Sane 5 Bhd "i 13.02 se 


2 fat 2 (2)] At we gs (At) o% (» ww | 3743 | essen | $296 | 13.06 | 16.17 
0a Ai da A; E ; A, ot? A: ; 6. ° g 13.10 | 16,21 


(5a) 


Letting a av oV 
— | f(a) — | = A;*A*f(a) — (6) 
oa oa ol? 























The variable V appears to be an efficient parameter, since the 
boundary conditions on v also depend on v/A; or V. If we as- 
sume V in the form 


V = X(aje'*# (7) 
equation (6) reduces to the Sturm-Liouville equation 


we have d dx 
patti — | f(a) — | + A;*A*p*f(a)X = 0 (8) 
§ Novoshilov,* p. 36, equations (7.4), and p. 38, equations (7.8). da da 
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The boundary conditions are either 
V = Vo; at @ = a; restrained edge 
or from (2c) 
Eé A:\ OV 
- — i —— «= (Tash; at 
21 + p) (4) aa i 8 


Conical shell. Equation (8) will now be solved for the torsional 
vibrations of a conical shell fixed at both ends. Here 


@ = a; loaded edge (9b) 


A, = 1 

A; = asin ¢g, ¢ = const; semivertex angle of cone (10a) 
% Sala; &>O 

Then from (5b) 

f(a) = a’® sin’? ¢ 
and (8) becomes 

+3 =. + \*p*aX = 0 

da 


Equation (10c) is Bessel’s equation and has the solution*® 


1 
xX = a [CiJ (Apa) ow C:Yi(Apa)) (11 


¢* E. Kamke, “Differentialgleichungen Lésungsmethoden und 
Lésungen,”’ Chelsea Publishing Company, Bronx, N. Y., 1948, p. 
440, equation 2.162 (Ia). 
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where C, and C; are arbitrary constants. At a fixed end (9a), 


X(a) = 0 (12) 


It is to be noted that equation (10c) is independent of the semi- 
vertex angle g of the cone. Consequently, equation (10c) is 
also the controlling equation for the torsional vibration of a flat 
annulus. Hence the solution obtained for the cone is valid for 
the annular disk. 

From (11) and (12), the characteristic equation for the fre- 
quencies of the cone p is 


JLW) Yin) — Jilon) Yip) = 0 


y - Apa, 


This equation has an infinite number of roots. The first five 
have been tabulated by Dwight’ and are reproduced in Table 1 
for values of 7 from 1 to 50. The mode shapes associated with the 
first three frequencies for the case 7 = 10 are shown in Fig. 3, 
where v/sin ¢ is plotted to show the variation of the displace- 
ment v along the meridional co-ordinate a. 


(13) 
where 


and 7 = @:/a% 
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Dynamics of Nonholonomic Systems 


A general method for obtaining the differential equations governing motions of a class 
of nonholonomic systems is presented. Several supplementary theorems are stated, 


and the use of the method is illustrated by means of two examples. 


a a dynamical system S whose configuration 
in a Newtonian reference frame R* can be specified by n gen- 
eralized co-ordinates g, (r = 1, . . ., n) and which is subject to 
constraints such that m nonintegrable differential equations of the 
form 


n 
z: AG, +B, =0 (s =1,...,m) (1) 


r=1 


where A,, and B, (r = 1,...,n; s = 1,..., m) are functions of 
Gy - - ++ Qa» and the time ¢, must be satisfied throughout every 
motion. For the sake of brevity, such systems will be called 
nonholonomic, although this term is sometimes taken to have 
a broader meaning. (Note that the situation described includes, 
as a special case, holonomic systems; i.e., systems whose gen- 
eralized co-ordinates are completely unrestricted within their 
range of definition. ) 

As equations (1) are linear in q,, . . 
m, say the last m, of these quantities: 


-» Gn» they may be solved for 


Gute = >, GCrate+D, (8 =1,... 
r=] 


where C, q+, and D,(r = 1, ..., #; s = 1,..., m) are again func- 
tions of q@:, . . ., Ga, and t, and # = n — m is the number of de- 
grees of freedom of the system. 

Let P; be a typical particle of S and p; the position vector of P; 
relative to a point fixed in R*. Then p; may be regarded as a vec- 
tor function of the independent variables, q., . . ., g,, and t, and 
the velocity v”' of P; can be expressed as 


, dp “. op op 
P; on = =n Pe - ——- (3) 
a > ae, oe 


or, splitting the sum in the right-hand member into two parts, as 


> oe Op Op Op; 
F ‘ ' . j 
‘= r + ay n> + (4 
? 04, , s=1 Ogn+e” 2 | 


p=] 


Substitution from equations (2) into equation (4) then gives 


n op m dp 
P ‘ ' Y 
vis > + > Criit+s ) 4%, 

> (2 sn 1 Oats ‘ .) 


m 


+ » Op D, + a (5) 
fn OWit+s ot 

1 Formerly, Associate Professor of Mechanical Engineering, Uni- 
versity of Pennsylvania, Philadelphia, Pa. 
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and, if # vectors v.¢,/‘ (r = 1, .. ., #) are defined as 


OP 
Crate 
sm Odnit+s 


(r = 1. 


equation (5) reduces to 


n m 
P Pus op, op, 
_= ar Qe + D, + 
wm 2 vat 20 D+ S 


r=1 s=1 


The vectors v.¢,/, introduced in equations (6), play a central 
role in the sequel. Note that they need not be evaluated by means 
of equations (6), which might be very laborious, but can, in fact, 
be found by inspection as soon as any expression for v‘* in terms 
of qm, ..., dg, and gi, . . ., ga has been obtained: Equation (7) 
shows that v.¢,/ is simply the coefficient of ¢, in such an expres- 
sion. 

The m equations obtained by setting B,, . . ., B,, equal to zero, 
and ¢, wherever it appears explicitly, equal to any constant, say 
i, in equations (1) are called equations of instantaneous con- 
straint: 


> A,G, = 0 (s = Re eee m) 


r=1 


For motions of S compatible with these equations, D, must be 
deleted in equations (2) and, as dp,/dt is equal to zero when ¢ is 
held constant, it then follows from equation (7) that the equation 


n 
os = Dove? Gy (9) 


yields for every arbitrary assignment of values g, to g, (r = 1, .. ., 
fi) a velocity ¥”* of P; compatible with equations (8). This is 
the underlying reason for the importance of the quantities v,¢,/", 
and it suggests, in view of equations (6), that v.¢,* may be de- 
scribed verbally as the partial rate of change with respect to q, 
of the position of P; in R*, compatible with the instantaneous 
constraints. 

When some of the particles of S are rigidly connected to each 
other, forming a rigid body R, the angular velocity w* of R can, 
in general, be expressed as [1]? 


n 
@? = > w,” gd, + w,® (10) 


r=1 


where w,” and w,* are functions of qi, . . ., g,, and ¢. Elimination 


of Ga+1, -- +) %, by means of equations (2) then leads to 


n m 
wo = te (w. + Dy weave) t 


r=1 s=1 


m 
+ > wats" D, + w,® (11) 


? Numbers in brackets designate References at end of paper. 
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so that, if # vectors @¢,” (r = 1, . . ., #) are defined as 


m 
@¢," = w,” + ) wits” Crits (r =1,. 
s=1 
the angular velocity is seen to be given by 


n m 
@® = ) : @ ¢,” qr + , Wa+ Pai D, + w,” 
s=l 


r=1 


(13) 


As w,* (like Op;/dt) vanishes when ¢ is held constant, it follows 
from equation (13) that every angular velocity G* given by 


, 
R . r 

ah a R 

a” = ) Dior Fr 


r=1 


(14) 


-» Ga are values arbitrarily assigned to q;, . . ., Gn, is 
Accord- 


where & » 
an angular velocity of R compatible with equations (8) 
ingly, @.¢,” may be described as the partial rate of change with 
respect to q, of the orientation of R in R*, compatible with the in- 
stantaneous constraints. Note that once again it is not necessary 
to use the defining equations to determine the quantities of in- 
terest: we,” can be found by inspection as soon as any expression 
for w* in terms of q, . . ., g, and g:, . . ., ga has been obtained, be- 
cause equation (13) shows that w ¢,” is the coefficient of ¢, in any 
such expression. 

It may be verified that the following f relationships, which 
involve both partial rates of change of position and partial rates 


of change of orientation, 


viexe = vie? + @e” Xe (r =1,..., A) (15) 


where P and Q are points fixed on R and r is the position vector 
of P relative to Q, are a consequence of equations (5), (7), (11) 
(13) and the well-known relationship 


we =v+w Xr 


where v’ and v® are the velocities of P and Q. 


Kinetics 

Let N be the number of particles comprising S, and F, the re- 
sultant of all gravitational and contact forces acting on particle 
P,. Such forces will henceforth be called “active forces,’’ and 
they may be forces exerted on the particles of S by each other or 
by bodies which are not a part of S 

K,,, defined as 


N 
K., = > ver F; ( =1,.. 
1=1 


see equations (6) for v a! ‘] will be called the generalized active 


(16) 


force corresponding to q,; and Kg,’, defined as 


N 


K,,’ = >» Vier! § F,’ SP «ot... 


t=1 


(17) 


where F,’ is the inertia force associated with P; in reference frame 
R*, will be called the generalized inertia force corresponding to q, 
(In terms of the mass m, and acceleration a’ of P,, F,’ is given by 
F,’ = —m,e!", and the line of action of F;’ passes through P;.) 


Equations of Motion 


D’Alembert’s principle, applied to P;, asserts that 


F,.+F,’ =0 (@ =1,...,N) (18) 


Multiply equations (18) scalarly with vo”, add the resulting 
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equations, and use equations (16) and (17). This gives the fi 


equations 
K. + Ke,’ =0 (& =1,...8 (19) 


which, together with the m equations (2), furnish n equations 
governing all permissible motions of the system S 

The ease with which equations (19) were obtained is, perhaps, 
deceiving; that is, it may cause one to wonder whether anything 
useful can have been accomplished. Nevertheless, this is the case. 
For, among others, precisely those forces which render problems 
of the class under consideration difficult have been eliminated by 
the foregoing procedure. To be more specific: Suppose that the 
set of active forces F,, . . ., Fy contains a subset of forces F,, ; Fy 
some of which may be equal to zero) such that 


20) 


for every set of velocities #”", . . ., 7”* compatible with equations 


8). Then, using equation (9), 
n 


N 
> v me 
t=1 


r=1 


-F, G, = 0 


or, interchanging the order in which the summations are per- 
formed, 


> Vv art '-F, q, = 0 
i=! 


from which it follows, in view of the fact that any values whatso- 


ever may be assigned to qi, . . ., ga, that 


N 


F vaPt, <0 


i=! 


. - to Ke, [see 


“non- 


which shows that the total contribution of F,, 
equations (16)] is equal to zero Now, the 
holonomic constraint forces’’ turn out to be precisely such forces 


so-called 


Thus the present method eliminates them from further considera- 
tion. 

The validity of the claim made in the preceding paragraph has 
not, of course, been proved. Hence, when dealing with particular 
problems, one must retain all forces acting on particles of S, 
unless one has first shown by means of equation (20) that they 
may be omitted. Those which could have been omitted will then 
disappear automatically. 

The forces exerted on a rigid body by any surface on which the 
body rolls can easily be shown to belong to the class of forces 
which contribute nothing to K,,: During every motion of S 
compatible with equations ‘8), such a surface is at rest and, by 
definition of rolling, the velocity v’ of any particle P; of the 
rolling body must thus be equal to zero when P; is in contact with 
the surface. Consequently, equation (20) is satisfied. 

It may be verified that other forces which do not contribute to 
K,, are those listed by Whittaker [2] as “forces which do no 
work.” 

Equations (19) will now be used for the solution of an illustra- 
tive problem. 

Consider the following system: Two sharp-edged circular disks, 
D and D’, each of radius r, are mounted at the extremities of a 
rod of length 2r, the axis of the rod coinciding with the axes of 
the disks. Each disk is free to revolve about the rod as an axis, 
and equal particles, P and P’, whose masses are large in compari- 
son with those of the disks and of the rod, are placed at the 
centers of D and D’. Equations governing the motion of this 
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Fig. 1 


system on a perfectly rough plane inclined at an angle @ to the 
horizon are to be obtained.* 

In Fig. 1, X, and X; designate orthogonal axes fixed in the plane 
on which the motion takes place; z, and z, the X; and X; co- 
ordinates of the mid-point of the rod; Ni, Ne, Ns mutually per- 
pendicular unit vectors; m, mz, n3 mutually perpendicular unit 
vectors, with n; = N;; wand y’ angles between lines fixed in the 
disks and a line normal to the plane; and @ the angle between the 
rod and the X-axis. 

If the plane is perfectly rough, every motion of the disks is a 
rolling motion and the velocities v? and v?’ of P and P’ can be 


expressed as 
—rvm, vy?’ = —ry'm (21) 


But, as both P and P’ lie on the same rigid body, v” and v”’ are 
not independent: 


vy? = 


ve’ ms yh + on; X (—2rm) (22) 


Consequently 
ry’ = ry os 2rd 
and, integrating, 
ry’ — Yo’) = rib — Yo) + 2r(d — do) 

where Wo, Yo’, and gp» are the initial values of , W’, and @. 

The velocity of the mid-point of the rod is equal both to 

ZN: + @:N2 
and to 
vP + ons xX (—rm) 

Equating these and using the first of equations (21), one finds 
that 


a = +d) sind, # = —ribv+¢)cos@ (25) 


The configuration of the system can be specified completely 
by the quantities ¢, ¥, ¥’, 2, x2. As equation (24) yields y’ 
as soon as @ and y are known, W’ need not be considered further. 
Equations (25) may be regarded as playing the part of equations 
(2) of the general theory, and differential equations governing ¥ 
and @ will be obtained by using equations (19). 

After noting that, from the second of equations (21) together 
with equation (23), 


* The author first encountered a modified form of this problem in a 
course given by Prof. 8. L. Quimby at Columbia University. 
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v?’ = —r(b + 26)m 
the required partial rates of change of position are found by 
inspection: 
(26) 


—rm, vy? = —rm (27 


The only active forces which contribute to Ky and Ky are two 
gravitational forces, one acting on P, the other on P’, and both 
given by 


G = mg(sin 6 Ne — cos 8N,) (28) 


where m is the mass of either particle. Thus from equations (16) 


and (26)-—(28), 


Ke = ve? -G + vg? -G = 2grm sin 6 sin d (29) 


Ky = vy?-G + vy? -G = 2grm sin 0 sin 
The accelerations a? and a?’ of P and P’ are given by 


dv? ie a 
= = ri yn, _- vm) 


31) 
dt ( 


a? = 


, 


d P i ‘ - a 
= = roy + 26)m — (WY + 2f)ma] 


a?’ = (32) 


Hence equations (17), (26), (27), (31), and (32) lead to the follow- 
ing generalized inertia forces: 
Kg’ = v.6?-(—ma?) + v.g?-(—ma?’) = —2mr%(b + 26) (33) 


Ky’ = v.y?-(—mea?) + vy? (—ma?’) = —2mr*(p +) (34) 


Substitution from equations (29) and (33) into equation (19 
gives 


J +26 = ‘ sin 6 sin @ 


and equations (30), (34), and (19) yield 


J+¢o= = sin 8 sin 


System Containing Rigid Bodies 


As the definitions of the generalized forces Kg, and Kg,’ [see 
equations (16) and (17)] involve the individual particles of the 
system S, the application of equations (19) to systems containing 
one or more rigid bodies would be burdensome, were it not for the 
fact that the contributions to Ke, and Kg,’ of forces associated 
with the particles of such bodies can be expressed in various forms 
which make it unnecessary to consider the particles individually ; 
that is, a gross separation of kinematic ingredients from kinetic 
or inertial ingredients of these contributions can be effected. 
Two theorems, illustrating this fact, will be discussed. 


1 Suppose that the first N’ particles of S are rigidly con- 
nected to each other, forming a rigid body R. Let F be a force, 
applied at a point P of R, and T the torque of a couple,‘ such that 
this force and couple are together equivalent® to the system of all 
active forces exerted on R by other bodies. (Note that the system 
of active forces exerted on R by other bodies is not identical with 
the system of all active forces F,, . . ., Fy’ associated with the 


‘ Reference [3], p. 97. 
* Ibid., p. 104. 
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body FR; the latter contains forces exerted by the particles of R 
on each other, the former does not.) 
It will be shown that the contribution to Kg, of the forces F,, 


..., Fy’ is given by 
N’ 
, Vier) * F; = Vier? -F + @ ¢,” -T (r = 1, es | it) 


‘= 


(37) 


where v.¢," and @¢,” (r = 1, . . ., #) are partial rates of change of 
position and orientation, of the kind defined by equations (6) 
and (12). 

Let ¢; be the position vector of a typical particle P; of R, rela- 
tive to point P. Then, in accordance with equations (15), 
ver + @e" Xe ( =1,..., (38) 
Hence 
N’ N’ N’ 
+> Voy! *F; = } Vier? -F; + > @ 0," x nF; 
r=1 i=1 r=1 

N’ 


N’ 
- vie? DD F; + we"), 1 XF @ =1,..., 4) 


i=1 i=1 


(39) 


Now, the law of action and reaction asserts that those of the 
., Fy* exerted by the particles of R an each other 
Consequently 


forces F,, . . 
constitute a self-equilibrating set. 


N’ 
oF. 
i=1 


is equal to the resultant of all active forces exerted on R by other 
bodies, and 


NW’ 
7% xX F; 
i=l 


is equal to the sum of the moments of these forces about the point 
P. It thus follows from the definition of equivalence of two 
systems of vectors that 

N’ 

F; = 

t=1 
and substitution of these results into equations (39) gives equa- 
tions (37). 

2 Ina manner similar to that employed in the foregoing, it 
may be verified that the contribution to K,,’ of the inertia forces 
F,’, .. ., Fy’ associated with the rigid body R is given by 

N’ 
» vient F,’ = vio?” FR + @ ¢-” -T# 


1=1 


(40) 


where P* is the mass center of R, and F* and T® are the inertia 
force and the torque of the inertia couple* acting on R. To ren- 
der the present discussion self-contained, it is noted that 


Fe = —ma’* (41) 


where m is the mass of R and a’* the acceleration of the mass 
center P*, and that one form in which T® may be expressed is 


T? = [( Deo - Das we” w,* = dy; a"), 
+ [(dss — Di )ws® w” — he az”) ne 


+ (du — dn ear ® rg” = is a"); (42) 


where n;, m2, n; is a right-handed set of mutually perpendicular 
principal directions of R for P* (and m, ne, ns need not be fixed 
in R); w,;" and a,*® (i = 1, 2, 3) are the n; measure numbers of, 


* Reference [4], chap. 4. 
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respectively, the angular velocity w* and angular acceleration 
a” of R in the Newtonian reference frame R*; and ¢,; is the 
moment of inertia of R with respect to a line passing through P* 
and parallel to n,. 

As an illustration in the use of these results, consider a system 
geometrically identical with that discussed in the earlier illustra- 
tive problem, but having the following inertial properties (Fig. 1): 
Each of the disks D and D’ has a mass m which is large in com- 
parison with that of the rod and of the particles P and P’. 
Mi, M2, M3 are principal directions of the disks for the mass centers of 
the disks (for all values of Y and wy’), these mass centers 
coinciding with P and P’, respectively; and the associated 


moments of inerti» have the values 


mk? 


gu = mk*, on = Ou = 2 


(43) 


As the total contribution to Ky and Ky of forces exerted on D 
and D’ by the supporting surface and by the rod is equal to zero, 
and the system of gravitational forces acting on the disks is 
equivalent to the system of gravitational forces previously as- 
sociated with the particles P and P’, it follows from equations (16) 
and (37) that Ky and Ky are again given by [see equations (29) 
and (30)] 

Ky = Ky = 2qrm sin @ sin } (44) 

Ir accordance with equations (17), (40), and (41), the general- 
ized inertia forces become 


Kg’ = v.¢?-(—ma”) + ve” -(—ma? ) 

+ w,2-T? + wg?"-T?” (45) 
and 
Ky’ = v.y?-(—ma?) + vy? -(—ma? ) 

A @,y?-T? é @y? -T? (46) 
where, from equations (42) and (43), 


mk? 
T? = - > [2a,? m + (@:? w,? + G2? nz — (cw? we? — ay? ns) 


1’ - mk? 


- 


[2ay? m + (a5?’ an? + a2” )m 


— (wi? wr? — ays? ns] 
@? = Yn, + ons 


@?’ = ¥’m + om = (vy + 26)m + Om: 


Hence 


Furthermore 
dn + von: + ons 


dea? — , ; 
a?! = —— = (P+ 28)m + HY + 2b)m + Sms 


Carrying out the operations indicated in equations (45) and 
(46) [which is facilitated by using equations (33) and (34)], one 
finds 
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Kg’ = —2m(r? + k*)(p + 26) — meh (47) 


Ky’ = —2m(r? + ky + ) (48) 


Equations (19), (44), (47), and (48) then lead to the following 
differential equations of motion: 
4r? + 5k? . 
2(r? + k*) 


gr . ‘ 
rere sin 6sin @ 


y+ 


gr . . 
——— sin Osin 
r? + k? 

For k = 0 these equations reduce, as they must, to equations 
(35) and (36), respectively. 


Conclusion 

A general method for obtaining the differential equations gov- 
erning motions of both holonomic and nonholonomic systems has 
been presented. When applied to holonomic systems, it differs 
from the method of Lagrange’ in this respect: The requisite 
kinematical analysis must be carried further than when one uses 
Lagrange’s equations. That is, accelerations and, if the system 
contains rigid bodies, angular accelerations must be studied, 
whereas Lagrange’s equations, involving kinetic energies, can be 
formed as soon as sufficient information about velocities and 
angular velocities is available. This is a disadvantage of the 
present method. However, it is less serious than it might ap- 


7? Reference [2], p. 34. 
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pear to be, because the partial differentiations (of kinetic energy) 
required by Lagrange’s method can at times become very 
laborious, even in situations in which the study of accelerations 
would not be so. Thus, for holonomic systems, the relative ad- 
vantages of these two methods depend on the character of the 
problem under consideration. 

As regards nonholonomic systems, the new method enjoys a 
clear-cut advantage over the Lagrangian one applicable to such 
systems; i.e., over the use of undetermined multipliers.* 

The foregoing methods can also be compared with one sug- 
gested by Appell,? which is applicable to both holonomic and 
nonholonomic systems and shares certain features, albeit the 
worst, with each of the other two: Appell’s equations require 
partial differentiations of a scalar function which depends on ac- 
celerations, and accelerations enter this function in such a way 
that no readily available results [compare with equations (40)- 
(42)} can be used to suppress the appearance of individual 
particles. 
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Shear Deformation on the Frequency and 
Normal Mode Equations of Uniform Beams 


With Simple End Conditions 


New frequency and normal mode equations for flexural vibrations of six common types 
of simple, finite beams are presented. The derivation includes the effect of rotatory 
inertia and transverse-shear deformation. A specific example is given 


i classical one-dimensional Bernoulli-Euler theory 
of flexural motions of elastic beams has been known to be in- 
adequate for the vibration of higher modes. It is also inadequate 
for those beams when the effect of the cross-sectional dimensions 
on frequencies cannot be neglected. Rayleigh [1]! introduced the 
effect of rotatory inertia and Timoshenko [2, 3] extended it to 
include the effect of transverse-shear deformation. On the other 
hand, the exact equations, due to Pochhammer [4] and to 
Chree [5], have been derived from the general equations of the 
theory of elasticity, and the resulting frequency equation for 
flexural vibrations is discussed by Bancroft [6] and the necessary 
computations are carried out by Hudson [7]. Davis [8] shows 
that the results from Timoshenko’s equation are in remarkably 
good agreement with those obtained by Hudson from the exact 
elasticity equations. 

Since then there has been considerable research interest in 
applying the Timoshenko theory to the transient responses of 
beams as well as the free and forced vibrations. The present 
paper deals with the frequency equations and normal modes of 
free flexural vibrations of finite beams including the effect of shear 
and rotatory inertia for various cases of simple beams. Anderson 
[9] and Dolph [10], in dealing with this problem, give general 
solutions and complete analysis of uniform hinged-hinged beam. 
Using methods of Ritz and Galerkin, Huang [11] also presents 
the results for a hinged-hinged beam. Dolph, in addition, in- 
cludes the analog-computer solution for the free-free beam due 
to Howe, et al. [12]. Earlier, Kruszewski [13] obtained frequency 
equations for cantilever and free-free beams by solving a com- 
plete differential equation in deflection with prescribed non- 
homogeneous boundary conditions. Some of these conditions 
are lengthy and complicated and make the problem not easy to 
deal with. It is these nonhomogeneous boundary condition: 
which limit his solutions only to the two types of beams men- 
tioned. In the present paper a somewhat different approach is 
used. 
two complete differential equations in total deflection and bending 


The novel features are (a) the solutions are obtained for 


1 Numbers in brackets designate References at end of paper. 
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slope, respectively, (b) the constants in these solutions are related 
by any one of the two original coupled equations from which the 
foregoing two complete differential equations are derived, and (c) 
the boundary conditions prescribed are homogeneous. The fre- 
quency and normal mode equations for all six common types of 


simple, finite beams are obtained. A numerical example is given. 


Differential Equations and Boundary Conditions 
The coupled equations for the total deflection y and the bending 
slope are given by Timoshenko [14] as 


0? ra) 
er + 5 (22 - v) AG 


ox? oz 


Ty Oy _ 
g Ot? 


0 


/A 2 2? 
7 yp (SY) sano 


g oat or? =r 


in which 
E = modulus of elasticity 
G = modulus of rigidity 
I area moment of inertia of cross section 
A cross-sectional area 
¥ weight per unit volume 
k numerical shape factor for cross section 


Eliminating y or y from equations (1) and (2), the following 
two complete differential equations in y and W are obtained: 


(z aI 1) dty 
q 


_, Of” 
mM 
gk G/ dxdt? 


, A o*, 
EI Y y 


oz‘ g ol? 
yl y Oty 

g gkG ot* 
oy 


, AXD2 a: -_ a 
ro 4 7 vy (2 i 7) v 
or g° rot? g gk G/ dzx*dl? 


+ 


yy oy 
g gkG ot‘ 


y = Ye! 
y = Weir 


& = 2/L 
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= normal function of y 
= normal function of ¥ 
= nondimensional length of beam 


| = an 
= angular frequency 
= length of beam 
Omitting the factor e#?', equations (1) to (4) are reduced to 
sy” — (1 — brs) VW + Y’/L = 0 (8) 
Y” + b's*¥ — LV’ = 0 (9) 
Yi¥ + bYr? + s*)¥” — bX1 — b*r*s?) ¥ = 0 (10) 
Wir + bXr? + 8*)W" — bY1 — bs) ¥W = 0 (11) 
where 
1 yA 


b? = — — Lp? 
g 


7 (12) 


(13) 


r? = 


AL? 


EI 
kAGL* 


(14) 


and the primes for Y and WV represent differentiation with respect 
to f. 


The necessary and sufficient boundary conditions for the beams 
are found as follows: 
Hinged end 


(15) 

(16) 
Clamped end 

(17) 

(18) 
Free end 


(19) 


Solutions 
The solutions of (10) and (11) can be found as 


C; cosh baé + C; sinh bat + C; cos bBE 
+ C, sin bBE 
C;’ sinh bat + C;’ cosh bak + Cy’ sin bBE 
+ C;,' cos bBE 


(21) 


(22) 
where 


a 


B 


= = {F(r? + s%) + [(r? — 8%)? + 4/b%]'/*}'7 


[(r? — 8%)? + 4/b3]'* > (72 + 8%) 


is assumed. 
In case 
580 / 
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[(r? — 8%)? + 4/b*]'7* < (r? + 8%), 
we write 


{(r* + 8%) — [(r? — 8%)? + 4/09)'4)'95 = ja’ 


1 
a= V2 
then (21) and (22) are replaced by 

Y = C, cos ba’ + jC; sin ba’t + C; cos bBE 


+ C,sin b8& (25) 


WY = jC,’ sin ba’E + C,’ cos ba’t 
+ C;’ sin bBE + C,' cos BBE (26) 
Solutions of (21-22), or (25-26) are naturally the solutions of the 
original coupled equations (8) and (9). 
Only one half of the constants in equations (21) and (22) are 
independent. They are related by the equations (8) or (9) as 
follows: 


L 
C, = — [1 — b%s%a? + r))C,’ (27) 
ba 


L 
C. = — [1 — b*s%a? + rJC,’ (28) 
ba 
L 
bB 
L 


op [i + beM Bt — ric 


[1 + b%s% 8? — r?)|C,’ (29) 


C7; = — 


(30) 


C= 


Frequency Equations 


The application of appropriate boundary conditions (15-20) 
and relations of integration constants (27-34) to equations (21) 
and (22) yields for each type of beam « set of four homogeneous 
linear algebraic equations in four constants C,; to C, with or 
without primes. In order that the solutions other than zero may 
exist the determinant of the coefficients of C, must be equal to zero. 
This leads to the frequency equation in each case from which the 
natural frequencies can be determined. 

In the following, six common types of beams will be identified 
by a compound adjective which describes the end conditions at 
& = Oand = lorz = Oandz = L. They are (a) supported- 
supported or hinged-hinged, (6) free-free, (c) clamped-clamped, 
(d) clamped-free, (e) clamped-supported, and (f) supported-free. 

The frequency equations thus obtained are as follows: 


(a) Supported-supported beam 
sin b8 = 0 (35) 


(b) Free-free beam 
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b 
ma Oa —. 
2 — 2 cosh ba cos bB + Gl — bran” 


[b*r(r? — s2)? + (3r? — s*)] sinh ba sinbB = 0 (36) 


(c) Clamped-clamped beam 


b 
— 2 cosh ba cos b8 + (1 — bre) 


[b%s%(r? — s?)2? + (3s? — r?)] sinh ba sin b8 = 0 
(d) Clamped-free beam 
+ [b%r? — 8%)? + 2] cosh ba cos b8 
b(r? + 8?) 


— a penn sinh ba sin b8 = 0 
(e) Clamped-supported beam 
At tanh ba — tan b8 = 0 
(f) Supported-free beam 
A tanh ba — ¢ tan b8 = 0 
in which 
A = a/B 
€ = (a? + r2)/(a? + 8%) = (8? — 8*)/(B? — r?) 
= (a? + r*)/(B? — r*) = (8? — s*)/(a® + 8°) 
When 
[(r? — 8%)? + 4/b%]'/* < (r* + 52), b*r2s? > 1 
correspondingly. It is convenient to use a = ja’ and 
(1 — b*r%s2)'/* = j(b%r%s? — 1)'/2 (43) 
\ = jr’ (44) 


where \’ = a’/8 and transform the frequency equations (31-36) 
for the case 


[(r? — 82)? + 4/b*]'/* > (r? + 8?) 
to those for the case 
[(r? — 82)? + 4/b*]'/? < (r? + 8?) 


Thus we obtain the frequency equations as follows: 
(a) Supported-supported beam 


sin b8 = 0 
(b) Free-free beam 


b 


(br2s? — 


2 — 2 cos ba’ cos b8 + mY 
[b*r%(r? — 52)? + (3r? — s*)] sin ba’ sin bB = 0 


(c) Clamped-clamped beam 


2 — 2 cos ba’ cos bB + (b¢r%e? — 1)'72 
i, los?” Xd 


[b*s%r? — 82)? + (3s? — r?)] sin ba’ sin b8 = 0 
(d) Clamped-free beam 
2 + [b%r? — s*)? + 2] cos ba’ cos b8 


adhe a —— 
~ (big? - pi Sin ba’ sin b8 = 0 
b3r2g? — . 
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(e) Clamped-supported beam 

Af tan ba’ + tan b8 = 0 
(f) Supported-free beam 

\’ tan ba’ + ¢ tan b8 = 0 


Normal Modes 


For each type of beam the roots of the frequency equations, 6i, 
i = 1, 2, 3, ..., give the eigenvalues of the problem. The cor- 
responding eigenfunctions, normal modes Y; and V,, can be ob- 
tained accordingly. In the following list of normal modes the 
subscript i is omitted for Y, V, b, a, 8, and the constants D and H. 
Since the coefficients in Y and WV are related, the constants D 
and H are connected through any one of the equations of (27-30) 
or (31-34). 

The normal modes Y and V for various simple beams are as 
follows: In case there are two pairs of Y and WV the first pair is 
for the case when 


[(r? — 8)? + 4/b*]'/* > (r? + 8%) 
and the second pair, 
[(r® — s%)* + 4/b*]'/* < (r? + 8%). 


(a) Supported-supported beam 
Y = Dsin bBé 


V = H sin dBi 


(b) Free-free beam 


1 
Y=D [cost bat + Ad sinh bak + ¢ cos bBE 
+ dsinb ae 
6 . ™ 
V = H | cosh baé — X sinh ba& + ¢ cos bBE 


- ; sin sat 


where 


cos 6B 
¢ sin bB 


‘ cosh ba 
A sinh ba 


1 
D [ cos ba’E —X'n sin ba’t ¢ cos bBE 
+ 7 sin oat | 


H [os ba’é < sin ba’t f cos bBE 


+ sin sat 
n 


where 


cos ba’ — cos b8 


(58) 


~ \’ sin ba’ + ¢ sin 68 
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(c) Clamped-clamped beam 


Y = D{cosh baé + AL6 sinh bak — cos BBE + 6 sin BBE] ” 


rv sin ba’ — sin b8 
6 * f cos ba’ + cos b8 

— [sont riathd Af stsitaes \’ sin da’ — sin b8 
1 
— cos b8E + 6 sin ose t cos ba’ + cos b8 


_oe (e) Clamped-supported beam 


—cosh ba + cos bB Y = D[cosh bat — coth ba sinh bai 


XE sinh ba + sin b8 — cos bBE + cot b8 sin BBE] (75) 


—coah 
eet eee Vv =H [ cosh bat + - sinh bat 


ES sinh ba + sin b8 
— cos b8E + 6 sin o3t | 


and 


Y = D{cos ba’t — \X’fn sin ba’t — cos bBE + 7 sin DBE] (63) 


r u \ sinh ba + sin b8 
WV = dH |! cos ba’E + — sin ba’t Ge -- i - 
L A's 2 — 
¢ cosh ba + cos b8 


— cos bGE + yw sin oat | 


where D{cos ba’— — cot ba’ sin ba’~ 


cos ba’ — cos b8 — cos bBE + cot bB sin bPE) 
ahi \’f sin ba’ -- sin b8 1 
=H [coe ba’— — Was sin ba’t 
—cos ba’ + cos b8 = s 
= ; (66) 
Ve sin ba’ + sin b8 — cos b8& + wu sin 638 | 


(d) Clamped-free beam where 


Y = D{cosh baé — Xf sinh bat — cos DBE + 6 sin DBE] \’ sin ba’ — sin b8 
= 
cos ba’ + cos b8 


AS 


6 
V=H cost bak + ¥ sinh bat 


(f) Supported-free beam 

—- cos bBE + 6 sin s3t | 

cos b8 : 

— sinh bat + sin bBE 
, cosh ba 

where 

1 sin 58 

; sinh ba — sin b8 Vv = — ——— cosh bat + cos b8f 

X sinh ba 


¢ cosh ba + cos b8 


A sinh ba + sin b8 . cos b6 , 
G=- ——- d’ — sin ba’é + sin bBE 
cos ba’ 
cosh ba + cos b8 


1 sin 68 
v= — \’ ant — cos ba’— + cos bBE (84) 
sin 0@ 


_— S A. ‘Pr ai ba = — cos si , 4s . 
D{cos ba’— + A’En sin ba’E — cos bBE + 7 sin bBE] The condition of orthogonality of normal modes can be found 


[11] as 


, l 4 , 
= H | cos ba’t — —, msin ba’ 
A’s 


1 
f, (Y,Y,+7,°V,V,Jd&i =O mn (85) 
— COs é ; a . » . 

cos bO§ + w sin oat for mth and nth modes, and r, is the radius of gyration of the 


cross section around the principal axis normal to the plane of 
where motion and is given as 
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r = I/A (86) 


The normal modes would also be useful for studying the forced 
vibration of beams, and beam and plate vibrations by variational 
methods as they are used for conventional beams and plates. 


Deflection, Slope, Moment, and Shear 

With Y and ¥ known, the total deflection, slopes, moment, and 
shear can be written as follows: 

Total deflection 


=. wo . sass 
y = La,Y,e7"r* 


Bending slope 
y = 24,V,e7?"* 
Total slope 
dY; 
e 


dr 


Shear slope 
Moment 


Shear 


Oy 


or (92) 


Q=keAG =k ( v) AG 
The constants a,, €;, 4;, and é; have to be evaluated from the given 
initial conditions; i.e., the initial values of y and W and their time 
derivatives. 


Numerical Example 

For a given beam with r and s known, the b; (i = 1, 2, 3, .. .) 
can be found from the appropriate frequency equations and the 
How- 
ever, these frequency equations are highly transcendental and not 
to be solved simply. This difficulty is overcome by the use of fre- 
quency charts which are obtained from the solution of these 


corresponding p, are then calculated by the equation (12). 


transcendental frequency equations for various types of beams 
and various combinations of r and s. 

In this paper the frequency chart is given only for a special 
case of clamped-free beam as an illustration. Assume k = ?/;, 
E/G = */;, then E/kG = 4 and s = 2r for this special case. Let 
po be the corresponding frequencies from classical theory; the 
graphical representation of p/p» versus r for the first five modes of 
a finite cantilever beam is presented in Fig. 1 with the range of r 
from 0 to 0.10. It is seen that the reduction of the ratio of 
natural frequencies is increased by increasing the values of r and s 
and for the higher modes. In the curves shown as high as 70 
per cent reduction is possible. 

The application of these curves of the frequency chart will now 
be illustrated for a steel cantilever beam 14.4 in. in length, 1 sq in. 
in square cross section, E = 30 X 10° psi, and y = 0.28 lb/in.* 
Assuming k = #/;, F/G = */;, we have r = 0.02, s = 0.04. Since 
s = 2r we have from Fig. 1 

P/po = 0.985, 0.975, 0.930, 0.883, 0.835 (93) 


for the first five modes. Since 


Journal of Applied Mechanics 


we 


KS 
\\ \ 
\\ 
\ 


ANG 


\ ~ 


\ 
“Ss 2nd mode 


N 3rd mode 


\ 
2 
\ N\ 4th mode 


\ 


~*~ 
Nisth mode 


02 


0! 


° 0.02 004 006 008 O10 


r 
Fig. 1 Corrections in natural frequencies of a clamped-free beam owing 
fo rotatory inertia and shear deformation 


b lho = Pp ‘Po (94) 


and the corresponding b» are 


bo = 3.51, 22.0, 61.9, 121.2, 199.9 (95) 


we have 


b = 3.46, 21.4, 57.5, 107.0, 167.0 (96) 


The p; are then obtained from (12) as 


p = 977, 6040, 16200, 30200, 47200 (97) 
Equations (23) give values of a; and §; for each b;. The cor- 
responding values of \,, ¢;, 5;, and @; are then calculated from 
(41-42) and (69-70.) The normal modes Y and W are then given 
by (67-68). For the instance of foregoing example the superim- 
posed modes of the first five normal modes of Y and V are shown 
by the solid curves in (a) and (b) of Fig. 2, respectively. The 
relative magnitudes of each of these five component normal modes 
are so chosen that they reduce to the magnitudes according to the 
classical theory given by reference [15]. The corresponding 
superimposed modes of Y and V from these reduced magnitudes 
are shown by the dotted curves in the same figure for comparison. 

Frequency charts? for the first five modes of six common types 
of beams with various combinations of r and s are available. 
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Analysis for Calculating Lateral Vibration 
Characteristics of Rotating Systems With 


E. C. KOENIG 

Engineering Analysis Section, 
Allis-Chalmers Manufacturing Company, 
Milwaukee, Wis. 


Any Number of Flexible Supports 
Part I—The Method of Analysis 


A method is presented for calculating the lateral vibration characteristics of rotating 


systems and establishes improved criteria for design. 


The method is also applicable to 


the vibration analysis of interconnected beam systems which are nonrotating and lying 
in a single plane. This first part restricts itself to the development of the method of 
analysis. A companion paper describes the experiences related to the computer program 
and to some of the applications of the method since 1957. 


om many years, methods have been established for 
calculating the critical speeds of rotors of varying flexural rigidity 
with any number of rigid supports {1—4].'_ In recent years some 
improvements in the methods have been published, but they ap- 
ply mainly to two support systems [5-7]. Two-bearing rotors 


with equal support stiffness characteristics have been analyzed 
{8]. All these methods analyze the rotor systems as free-vibration 
problems and the results give only the values of the resonant fre- 
quencies of the rotor and the corresponding nodes. 

The method presented in this paper gives results which vastly 
improve the criteria for designing rotor systems and applies to 
multiple-support systems, with dissimilar elasticity and damping 


1 Numbers in brackets designate References at end of paper. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Seattle, Wash., August 28-30, 1961, of THe AMERICAN 
Socrety or MecHANtIcaL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial De- 
partment, ASME, United Engineering Center, 345 East 47th Street, 
New York 17, N. Y., and will be accepted until January 10, 1962. 
Discussion received after the closing date will be returned. Manu- 
script received by ASME Applied Mechanics Division, January 26, 
1961. Paper No. 61—APMW-I6A. 


in the bearings and dissimilar elasticity and masses of the bearing 
supports. It not only gives the values of the resonant frequency 
of a rotor but also provides the following information: 

1 Lateral deflections of the rotor, useful for: 

(a) Calculating rotor stresses. 

(6) Determining clearances between 
structures. 

(c) Determining relative severity of vibrations at the different 
resonant frequencies. 


rotor and stationary 


2 Vibration amplitudes of the bearing supports, valuable for: 


(a) Determining support resonant frequencies, where these 
resonant frequencies may be different than the resonant fre- 
quencies of the rotor. 

(b) Determining system performance since these are the vibra- 
tions physically observed and measured. 

(c) Obtaining a best design of a system through modifications 
of the bearings and their supports as well as through modifica- 
tions of the rotor. The sensitivity and response of the bearing 
supports to rotor unbalance may be one of the factors which in- 
fluence the design. 





Nomenclature 


matrix of a disk for section u in span v 

matrix of a massless shaft section u in span v 

(E1),, = flexural rigidity of section u in span », in. 

matrix of a combined weightless section and disk when 
rotor supported on rigid supports 

matrix of a combined weightless section and disk when 
rotor supported on flexible supports 

dynamic influence of a unit force of unbalance applied 
at section 0 of span g on section u of span », in/Ib 

oil-film damping at section 0 of span v 

inside diameter of hollow cylindrical disk, in. 

outside diameter of hollow cylindrical disk, in. 

Cuvog — Cu-t.oog = difference in dynamic influence co- 
efficients on ends of section u of span v when unit 
force is acting at section 0 of span q, in/Ib 

thickness of hollow cylindrical disk, in. 

mass moment of inertia of disk of section u in span », 
Ib-in. sec* 

oil-film stiffness at section 0 of span »v, Ib/in, 
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support stiffness at section 0 of span », lb/in. 

length of section u in span », in. 

mass of hollow cylindrical disk, lb sec*/in. 

balanced mass of section u in span v, lb sec*/in. 

mass of unbalance attached to section mass, |b sec?/in. 

mass of support at section 0 of span v, lb sec*/in. 

moment at right end of section u in span », lb-in. 

number of sections in a span 

distance of mass of unbalance, m,,’, from center of 
gravity of section mass, in. 

support reaction at section 0 of span q, Ib 

My»'Ty», lb sec* 

shear at right end of section u in span v, lb 

deflection at right end of section u in span », in. 

number of spans in a rotor system 

support impedance at section 0 of span », lb/in. 

= slope at the right end of section u in span v, radians 
frequency, radians/sec 


’ 
oT 
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To obtain this information the following conditions are included 
in the analysis if they exist: 

1 Forces of unbalance with complete freedom of selection of 
numbers, size, and location. 

2 Elasticity and damping of the bearings. 

3. Elasticity and mass of the bearing supports. 

4 Damping on the rotor body. 

5 Mass moments of inertia of disks. 

6 Special conditions, such as flexible couplings. 


All frequencies are assumed single frequencies. This assump- 


tion requires that: 

1 Effects of gravity can be neglected. 

2 The elasticity and damping of the bearings and supports 
ean be considered constant with shaft rotation. 


Present-day digital computers of high speed and large memory 
capacities make it possible and economical to perform the large vol- 
ume of calculations required for an accurate analysis of large 
The basic analysis to include the effects of flexible sup- 
ports in large systems was accomplished in 1953 by the author as 
Since that time various improve- 


systems. 


part of research for a thesis [9] 
ments have been incorporated in the method and numerous solu- 
tions obtained on digital computers. Systems with two flexible 
supports were first analyzed in 1957 using an IBM 650 computer. 
Since 1958 more complex systems have been analyzed using an 
IBM 704 computer. The present IBM 704 program contains 
all the features of the method and is capable of handling systems of 
Magnetic tapes and 8000 words of core 
Part 2 of the paper describes the program 


15 flexible supports. 
memory are required. 
and its application in detail. 

As is customary, the method assumes a rotor of uniform or non- 
uniform flexural rigidity to be made up of a large number of mass- 
less sections and an equal number of concentrated balanced 
masses between the massless sections. In addition, the method 
provides the option of adding masses of unbalance to each of the 
principal masses. 

There is no theoretical limit to the number of flexible bearing 
supports that can be analyzed by the method, and all support 
stiffness characteristics may be dissimilar. Elasticity and damp- 
ing of the bearings and elasticity and mass of the bearing sup- 
ports may be represented for the analysis as equivalent lumped- 
parameter systems or by finite-difference systems established from 
partial differential equation descriptions. There are no restric- 
tions on the types of equivalent support systems that may be 
selected except it is required that the support characteristics be 
considered constant with shaft rotation. 

The effect of damping on the rotor between the bearing sup- 
ports may be significant in systems where the rotor revolves in a 
liquid as in pump applications. To include this damping effect, 
a special type of support is considered to exist at the location of 
the rotor body damping. This fictitious support is included in the 
analysis in the same manner as a regular bearing support. 

Since the method includes damping, the mechanical im- 
pedance, Z,,, is 2 complex quantity. At a critical frequency the 
magnitude is a minimum but greater than zero. If damping is 
neglected, Z,, is a real number and at a critical frequency is equal 
to zero. True deflections at all values of frequency can be calcu- 
lated if forces, F, due to masses of unbalance are included as well 
as the damping. The deflections are defined by the general 
expression [10] 


ng F/Z,, 
In a free-vibration analysis, F is omitted and critical frequencies 
are calculated from Z,,. For the analysis presented in this 


paper, masses of unbalance may be considered to be attached 
to any of the section masses.. Therefore the method can be ap- 
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plied as a simulator to study the vibration characteristics of a sys- 
tem under various conditions of unbalance. Sprung or bent 
rotors and crankshaft systems can also be handled as special 
cases of unbalance. 

The method employs matrix algebra. Matrix algebra has been 
employed in the past in the analysis of vibration problems [11- 
14]. It is an elegant systematic way of handling otherwise 
cumbersome mathematical operations [15] and is especially 
suitable for digital-computer programming, reducing the pro- 
gramming time and the amount of memory storage, and providing 
generality in the application of the program. Matrix algebra in 
this application also eliminates the need of performing a number 
of part calculations frequently used by other methods in calculat- 
ing critical speeds [1, 4]. The number of part calculations re- 
quired by these other methods increases with the number of un- 
known boundary conditions, and for large systems the total cal- 
culations can become very lengthy and costly. Round-off error 
may also become a problem. 

For the analysis presented in this paper, the basic matrix of a 
shaft section is expanded to include masses of unbalance, mass 
moments of inertia of the disks, and the effects of elasticity and 
damping in the bearings and elasticity and masses of the bearing 
supports. The size of the basic section matrix is linearly related 
to the number of flexible bearing supports and the number of loca- 
tions of rotor damping. Multiplication of the section matrices 
must be performed for each rotational speed under study to ob- 
tain the span matrices. The simultaneous solution of the resulting 
equations provides the necessary boundary values for obtaining 
shear, moment, slope, and deflection at all adjacent rotor sections 
through the repeated matrix multiplication along the system. 

By mathematical reasoning, the method should be stable, and 
experience in its use has shown this reasoning to be correct. 
Scaling of the equations is done automatically by the computer 
to keep coefficients of the matrices of comparable size. The 
scaling method is similar to that used in the application of elec- 
tronic analog computers when it is required to keep voltages 
within amplifier range [16]. The scaling assumes accurate re- 
sults with the normal eight decimal digits of computer accuracy in 
handling large complex systems. Scaling is discussed in detail 
in the companion paper. 


Basic Matrix of an Unbalanced Section of a Rotor on Rigid 
Supports 

A disk of infinite flexural rigidity is shown in Fig. 1. 
unbalance, m’,,, is attached to the principal balanced mass, m,,, 
at a distance r,, from the center of gravity of the principal mass. 
When the disk is rotating at a constant circular frequency, w, 
with its center of gravity displaced from the axis of rotation by a 
constant distance, yy-1.», the forces acting are 


A mass of 


Mm, WY y—t.e 
and 


, 
Maye WX(Tuy + Yu-t0) 


Mu-nv 
Miy nv 
Gy Nv 
y, 


(u-tyv 


Mey 


Fig. 1 Unbalanced disk of infinite flexural rigidity and its associated 


matrix 
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For assumed small deflections, the component 
My OY u-t. 
of the latter force may be neglected and 
My, OX Toy + Yu-iv) = Uw? 
where 
Ue, = Mer Tee 


For the case of a sprung or bent shaft, m,,’ is equal to the 
principal mass of the section, m,,, and r,, is equal to the eccen- 
tricity at zero speed. For crankshaft systems m,,’ is also equal to 
m,,, and r,, is the length of the crank. 

The shear, moment, slope, and deflection on the right side of 
the disk are related to these quantities on the left side by the 
matrix eqtation: 


i l? 0 0 maw? Uw? V 
M’ 1 Iw 0O 0 M 


6’ 0 l 


la} 
\2luy 


1 _Ju—t.s 


where J,,’ is the mass moment of inertia of the disk. Its effect is 
to change the moment across the disk and, for small values of @, 
this change of moment as given by matrix equation (2) is equal 
to I,,.’wOu-1.2 [1, 4, 17]. The value of J’ for a hollow cylindrical 
disk to include gyroscopic effect in rotating systems is given by 
the equation 


ei Ms (a3 = Ma h.2 3 
— 16 vie a il Me 12 d (3) 


For the nonrotating case 


, mM, . . ee ; 
# =— 16 (d,? + d;?) + 12 hg 8 (4) 


A weightless shaft section is shown in Fig. 2. If the shear and 
inertia are assumed constant along the length of the section, the 
shear, moment, slope, and deflection on the right end are defined 
in terms of these quantities on the left by the matrix equation: 


rv) 1. @& £09 | Vv"! ae 

M i -} es M’ M’ 
2 

0 -. 6" e | (5) 


2B B 
ae 8 tik & 


y 

|6B 2B it? | 

If the disk and shaft are connected as shown in Fig. 3, the shear, 
[ver] 
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Fig. 2 Weightless shaft section and its associated matrix 
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moment, slope, and deflection on the right end of the disk are 
equal to those on the left of the weightless shaft. A matrix c,, of 
the combined disk and shaft is obtained as a product of matrices 
b,, and a,,: 


V 
M 
= [5] uel@] ue 


6 
y 
1 


0 
Iw? 


! 
- ‘32 1 
spe’ 


nm pf 
» 2 l 
2B 2p!” + 


0 0 0 ue one 


B 
6B ma? + 1 














This matrix c,, describes any section u of span v consisting of a 
weightless shaft and a disk when the rotor is supported on rigid 
supports and with the conditions of unbalance and mass moment 
of inertia included. 

The deflection, y,,, of matrix equation (6) is the sum of the 
deflection, yy—1.», at the opposite end of the section and the de- 
flection terms due to bending along the length of the section. 
The value of y,, is properly defined if the bearing supports are 
rigid. 


Basic Matrix of an Unbalanced Section of a Rotor on Flexible 
Supports 

Curve y in Fig. 4 shows the center line of the rotor of a three- 
span rotating system under the conditions of elastic supports 
and oil film. The vectors yo, Yor, Yos, ANd Yo are the displacements 
of the center line of the rotor at the bearing supports from the 
axis of rotation, shown as curve c. Curve f would be the center 
line of the rotor if the masses of the rotor were set equal to zero 
and the bearing reaction forces were equal to those reaction 
forces which exist when the masses equal their true values and 
rotating at the given speed. The deflection, y,,, for secton u 
shown in the figure is defined by matrix equation (6) with the 
addition of the term (f,, — fu-s.e) which is the difference in the 
distances at the ends of the section between curve f and the axis 
of rotation, curve c. The value of y,, is then defined by the 
equation: 
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Fig.3 Unbalanced disk of Fig. 1 combined with weightless shaft of Fig. 2 
and their associated product matrix 
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Fig. 4 Three-span system on flexible bearing supports for purpose of establishing method of 


analysis 
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The quantities f,, and f,-:.. can be related to the support reac- 
tions, Rog, through the use of dynamic influence coefficients. 
For any system of z-spans f,, is defined as: 


z+1 


See = 7 Curoghog 


q=l 





where the quantities Cy. are the dynamic influence coefficients 
obtained by applying a unit force of unbalance, U,gw? = 1, at 
section 0 of span g containing a support. The coefficients are ob- 
tained with the system rotating at the speed under consideration 
and with all masses set equal to zero, except the unit force of un- 
balance at the support Og. 

From equation (8) the quantity (f,, — fu-i..) appearing in 
equation (7) may be written as 


2z+1 


- , [Cuvog — Ce 1.00@] Rog 


q=l1 


= ee 


Junie 


1.001] Fox + [Cover = Ce 1.002] Roz 


wetl 


+... [Cooectt — Co-t.c0.st1] oer: (9) 
The reactions, Rog, may be defined as the differences in shears 
on either side of the supports or as the product of the support im- 


pedance and the deflections; namely, 


Rog = Vg _ V. ei = —ZoqYoq (10) 

After substituting the value of f,, — fu-1.2 of equation (9) in 
equation (7) and rewriting matrix equation (6) incorporating the 
change in the definition of y,,, the following matrix equation 


results: 
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where 


and 


Vog — Vaie-i = Reg 


from equation (10). 

The matrix c,,’ describes any section u of span v consisting of a 
uniform weightless shaft and disk when the rotor system is sup- 
ported on flexible supports and with the conditions of unbalance 
and mass moment of inertia included. 


General Application of Basic Matrices 
Fig. 5 shows a rotor system of z-spans with the spans connected 
end to end and the spans and the sections of each span numbered 
from left to right. The first support on the left is shown to con- 
sist of only a damper which represents rotor-body damping and is 
included in the analysis in the same manner as a support. The 
lumped-parameter representation of the supports is not restricted. 
If the supports are represented by the lumped-parameter system 
shown in Fig. 5, the mechanical impedance, Zp,, is defined by the 
equation: 
(jwCoe’ + Kov’){ —w*moy” + Koy”) 


— wor” + Ko” + Kor’ + joCo’ 
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Zu = (12) 
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Fig. 5 General system of z-spans with damper on left end representing rotor body damping at that location 


The basic matrix for a rotor section c,,’ of equation (11) is used 
in construction of the following matmx equation for any span v of 
the rotor system in Fig. 5: 
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The total number of equations for a rotor system obtained from 
matrix equation (13) is 4z and the number of unknowns is 8z. 
Additional equations are obtained by equating certain quantities 
at the ends of adjacent spans. These equations are 


Bnet 
Ya.e— = Yoo 


Also, at the ends of the rotor system 


(15) 


Additional equations are obtained from equation (10). These 


are 


> (16) 
Zos 


The number of equations to be solved simultaneously can be re- 
duced to 4z by the simple substitution of the quantities of equa- 
tions (14), and (16) in the equations resulting from matrix 
equation (13). 

Matrix equation (13 
to perform the complete analysis. 
are first calculated by setting these same quantities equal to zero 

The principal mass quantities, m,,, are also 
All forces of unbalance, U,, 
zero except one of the w? forces which is given a value 
of magnitude equal to unity and angle equal to zero. A simul- 
taneous solution of the equations of matrix equation (13) and 
equations (14), (15), and (16) yield the boundary values of each 
span. With the boundary values known, repeated matrix multi- 
plications are performed through each span to obtain the de- 
flections or the influence coefficients for that unit force acting on 
the system. An identical calculating procedure is used for the 
condition of unity assigned to each of the U,,w* or U,,w? forces. 
A total of z + 1 sets of calculations is required in obtaining a com- 
plete set of influence coefficients for a given value of speed. 

After the dynamic influence coefficients are calculated, the 


| 
(15), 


and equations (14), (15), and(16) are used 
The influence coefficients Cyrog 


in the 
set equal to zero, 


matrices ¢,.. 
w*, are set equal to 


Uw? or U, 
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values are substituted in the matrices c,,’ and the mass quantities, 
m,,, given their actual values. The quantities U,, are inde- 
pendent variables and are assigned the desired values. A calculat- 
ing procedure identical to that used in calculating the influence 
coefficients is used to obtain the desired values of shear, moment, 
slope, and deflection at adjacent sections throughout the rotor 
system. 

To reduce calculating time in obtaining the influence co- 
efficients, matrices a,, and b,, of matrix equations (2) and (5), 
respectively, may be used instead of matrix c,,’ in constructing 
matrix equation (13). Trivial multiplications which result from 
setting m,, and U,, equal to zero are avoided. 

The rotor system shown in Fig. 5 is a general system, and the 
analysis procedure for this system can be applied directly to 
variations in the system. Rotors with overhanging end spans are 
analyzed by letting the end-support impedances Zo, and Zo,e+: 
approach zero. Rotors with assumed rigid supports are analyzed 
by letting the support impedances approach infinity. Couplings 
in rotor systems are considered as junctions of spans. The im- 
pedances of the assumed supports at the couplings are set equal 
to zero and equations (14), relating the end conditions of the 
spans adjacent to the couplings, modified depending on the types 
of couplings. 

An identical procedure of analysis applies to nonrotating-beam 
systems which may be interconnected and lyingina plane. Equa- 
tions (14) may require modifications to agree with the end condi- 
tions of the spans. The forces of unbalance become sinusoidal 
forces applied to the beam system. 


Conclusion 

The method for analyzing complex systems with dissimilar 
support characteristics is quite general in application. It includes 
conditions previously neglected by other methods and provides 
information which vastly The 
method has been found to be numerically stable and does not re- 
quire part calculations used by other methods. Its full potential 
will not be realized until theoretical and experimental investiga- 
tions are made to obtain more accurate input information than is 
Part 2 of the paper describes a single com- 


improves the design criteria. 


presently available. 
puter program incorporating all the features of the method and 
capable of analyzing any system up to 15 supports. The results 
of a few of the past applicaticns are also discussed. 
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Analysis 


Characteristics of Rotating Systems With 
Any Number of Flexible Supports 


Part 2—Application of the Method of 


A description ts given of computer programs based on Part 1' of this paper, and some 
of the results of using those programs are presented. 


Mass methods have been developed in the past for 
calculating critical speeds, but it has often been found that the cal- 
culated natural frequencies, particularly the higher ones, were 
Part 1 of this 


paper presents a method of calculating vibration characteristics 


not the same as the observed natural frequencies. 


of large rotor systems more accurately than by previous methods. 
It includes the effect of damping and flexibility of the oil films 
and mass and flexibility of the supports. The method includes 
the concept of support stiffness being a function of speed. 

Part 2 describes a computer program based on that method, 
and shows the results of applying the program to various rotor 
systems. It will also be shown that a proper description of sup- 
port parameters is just as essential as the description of rotor 
geometry when predicting critical speeds of systems with flexible 
supports. 

Matrix algebra, which is used in the analysis, is particularly 
suited to high-speed computers. A rotor with several supports 
takes from one to several hours for a thorough analysis of vibra- 
tion characteristics, depending on the size of the system and the 
need to include damping. The program to be described has been 
used on an IBM 704 at the authors’ company for several hundred 
hours over the past 2 years. 

A third part of this paper is being planned which will include 
methods of calculating support parameters and comparisons of 
test results with results computed by the program. 


Description of Program 

The initial computer program based upon reference [1]? was 
written for the IBM 650. Since the computer had only 2000 
words of storage, this program was very limited in scope. It was 
capable of finding the natural frequency and the mode of vibra- 
tion of a system of two supports and three spans only. The only 
support parameter which was taken into account was flexibility. 
The mass and damping in the support were ignored. Even 

1 Part 1 of this paper is entitled ‘‘The Method of Analysis,”’ by 
E. C. Koenig; see this issue, pp. 585-590. 

? Numbers in brackets designate References at end of paper. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Seattle, Wash., August 28-30, 1961, of THe AMERICAN 
Society oF MecHANICAL ENGINEERS. 
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though this program had limited application, it made possible the 
finding of critical speeds to greater accuracy than methods which 
assumed rigid supports, and verified the correctness of the theory 
upon which it was based. 

After this preliminary success, a much more ambitious program 
was planned and written for the IBM 704. It takes into account 
all of the variables mentioned in Part 1. Small systems (less than 
6 spans and less than 65 sections) can be solved readily with 8000 
words of storage and no tape or drums. With four tape unite, 
systems having as many as fourteen spans and any number of 
sections can be handled conveniently. This limitation is imposed 
only because it was desired to have the sets of simultaneous equa- 
tions small enough to fit entirely in core. The entire 704 program 
consists of about 6000 instructions, and took about 1'/; man- 
years of analysis and programming time. 

The primary input to the program is a description of each sec- 
tion of the system and a description of each support. In addition, 
it is possible to specify the values of shear, moment, slope, and 
deflection at any support as either unknown, unknown but equal 
to some other unknown variable, or known and equal to a given 
value. 

As shown in Part 1, the basic matrix equation relating shear, 
moment, slope, and deflection at the two ends of a section is as 


wa? 
M 
Oe 
Tos 
1 

Va — Vac 


follows: 














x Vo 1) = 


L Vo atl = oa 


Discussion of this paper should be addressed to the Editorial De- 
partment, ASME, United Engineering Center, 345 East 47th Street, 
New York 17, N. Y., and will be accepted until January 10, 1962. 
Discussion received after the closing date will be returned. Manu- 
script received by ASME Applied Mechanics Division, January 26, 
1961. Paper No. 61—APMW-16B. 
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(The meaning of each symboi used is given in Part 1 of this paper.) 
In order to minimize the danger of developing numbers which are 
too large or too small for the computer, a scale factor, S, is intro- 
duced, changing the equations represented by the foregoing 
matrices to: 
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The matrices for a complete span are set up as follows: 


V Voe 


M Mo 
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Fue ; Yoe 
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| Vowe+1 = Ven 
Normally the quantities contained in the column matrices are 


not all known, but the matrices c,,’ contain known information 
so that they may be multiplied together giving 
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The equations represented by matrices (2) have as unknowns 
V ane Mw Coss Vue Vow, Mo, Boe, You ( Vou _ Vino Wy ney 
V,.)- The first four of the equations should be kept, and the rest 
discarded. By a procedure similar to the one described, the ele- 
ment matrices of the other spans in the system are multiplied 
together, each span yiclding four more equations. At this time 
there will be 4z equations and 8z unknowns, where z is the number 
of spans in the system. However, the number of unknowns can 
be reduced to 4z by observing which of the following equalities 
are true, and making the proper substitutions: 


A= 


(Vow — 


known values 


Mo = Mae) 
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Bow = Oa¢e-1) 


m (Vow — Vace-r)) 
Yoo = Yarn = 
(e-1) oof 


where Zp, is support stiffness, and A represents the boundary 
values at any span end. 

In theory, this set of 4z simultaneous equatione could be 
solved, giving the values of all the unknowns in the foregoing 
column matrices. With these matrices known, the multiplication 
shown in equation (1) can be performed, and the value of deflec- 
tion calculated at every element in the system. Other values of 
frequency could be chosen, and this same procedure repeated, 
setting up simultaneous equations, solving them, and calculating 
deflections. Then a plot could be made for all elements in the 
system, showing at each element the relation between frequency 
and deflection. The frequency which causes any part of the sys- 
tem to vibrate at a maximum deflection would be the natural 
frequency. 

Actually, much of this computing is avoided by recognizing 
that any deflection which appeared as an unknown in the set of 
simultaneous equations can be found by finding the ratio of two 
determinants, Y = D,/D, where D, turns out to be a function of 
unbalance, and D a function of impedance. When we are working 
with frequencies near the natural frequency, the denominator of 
this fraction changes much more rapidly than the numerator, so 
when the denominator is at its minimum value, the fraction will 
be very near to its maximum. Therefore the natural frequency 
is actually found by having the program consider a plot of fre- 
quency versus the determinant D. Only when the critical speed is 
found does the program solve the simultaneous equations and 
perform the multiplications of equation (1) to find the deflections 
of the system if damping and unbalance are given, or to find the 
mode if damping and unbalance are not given. A numerical 
example is given in the Appendix. 


Verification of Program 

As an indication of the accuracy of the program in finding the 
natural frequency of a system with rigid supports, consider a 
shaft 100 in. long, 5 in. diam, with a support at each end. Take 
its weight to be 557.631 lb, moment of inertia equal to 30.679615 
in.*, and the modulus of elasticity equal to 2.9 K 10’ psi. One 
formula [2] for natural frequency gives 


mw? (EI\'** . 
wn = with w. = 4a, and w; = 9a, 
[2 p 


where p = mass/unit length (g = 386.4 in./sec?). These formulas 
give ® = 2340.1310, w, = 9360.5240, w; = 21061.179 rpm. 
Using the computer program with elements of various lengths 


gives results as shown in Table 1. These results seem to indicate 


Table 1 Effect of of el ts on critical speeds 


Number of 
elements w) We ws 

5 2339 . 8547 9337 .3818 20670 .316 
10 2340. 1163 9359 .4167 21047 .090 
20 2340 .1316 9360 . 4658 21060. 521 
50 2340 . 1324 9360 . 5254 21061 .312 
100 2340 . 1324 9360 . 5289 21061 .322 
200 2340 . 1323 9360 . 5228 21061 .437 





that the accuracy is almost independent of the number of ele- 
ments. Even with a small number of elements, there is a high 
degree of accuracy. An extremely large number of elements in- 
troduces some round-off error. Between these extremes it ap- 
pears that the program is approaching a value slightly higher 
than the theoretical frequency. 
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Fig. 1 


To gain some idea of the accuracy of the program in handling 
systems with flexible supports, consider a shaft with three sup- 
ports, Fig. 1. When all three supports are rigid, the natural fre- 
quency can be found easily. If the middle support is allowed to 
become extremely flexible, the system should have a natural fre- 
quency close to that of the same system without any middle 
support. Fig. 1 shows that these expected results actually are 
achieved, and also shows the gradual change in critical speeds as 
the stiffness of the center support is changed. (The small figure 
next to each point indicates the mode shape at that speed.) 

Somewhat the same type of approach can be taken to see the 
effect of damping on critical speed. A system having a rigid 
support at each end and a very small amount of damping at the 
center should have approximately the same natural frequencies 
as a system with the same two supports, but no damping. At the 
other extreme, it seems reasonable that an infinite amount of 
damping at the center of the system should have the same effect 
as putting a third rigid support at that position. Fig. 2 shows 
that the program actually gives these results, and also shows the 
effect on critical speeds as the amount of damping is varied be- 
tween the two extremes. As the amount of damping increases, 
the first critical occurs at lower values and would presumably 
disappear altogether with an infinite amount of damping. With 
that condition, the natural frequency that occurs at 1527 rpm 
would be the first natural frequency, the same value as the first 
critical of a system with three rigid supports. The critical which 
occurs at 1527 rpm is changed by only a few rpm with a change in 
damping at the center of the system, undoubtedly because the 
mode form at this particular speed has a nodal point so near to the 
center that it is only slightly affected by any type of restraint at 
that point. 

Something similar happens to the fourth critical speed, which is 
around 5900 rpm; but this critical shows a little more change 
with varied damping. The third critical speed shows the most 
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unusual effect with changed damping. As damping varies be- 
tween zero and 1150 lb-sec/in., the system is a two-support one 
and the critical speed varies moderately. When the damping is 
about 10000 lb-sec /in., the system scems to be roughly equivalent 
to a three-support system; but when the damping is between 
1500 and 10000 lb-sec /in., the system seems not to be equivalent 
to a two-support nor a three-support system, and no critical speed 
ean be found with the mode form of a third natural frequency. 
Fig. 3 attempts to give more information on this matter. Each 
graph is a plot of frequency versus the determinant of the simul- 
taneous equations. (The determinant is inversely proportional 
Each plot points out the location of a critical 
speed by a minimum point on the curve. It can be seen that as 
the damping increases, the minimum points in the vicinity of 3000 
rpm become less pronounced, and finally disappear, indicating 
Also, as damping in- 


to deflection. ) 


that this critical speed no longer exists. 
creases, 4 minimum point gradually comes into existence around 
2100 rpm, indicating that a critical speed exists with the higher 
damping values. 

R. L. Urban [3] refers to a rotor described by M. A. Prohl [4], 
and shows the changes in critical speeds when taking into account 
the gyroscopic effect of disks. That same rotor was analyzed 
with the program described here, and a comparison of critical 
speeds is given in Table 2. (A slight modification was made in 
the representation ot the rotor by making each disk a separate 
element. ) 


Tabie 2 Comparison of critical speeds by various calculation methods 


Ist 
critical 
2230 
2222 
2231 
2200 
2200 


3rd 
11790 
12532 
12903 
12680 
13100 


2nd 
4220 
4409 
4442 
4420 
4450 


Method 

Prohl (without gyroscopic effect) 
Koenig (without) 

Koenig (with) 

Urban (without) 

Urban (with) 
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Fig.3 Comparison of shift in natural frequencies with change in damping 


Support Representation 

W.J Caruso has shown that, when calculating the critical 
speeds of a shaft, the support stiffness changes with speed [5] 
He has shown that a reliable way to predict. critical speeds of a 
two-support system, where the support characteristics are identi- 
cal, is to determine the intersections of the rotor dynamic-stiffness 
curves and the support dynamic-stiffness curves, where the sup- 
port curves are obtaitied from test data. This paper will support 
the work of Caruso and also show how the dynamic-stiffness con- 
cept can be extended analytically to systems of more than two 
dissimilar supports. The method of this paper allows supports 
to be represented as a certain combination of springs, masses, 
and dampers such that the dynamic stiffness of each support, 
hereafter called support mechanical impedance, is defined at each 
speed. The inclusion of the support mechanical impedance in the 
matrix calculation is shown in Part 1. 

A support was chosen to be represented as shown in Fig. 4, 
where the mechanical impedance z is a function of oil-film stiff- 
ness and damping, the mass and stiffness of the support, and 
speed. Curves of support mechanical impedance z versus excita- 
tion frequency with and without damping for constant values of 
K", M", K’, and C’ are shown in Fig. 4. The support at point A, 
Fig. 4, is theoretically defined as the support mass stiffness and 
the static stiffness of the oil film in series. When AK” = M’w?, 
and therefore Z = 0, the support is vibrating at a natural fre- 
quency. When a support is represented in this manner, damping 
stiffens the support considerably beyond point B, but only 
slightly stiffens the support at speeds less than the support 
fundamental frequency. 


Application of Method on Two-Support Rotor Systems 

The method of this paper necessitates a knowledge of support 
parameters as well as rotor geometry in order to accurately pre- 
dict critical speeds of flexible support systems. A procedure to 
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Fig. 4 Lump parameter support representation, with and without 


damping 


predict the critical speeds of rotor systems on two flexible sup- 
ports has been demonstrated [5]. It has been shown that the 


bearing support mechanical impedance is a function of rotor 


speed [5]. One method of predicting system natural frequencies 
is to consider the rotor system and support systems independently. 
System A, Fig. 5, represents a rotor on two identical supports. 
Curves numbered 1, Fig. 5, are determined by calculating a num- 
ber of natural frequencies of the rotor supported by identical single 
springs of varying stiffness. These curves show how the rotor- 
system critical speeds change with changing support stiffness. 
Curves a and a’, Fig. 5, are plotted from the solution of equation 
(1), Fig. 4, using minimum and maximum values of A’ and C’ at 
each speed, as determined from information given in reterence 
{7}. Curves a and a’ represent the dynamic behavior of the sup- 
port Curve 6 is obtained when the minimum and 
maximum values of K’ and C’ are averaged. The intersections of 
curve b with curves numbered | define the first three rotor support 


This method clearly indicates the in- 


systems 


system critical speeds. 
teraction of the rotor and support systems, allowing ‘e effects 
of design changes on either system to be assessed. This method, 
although useful in defining the behavior of each system, has 
limitations in that multiple support systems can be 
where the characteristics of each support are 


severe 
analyzed only 
identical 

A more direct method is to incorporate the support data and the 
rotor data in a single system critical-speed calculation. The 
method of Part This method has the ad- 
vantage of being able to consider the parameters of each support 
independently and of being able to calculate the system critical 
speeds without establishing the rotor-system curves numbered 1 
In order to use this method, it is necessary to 


1 is such a method. 


as shown in Fig. 5. 
know the support parameters; i.e., oil-film stiffness and damping, 
and support stiffness and mass, for each support. It is anticipated 
that a third part to this paper will include a discussion of the 


methods used to determine support parameters as well as com- 
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Fig. 5 Calculated critical speeds of rotor-support system A 


parisons with test results. For the purpose of this paper support 
parameters will be selected in order to demonstrate the capabili- 
ties of the method. 

Using the same support parameters as were used to determine 
curve 6, Fig. 5, and the rotor data used to calculate curves 1, 
Fig. 5, the critical speeds and values of support mechanical im- 
pedance, given in Table 3, are calculated by the method of Part 1 


Table 3 Normalized critical speeds 
Normalized speed. 0.920 2.19 
Support mechani- 
cal impedance. 4.21 x 10 3.04 x 10° x 10° 
The first three critical speeds given in Table 3 are plotted as 
points D, E, and F, Fig. 5. Points D, EF, and F coincide with 
the points of intersection of curves 1 and curve b in Fig. 5 
The change in critical speeds due to increasing the natural fre- 
quency of both supports of system A from 3.3 to 4.55 rpm is shown 
in Fig. 6. The first critical speed increased only slightly, since 
the oil-film stiffness has the predominant effect at lower speeds. 
The second critical speed was increased approximately 7 per cent 
and the third by 14 per cent. The ability to predict changes in 
critical speeds as a result of modifications on support systems is of 


practical use in rotor design. 


Theoretical Study of Systems With Three Flexible Supports 


The critical speeds of a generator rotor and exciter mounted on 
three flexible supports, shown in Fig. 7 as system B, are calculated 
Only the third support 
A constant force of unbalance was applied 


for three conditions of support stiffness 
stiffness was modified 
on the rotor midway between supports | and 2. Shaft deflections 
at the first three supports and mode forms approximated in one 
The need for 
The 
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plane at each critical speed are shown in Fig. 7. 


accuracy in support representation will be exemplified 
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Fig. 6 Effect of varying support stiffness on system critical speeds 


occurrence of critical speeds existing within the speed range of 
support natural frequencies will also be shown. For the three 
cases which follow, the first and second support natural frequen- 
cies will remain constant at 3960 vpm. 

For Case 1, the natural frequency of the third support will be 
assumed equal to 3400 vpm. Five critical speeds, peaks A, B, C, 
D, and E, are calculated and shown in Fig. 7. Peaks A, B, and E 
would normally be considered the first, second, and third critical 
speeds according to the mode forms. Peak C occurs at a speed 
slightly less than the speed at which the mechanical impedance 
of the third support is zero; i.e., at the natural frequency of the 
third support. Mode C is of the form B with less vibration at 
supports 1 and 2 and greater vibration at support 3. The greatest 
defiection, peak D, is also caused primarily by the lack of stiffness 
of support 3 and occurs at a speed slightly higher than the natural 
frequency of support 3. Peak E occurs at a speed in excess of the 
natural frequency of supports 1 and 2. 

For Case 2, the stiffness of support 3 was increased, causing a 
change in the support natural frequency from 3400 to 4200 vpm. 
The first and second natural frequencies are almost unaffected 
by this change in support stiffness, as the oil-film stiffness has a 
large effect on the mechanical impedance at these speeds. Peaks 
C and D occur in the speed range of low support stiffnesses. 

For Case 3, the stiffness of the third support was increased 
again, causing a change in the support natural frequency from 
4200 to 4850 vpm. Only three critical speeds exist in the speed 
range previously considered. The large shaft amplitudes at the 
third critical speed, mode C, reflect the lack of stiffness of the 
first two supports at 4000 rpm. 

It is of further interest to compare the results given in Fig. 7 
with the critical speeds of the same rotor system when support 
3 is removed. The first three critical speeds of the two-support 
system are 1278, 2452, and 3132 rpm. At 3132 rpm the rotor- 
mode form is quite similar to the second critical mode forms B in 
Fig. 7 with greater deflection occurring at the overhang. The 
third critical speed of 3132 rpm for the rotor system on two sup- 
ports is nearly equal to the second critical speed of 3119 rpm for 
the rotor systern on three supports. Cases 1, 2, and 3, Fig. 7, in- 
dicate that as the third-support natural frequency increases, the 
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third condition of system resonance occurs at increasingly higher 
speeds. The highest speed at which the third condition of 
resonance occurs for this rotor-support system is slightly in excess 
of the natural frequency of supports 1 and 2. The lowest speed 
at which the third condition of resonance could occur is slightly 
in excess of the third natural frequency of the system on two 
supports. 

To predict critical speeds of multiple span systems on flexible 
supports, it is necessary to be able to include in a system calcula- 
tion, the characteristics of each support as well as the rotor 
The need for defining accurately the stiffness 
The ability 


characteristics. 
and mass of each support has been demonstrated. 
to determine the resonant behavior of the rotor-support system 
when changing the characteristics of any part of the system is of 
practical use in design. If the supports had been considered rigid, 
the first three critical speeds would have been 1602, 4653, and 
8468 rpm, respectively. 


Consideration of Forces of Unbalance 

A generator rotor with a shaft extension supported by a steady 
bearing somewhat similar to system B was used for the support 
mass deflection plots in Fig. 8. Support mass deflection means 
approximately pedestal deflection as contrasted to shatt deflec- 
tion. The magnitude of support mass deflections is plotted as the 
rotor speed is increased through the range of the first four criti- 
cal speeds. Oil-film stiffness and damping were calculated at each 
speed using data from reference [7]. Each support mass was 
calculated trom physical dimensions, while each support stiffness 
was calculated knowing an approximate support fundamental 
frequency. The solid-line curves, Case A, Fig. 8, indicate the de- 
flections of each of the three support masses when an unbalance of 
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20.125 |b-in. acts offset from the rotor center. The long dash 
curves, Case B, indicate support mass deflections when an un- 
balance of 12.75 lb-in. acts at the coupling. The short dash 
curves, Case C, indicate support mass deflections when an un- 
balance of 5.375 lb-in. acts in a positive direction at each end of 
the rotor and an unbalance of 20.125 lb-in. acts in a negative 
direction at the center of the rotor 

Although the critical speeds do not change with change in 
mass deflections do 


position of unbalance forces, the support 


differ considerably. The force of unbalance on the coupling 
causes excessive vibration above the value of 3.5 normalized for 
unity to equal the first critical speed for rigid supports. The sup- 
port mass deflection at the second critical speed is reduced by 
balancing the rotor as per Case C. 

It appears that the greatest support mass vibration can occur at 
speeds somewhat greater than the critical speeds of the rotor- 
support system. For example, Fig. 8, Case A, shows the first and 
second support masses vibrating at a maximum at a speed greater 
than the calculated second critical speed. This should perhaps 
be considered when comparing calculated critical speeds with test 
results. 

The excessive vibration of supports 2 and 3 at the fourth critical 
speed can be attributed to the third support natural frequency 
being equal to the normalized value of 5.28. 

When the force of unbalance acts offset from the mid-point be- 
tween supports 1 and 2, Case A, Fig. 8, the support mass and 
shaft vibrate at maximum amplitudes at a speed of 2.525 rpm on 
the normalized speed scale. Fig. 9 is a plot of the shaft ampli- 
tudes along the length of the rotor for this case. Points 1 through 
17 and support locations shown in Fig. 9 correspond to the points 
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rpm normalized for unity to equal first critical speed for rigid supports 


a= SUPPORT DEFLECTION VECTOR 
b*OIL FILM DEFLECTION VECTOR 
C* SHAFT DEFLECTION VECTOR 
+J 
Se a 7 ~ oe & 
|) REACTION 


0025-—- SUPPORT 2 


INCHES 


0020-——-+ 
O0I1S+— 
o010- 


0005-- 


DEFLECTION 





o- 





<}REACTION SUPPORT 3 

RCE OF UNBALANCE 
Habe en ote 
FORCE SCALE LBS 

© 2000 6000 10000 


+— 4 + 4 





REACTION 
SUPPORT 1 
~J 
Fig. 10 Unbalance force as shown for Case A, Fig. 8. Same as for 
rectilinear plot in Fig. 9. Polar plot of rotor deflections at 2.525 rpm. 
Normalized for unity to equal first critical speed for rigid supports. 





on polar plots 10, 11, and 12 corresponding to Cases A, B, and C, 
respectively, in Fig. 8. 

Polar plots 10, 11, and 12 show the magnitude and direction of 
shaft deflections, support reaction vectors, and force of un- 
balance vectors. The force of unbalance, Fig. 10, acts at an angle 
of zero degrees. The dotted vectors at support 1, Fig. 10, indi- 
cate the shaft-deflection vector c as the vectoral sum of the sup- 
port mass deflection vector a, and the oil-film deflection vector b 
A rotor-deflection curve is shown for each of the three conditions 
of unbalance, Fig. 8. Unbalance forces placed as shown in Fig. 12 
effectively limit rotor deflection at the second critical speed. 


Summary 
1 The method of analysis described in the companion paper, 
Part 1, has been programmed for an IBM 704 computer and 
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Fig. 11 Unbolance force as shown for Case B, Fig. 8. Polar plot of rotor 
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used to calculate vibration characteristics of a variety of systems. 
2 The customary assumptions were made on example systems 
and the resonant frequencies obtained by the method were found 
to check with those obtained by other known methods. 
3 The ability of the method to include the effect of the follow 


ing has been demonstrated: 


a) Unitorm and nonuniform rotors. 
b) Support stiffness and mass. 
c) Oil-film stiffness and viscous dan ing. 

d) Unbalanced forces. 

e) Gyroscopic effect of large disks. 

4 The need for accurate support description has been empha- 
sized. 

5 The occurrence of resonant conditions at speeds close to the 
natural frequency of each support has been discussed. 

6 The method can be used to calculate the natural frequencies 
of systems having any number of flexible supports. The values of 
support stiffness and mass as well as oil-film flexibility and damp- 
ing may be different at each support. 

7 It is recognized that this paper leaves many questions un- 
answered. A third paper is being planned which will attempt 
to answer some of them and in particular will explain how sup- 
port parameters would be determined and how the results of this 
program compare with test results. 
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APPENDIX 


Numerical Example 

Consider a shaft having the properties shown in Table 4, and 
having a support at each end with parameters K” 105, K’ = 
10°, and m” = C’ = 0. Let the shaft rotate at 1909.86 rpm = 
200 radians/sec, and let the scale factor = 1. 


Table 4 

W I l 
386 10 10 
386 . 10 10 
386 . 10 10 
386 . 10 10 
386 10 10 
386 10 10 
386 10 10 
' 386 10 10 
9 386 10 10 
10 386 | ¢ 10 10 


ELEM 
10° 
107 
10’ 
107 
107 
10? 
107 
107 
10? 
10’ 


Www 


XX XXX KX XX ty 


>wwowe 


The first step that must be taken is to find the dynamic in- 
fluence coefficients. The influence coefficients for support 1 are 
found by applying a dynamic force of unbalance of 1 lb on the 
support and setting the mass of the rotor to zero. The program 
does this by putting a fictitious element into the system at this 
point with a weight of 1 lb and a length of zero. The matrix for 
this element then is 


—] 
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The matrix of each of the ten main elements is 
1 
10 
1.67 X 10 
5.56 & 10 


0 


and the product of these 11 matrices gives 


Vian 
May 


} 





. —Vu/S 

Fus = - " 

—Zu/S 
Taking the first four equations from the span matrix, making 
the foregoing substitutions, and combining like terms, we get the 


equations 
Vo — Va = 1 


100 Vo; 100 


1.67 X 10° Vy + On — On 167 <x 10°% 


5.456 K 1074 Vy, — 104 V,, + 100 5.56 « 1074 


The solution to these equations is 
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*h of the next 


We can now perform the multiplication indicated in equations 
This will give us deflections as shown in 
Table 5. 


efficients associated with support 1. 


(1) for each element. 
the middle column of These are the influence co- 
By putting the unbalance on the second support and going 
through the same procedure as just described, the influence co- 
efficients shown in the last column of Table 5 will be found 
Now we are ready to set up the matrices which include the 
rotor weight and the influence coefficients. The program con- 


r Ve, 
Mo, 
1 
Yo 
] 


| 
| 
— 


siders the weight of the element to be concentrated at the ends of 
the elements. Therefore the weight concentrated at the begin- 
The weight at the end of that 


element is half the sum of the weights of elements 1 and 2. 


ning of element 1 is half of 386.4 lb. 


Keeping in mind this method of dividing weights, the matrix 
for the first element becomes 


20 , 000 


200 , 000 


l 10 , 000 
10 100 , 000 


6.67 « 10 





Influence 
coeff. at end 
of support Associated with support Associated with support 
No. No. 1 No. 2 


—10 «K 10 0 
—9 « 10-5 . <x 10 
—-&§ xk 10 : ¢ 10 
7 xX 10 : 10 
6 10 ‘ 10 
5 10 5 Y 10 
4 10 c 10 
3 10 —-7 xX 10 
2 10-6 -§ x 10 
—| 10~¢ 9 10 


The last matrix of the span is for an element of length zero, but 
whose weight is one half the weight of the last element, this weight 
being concentrated at the end of the last element. 

The matrix is 
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and the simultaneous equations this time are 

46.52 Var + 1.148 X 108 0: + 10.48 Vian 

720.8 Vor + 1.799 X 10° 0: + 179.9 Va 

4.020 X 107% Vo. + 102.6 A + 1.016 K 107 Vax — 8, 
6.719 K 107* Vo. + 1689 6; + 1.589 K 1074 Vay 





The determinant of this set of equations is the system im- 
if pedance and its value is recorded together with the value ot fre- 
The product of these 11 matrices is quency which was used. After several of these points have been 





r Va | [ 109 6.56 1.15 X 10° 7.39 X 10° 0 11.5 —11.5 r Va 

Ma 1690 103 1.80 x 10° 1.15 x 10 0 180 — 180 Ma 
Ons 9.56 X 10-* 5.80 x 10-* 103 6.56 0 102 x10 —1.05 x 10% 601 
Yur 1.59 x 10-% 9.56 x 1075 1690 0 1.69 x 10-* —1.69 x 10-4 Yo 
l 0 0 0 1 0 0 1 
Va — 0 0 0 0 0 l 0 Va 

| 0- “4 0 0 0 0 1 | | va | 


= 




















found, the minimum point on the curve represented by them will 
be the natural frequency. The first natural frequency of this 
Ma 0 system is 487 rpm. After having found the natural frequency, 
Ma 0 we can perform the calculations indicated by equations (1) to find 
Yu the true deflections of each element if damping and unbalance 

have been given, or we can at least find the mode form if damping 


Yu Viua/105 and unbalance have not been given. 


The known boundary conditions are again 
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Viscoelastic Effects in Birefringent Coatings 


The method of birefringent coatings for the determination of elastic and plastic surface 
strains of opaque bodies like metals assumes perfect elasticity of the coating material. 
In reality the coating, assumed much softer than the metal, presents the problem of a 
general viscoelastic layer under prescribed boundary displacen.ents (at the metal-plastic 
interface). As already shown, this problem is greatly simplified for isotropic linear 
viscoelastic coatings, for small strains, for a linear law of strain birefringence, and 
for interface displacements expressed as a product of a function of space co-ordi- 
nates by atime function. The obviously advantageous stress-strain-optical linearity 
was experimentally verified in pure and in plasticized epoxy resins which make the 
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best coatings. 


well as in relaxation. 
ble inelasticity, and the plasticized have a linear photo-viscoelastic behavior. 
laws were fitted to the creep and relaxation curves. 
deeply notched coated steel bars deformed in the plastic range. 


Tests were carried out in uniaxial loading and in shear, in creep, as 


The main conclusion is that the pure epoxy resins show negligi- 
Explicit 
Tests were also carried out with 
The variation of fringe 


pattern with time was found to be negligible for the pure epoxy resins and to diminish 
slightly and proportionally with time throughout the model for the plasticized resins. 


a GENERAL, the method of birefringent coatings 
{1}? is used with the assumption that the photoelastic layer ce- 
mented on the surface of the opaque body exhibits perfect me- 
chanical and optical elasticity. However, several photoelastic 
materials show creep or inelasticity even in the pure state, and 
particularly when plasticized. The question arises whether the 
distribution of birefringence changes in the coatings and how well 
it represents the interface strains. Usually the birefringent coat- 
ings are much softer and weaker than the body to which they are 
cemented so that the interface strains can be assumed to be un- 
affected by the stress relaxation in the coating.* The coating 
consists of an isotropic layer subjected to small prescribed 
boundary strains (those of the interface). The problem is not 


1 The results presented in this paper were obtained in the course of 
research sponsored by the National Academy of Sciences— National 
Research Council under the Scientific Research Project TA-01-101- 
4006, and by the Ballistic Research Laboratories of Aberdeen Proving 
Ground under Contract DA-19-020-ORD-4674, at the Division of 
Engineering, Brown University, Providence, R. I. 

? Numbers in brackets designate References at end of paper. 

3In some instances the coating contributes significantly to the 
strength of the coated structure, and then of course an interaction 
occurs between the stress relaxation in the coating and the interface 
strains, and the results of the present paper do not apply without 
modification. 
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difficult if the coating is infinitely thin. Its strains will be identi- 
cal with those of the interface and the stresses will relax under 
constant strain. The birefringence will also relax with time, un- 
less the coating exhibits pure strain birefringence. If the appear- 
ing fringe pattern, though diminishing with time, is to remain 
proportional to the strain distribution on the interface, the opti- 
cal relaxation law must be linear in the strains. The law of stress 
relaxation is then of no interest. 

The problem is somewhat more complicated when the thick- 
ness of the coating and the gradient of the interface strains are 
such as to produce a three-dimensional variation of stress and 
strain through the coating thickness [2]. The relation between 
observed fringe pattern and interface strains is more complicated 
Simple proportionality does 


and depends on Poisson’s ratio. 
The problem with a 


not exist even with an elastic coating. 
viscoelastic coating reduces to whether the changing fringe pat- 
tern remains proportional to the pattern of the ‘‘elastic’’ case. 
If the influence of Poisson’s ratio is neglected, a reasoning similar 
Division, Chicago, Ill., June 14-16, 1961, of Tae American Soct- 
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Nomenclature 


= constants in creep or relaxation law 
stress-optical coefficient, a material fringe value with 
units of stress per fringe for a 1-in. thickness 
strain-optical coefficient, a material fringe value with 
units of strain per fringe for a 1-in. thickness 
= relaxation modulus at a time ¢ after straining 
= material constant in relaxation law with units of re- 
laxation modulus 
= creep compliance at time ¢ after loading 
material constant in the creep law with units of creep 
compliance 
= inverse of stress-optical coefficient Co at time ¢ 
= material constant in the optical creep law with units 
of K, 
N, = relative retardation in fringes (A = 5461 A) at time t 
R, = inverse of the strain-optical coefficient C, at time ¢ 
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= material constant in the law of optical relaxation 
with units of R, 
material constants in the laws of mechanical and 
optical creep 
symbol for relative retardation or for strain in a 
general type of creep law 
= constant in a general creep law 
a function of time 
time ; 
rectangular component of displacement (¢ = 1, 2, 3) 
= symbol for relative retardation or for stress in a gen- 
eral type of creep law 
= constant in a general creep law 
= material constants in laws of mechanical and optical 
relaxation 
= strain at time ¢ 
= wave length of light 
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to the previous one indicates that linearity in stress-strain as 
well as strain-optical relations is required to insure proportional 
changes in the fringe pattern. The advantageous linearity of 
stress-strain-optical behavior is exhibited by the better epoxy 
coatings and will be solely considered in the present paper. 


Photoelastic Analysis With Linear Loading 


The problem of viscoelastic stress distribution without con- 
sideration of optical effects has been the object of extensive study 
in linear materials [4-6]. 

The problem of viscoelastic effects in birefringent coatings must 
be considered as a special case of general photoviscoelasticity 
which was studied by Mindlin [3]. He assumed small strains 
of a rather specialized linear viscoelastic material in which the 
birefringence is due solely to the elastic elements. It may be 
thought that the omission of other causes of birefringence would 
greatly limit Mindlin’s results. However, the assumptions about 
the basic mechanism responsible for the photo-viscoelastic effect 
are only used to derive the (linear) stress-strain-optical relations. 
Beyond that point Mindlin’s conclusions on the fringe pattern 
associated with the stress and strain distribution for various 
boundary conditions are valid for all materials found to obey 
linear photoviscoelastic laws, independently of the atomic or 
molecular cause of birefringence. 

The problem of the linear photoviscoelastic birefringent coat- 
ings becomes particularly interesting when the interface strains 
change with time, as, e.g., during a variation of the loading. 
Then the relation between birefringence and strain is in general 
very complicated. However, a particularly simple relation exists 
under the following conditions [3] : 


i Isotropy of coating material, generally fulfilled. 

2 Incompressibility of coating material, usually only ap- 
proximately fulfilled, as Poisson’s ratio though relatively high 
(0.35 or more) is not equal to '/s. 

3 Smallness of strains. 

4 Proportionality of variation of interface displacements, 
i.e., when the displacements can be written as products of a func- 
tion a; of space co-ordinates by a function g(t) of time, which is 
the same for the whole body 


u; = g(t) (¢ = 1, 2, 3) 


5 Absence of residual stresses, or a; distribution of residual 
stress-deviation which could have resulted from a similar previous 
loading. 


Then the principal axes of stress, strain, and birefringence coin- 
cide, and the appearing fringe pattern is always proportional to 
the one which would have existed in a perfectly elastic coating 
under the same boundary displacemengs. The effective strain- 
optical coefficient C, will be a function of time depending on the 
initial stresses, the time variation of the loading, and the photo- 
viscoelastic relations. Again the coating may be used directly 
for the determination of relative magnitudes of strains, as e.g., 
for factors of strain concentration, without an exact knowledge 
of the function C(t) or of the functions which determine it. 
These functions must be known exactly only when absolute 
values of strains are required 


Nonproportional Loading 

However, the greatest usefulness of the method of birefringent 
coatings is not in the solution of purely elastic, but of elastic- 
Then the interface displacements do not vary 
propertionally, i.e., they are not product functions of a space 
by a unique time function, even if the variation of the loading 


plastic problems. 


forces is proportional. The same happens in problems of insta- 
bility, or of contact strains, or when the actual loading is not 
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proportional or the loads move. Under these conditions it is 
clear that the observed fringe pattern will not change propor- 
tionally with the interface strains and cannot be used even for 
the determination of relative strain magnitudes. Nevertheless, 
there is a practical way of treating such problems, if, as happens 
with epoxy resins, the viscoelastic behavior consists of instantane- 
ous and delayed elasticity without any permanent set. The 
stress-strain-optical relations under constant stress or strain tend 
asymptotically to time-independent simple proportionalities as in 
purely elastic materials. It can be seen that if the interface dis- 
placements are held constant for a sufficiently long period the 
states of stress and birefringence due to all the loading history 
will come close enough to their asymptotic limits due to the final 
boundary conditions. The problem of stress analysis may be 
treated as purely elastic with the asymptotic values of the elastic 
and photoelastic constants. However, the restrictions of small 
strains and absence of structural instability or of stress dependent 
contact areas must in general be maintained. Thus, e.g., the 
magnitude of the strains during the spreading of the plastic zones 
in an elastic-plastic problem may be determined in successive 
steps separated by sufficiently long rest periods. The ‘‘sufficient’’ 
length of rest can be determined so as to insure a difference be- 
tween the actual birefringence and its asymptotic value, due to 
all loading steps, smaller than a specified value or proportion. 
For this purpose it is advantageous to have a rapid delayed 
elastic behavior. 

Uniqueness has been shown [3] to exist for variable boundary 
conditions which are ‘‘product functions’’ as previously defined. 
For nonproportional loading of materials of linear delayed elastic 
behavior without flow any transition from a state of stress or 
strain to another is permissible given sufficient time, hence 
uniqueness can be inferred from elastic materials. 


Stress-Strain- Optical Relations 


The previous discussion shows the great advantage of linear 
photo-viscoelastic behavior of coating materials. This linearity 
was checked in some of the epoxy resins which make the best 
coatings. As shown [4, 5], the linearity of the viscoelastic be- 
havior for isotropic materials reduces to two pairs of linear dif- 
ferential operators between components of stress and correspond- 
ing components of strain, in complete analogy with the two 
independent elastic constants of isotropic elasticity. Similarly, 
two corresponding pairs of linear operator relations exist between 
It is true that with incom- 
pressible materials the mean normal stress is independent of the 
vanishing dilatation, hence a single operator relation need be 
considered, e.g., between stress and strain deviators and between 
However, the condi- 


stress or strain and double refraction. 


any of these deviators and birefringence. 
tion of incompressibility is rarely fulfilled exactly, and therefore 
an unambiguous test of linearity of photo-viscoelastic behavior 
requires two sets of experiments, one for each operator relation 
The simplest practical independent tests are uniaxial loading and 
pure shear. 


Experimental Procedure 

Eight formulations of two types of epoxy resins similar to 
those found most suitable for birefringent coatings were tested. 
A hot-setting resin was made of a liquid epoxy‘ with 40 per cent 
weight of phthalic anhydride hardener, and will be represented 
as H-100-40. A cold-setting resin was made of liquid epoxy’ 
and 8 per cent tri-ethylene-tetramine (TET) hardener and is 
represented as C-100-0-8. Tests were made with these two 
resins in the pure state and with the cold-setting resin after 
having plasticized it in six different ways by one of two kinds of 


* Under the trade name of “Hysol 6053.” 
5 Under the trade name of “CIBA Araldite 6005.” 
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plasticizers, namely, polysulphide liquid® or a 3:2 mixture of 
ethylene glycol monophenyl ether (EGRE) and di-butyl- 
phthalate (DBP) as previously used [9]. The polysulphide 
additions were in amounts of 10, 20, or 40 parts weight to 100 of 
epoxy and 8 of TET hardener, and are shown as C-100-10-8, 
C-100-20-8, C-100-40-8, where the letter indicates the type of 
epoxy resins and the three numbers show the parts by weight of 
resin, polysulphide plasticizer, and TET hardener in the same 
order. Similarly, the cold-setting epoxy plasticized with EGPE 
and DBP are indicated as C-80-12/8-8; C-85-9/6-8, C-90-6/4-8, 
where the two numbers separated by a stroke show the propor- 
tion by weight of the two plasticizers. 

The hot-setting H-100-40 was prepared by the method de- 
scribed in [8]. The casting was made between metal plates 
covered with Dow Corning R-671 mold release agent, which 
worked very well at all temperatures. Casting was done at a 
temperature well above 90 C when the resin was very fluid and 
did not entrap air bubbles. The temperature was maintained 
constant until gelation. It was then raised to 150 C in 4 to 6 
hr, and finally lowered to room temperature at a rate of 4-5 deg 
C per hr, in a regulated thermostatic oven. After removal from 
the molds the epoxy plates were slowly heated to 100 C and kept 
there for 36 hr, and finally were stored at room temperature for at 
least one month. This procedure had been found to produce 
optimum and stabilized properties 

The cold-setting resins were freed of air bubbles in a vacuum 
and were cast between glass plates covered with R-671 mold re- 
lease grease. After gelation the molds were removed and the 
cast plates were subjected to the curing cycle previously de- 
scribed. 

Tension specimens about '/s in. and compression specimens 
about '/, in. thick were machined from the cast sheets. The 
compression specimens were simple rectangular bars without 
any head, but their ends were centrally rounded on a router with 
a special rotating device so as to minimize the eccentricity of 
loading 

The tests in pure shear were executed with the system shown 
in Fig. 1. Two plastic blocks '/, X '/2 X 2 in. were cemented by 
the long faces on opposite sides of a steel bar, and by their oppo- 
site faces to the interior of a rigid steel frame whose width could 
be adjusted to match the combined thickness of the bar with 
the two cemented plastics. The load was applied centrally along 
the length of the steel bar and resulted in a pure shear deforma- 
tion of the central region of the plastics, since their length was 
greater than three times their width [7]. 

In both tension and compression creep tests the loading was 
applied almost instantaneously through a lever and dead loads. 


6 Under the trade name of “‘Thiokol Polvsulphide LP-3.”" 


Fig. 1 Rigid frame used in double-shear tests 
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The strains were measured to +10~* over a range of 2.4 X 107? 
with a special ‘‘Hortense’’ extensometer in conjunction with a 
Tuckerman optical gage. The fractions of a wave length (A = 
54614) in relative retardation were measured to +0.02, with a 
Soleil-Babinet compensator. Stresses were measured to +0.1 
per cent. 

In the tension and compression relaxation tests a displacement 
was suddenly applied and the strain was measured with the 
extensometer and was occasionally corrected by small amounts 
to the initial value. The load was measured on the spring 
balance of the straining frame. 

Measurements of birefringence and either strain (creep tests) 
or stress (relaxation tests) were taken at regularly spaced time 
intervals from '/, to 16 min. Only relaxation tests were made 
in pure shear. Preliminary tests of all resins up to creep strains 
of 3 per cent showed a complete recovery after sufficient time at 
room temperature, indicating an instantaneous and delayed 
elastic behavior without flow. This permitted the repeated 
loading of each specimen in consecutive steps of higher stress 
or strain, after complete recovery from the previous loadings. 


The Laws cf Creep and Relaxation 


Creep and relaxation tests were carried out at room tempera- 
ture with all the tension and compression specimens, and relaxa- 
tion tests with the pure shear specimens. The loads or deforma- 
tions applied to each specimen in consecutive steps were in the 
ratios 1:2:4. All tension and compression results were corrected 
for lateral strain, with Poisson’s ratio equal to 0.35. The effec- 
tive value of Poisson’s ratio changes during viscoelastic deforma- 
tion and may be calculated, but the change in the corrections 
of stress and birefringence will be negligible. Figs. 2-9 show typi- 
cal results of the time variation of strain and relative retardation 
per unit thickness under constant stress, and of stress and relative 
retardation under constant strain for the four resins H-100-40, 
C-100-0-8, C-100-40-8, C-80-12/8-8. The results are also plotted 
as relations of strain or birefringence to stress (creep), or of stress 
or birefringence to strain at '/:, 2, and 8 min after loading. The 
results plot on straight lines, indicating immediately the linearity 
of the stress-strain-optical behavior. Each of the laws of creep, 
relaxation, optical creep, and optical relaxation were identical in 
tension and compression or shear. The values of the stress- 
optical and strain-optical coefficients’ C, and C, as functions of 
time are given in Figs. 10 and 11. As can be seen these coeffi- 
cients vary little within the periods of duration of the tests at 
room temperature. As has been frequently observed the strain- 
optical coefficient varied less than the stress-optical coefficient 
The influence of the amount of plasticizer 


in all types of tests. 
1/, min after loading is shown in Fig 


on the value of C, and C, at 
12. 

The variation of relative retardation and of strain under con- 
stant load and room temperature (25 + 1 deg C) fitted well to 
laws of the type: 


fa + At + Blogt, (1) 


where f, stands in turn for the relative retardation in wave 
lengths V, or for the strain €, at time ¢ after loading, f, for a 
parameter of corresponding dimensions, and A, B for suitable 
Equation (1) is invalid for values of ¢ 
smaller than about '/, min and should not be extrapolated to 
t= 0 _ This shows that the initial stage of variation is different, 
though continuous with the law of equation (1). As the second 
1, the parameters f, (i.e., Ng or €¢) 


constants in each case 


term Alf is very small for t 
may be interpreted as the approximate values of birefringence or 
strain at unit time after loading, when the ‘‘initial stage’’ of the 
deformation is completed 


? Defined in the Nomenclature. 
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Fig. 3 Optical and mechanical relaxation curves of resin H-100-40 at 
three strains, and instantaneous strain-optical and stress-strain relations 
at '/o, 2, and 8 min after straining 


Fig. 6 Optical and mechanical creep curves of resin C-100-40-8 at three 
stresses, and instantaneous stress-optical and stress-strain relations at 
'/o, 2, and 8 min after loading 

C-100-0-& 

a 








(Fr) 


RETARDATION (FR) 
RETARDATION 


straw (2109) 





STRESS (x1000psi) 


RELATIVE 
RELATIVE 



































nes 


° 
A 6 TIME (min) 


° 
Time (mun) 





to 6 steam (10°) 


or 





2 ; rr) ri z 7 « STRESS ( 1000p9s:) 2 
Fig. 4 Optical and mechanical creep curves of resin C-100-0-8 at three Fig. 7 Optical and mechanical relaxation curves of resin C-100-40-8 
stresses, and instantaneous stress-optical and stress-strain relations at at three strains, and instantaneous strain-optical and stress-strain rela- 
fm 2, and 8 min after loading tions at '/>, 2, and 8 min after straining 


Transactions of the ASME 


604 / DECEMBER 1961 








vFR) 





RETARDATION 


STRAIN (21075) 


RELATIVE 














~ = —_ 0 
2 6 TIME (min) 





a 


Fig. 8 Optical and mechanical creep curves of resin C-80-12/8-8 at 
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Fig. 9 Optical and mechanical relaxation curves of resin C-80-12/8-8 
at three strains, and instantaneous strain-optical and stress-strain rela- 
tions at '/2, 2, and 8 min after straining 


In general, the viscoelastic properties under constant stress are 
better described by the laws of variation of the creep compliance 
J,and the inverse K, of the stress optical coefficient C,, where 


J,= 
K, _ 
Relations (1) then transform to 


K, = Ke + at + blogt 
J,=Je+ead+dlogt 


with the corresponding parameters and constants dependent only 
on the material and the temperature. The values of these 
parameters for all resins tesved are given in Table 1. 

The variation of relative retardation and of stress at constant 
deformation and room temperature (25 + 1 deg C) can be fitted 
well to laws of the type: 


&, = &, — A logt (6) 
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Table 1 





k, = k +at+ blogt J=J+ct+d log! 
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Fig. 13 Transmission fringe pattern of epoxy coating C-100-0-8 on 
notched bar bent as shown in diagram at bottom, between '/, min and 
24 min after straining. Upper edge of each photograph is cemented 
edge, and lower the free edge. Viscoelastic effect is too small to produce 
a detectable change of fringe pattern. 


where ®, stands in turn for the relative retardation in wave 
lengths N, or for the stress a, at time ¢ after loading, Pe for a 
parameter of corresponding dimensions, and A is a suitable con- 
stant. 
t and %¢ a similar interpretation as f, 


(6) has the same limitations as (1) for small times 
Introducing again the 
inverse strain optical coefficient R, and the relaxation modulus EZ 


The law 


R, = 1/C. 


E, = a,/€ 
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Fig. 14 Variation of fringe pattern of coating C-80-12/8-8 on bent 
notched bar, similar to that shown in Fig. 13, '/, min (upper photograph) 
and 24 min (lower photograph). In both photographs upper edge is 
cemented edge and lower the free edge. Two upper curves show fringe 
variation along cemented edge, lower ones along free edge. Some de- 
crease in fringe order is visible, but '/, and 24-min curves are proportional. 
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one obtains 
R, R — alogt (9) 


E.= E— Blogt (10) 


The values of the parameters 2, EZ, a, 8 are constant for any 
material and temperature and are given in Table 2 for all the 
resins tested. 

It was also found that mechanical and optical creep fitted rea- 
sonably well to laws of the form A + Bi with n = 0.19. Such 
expressions have been used to describe the photoelastic creep of a 
phenolic resin [9], and are convenient for purposes of extrapola- 
tion to small times. However, the laws (4), (5) and (9), (10) 
gave a better fit and appear to agree better with the accepted 
physical processes of viscoelastic behavior [10]. 

So far only uniform stress systems were considered. An addi- 
tional check of photoviscoelastic linearity was carried out in 
strongly variable stress fields. As explained in the introduction 
a nonlinear behavior should result in a redistribution of stress, 
strain, and birefringence in nonuniform fields and should be dis- 
cernible as a nonproportional variation of the fringe pattern. 
Rectangular bars notched on one side (semicircular, 30 and 
45-deg V-notches were used) and coated on the other were bent 
permanently so as to produce extension on the coated side, with 
localized high strains over the root of the notch. The coating 
was viewed in transmitted light tangentially through its width, 
and not in reflected light across its thickness. Photographs were 
taken at regular intervals after the deformation. Fig. 13 shows 
the virtual absence of visible relaxation up to 24 min after strain- 
ing of the pure cold-setting Araldite epoxy C-100-0-8. Fig. 14 
shows the variation of the fringe pattern and of the fringe order 
at the edges of a similar bar coated with the plasticized Araldite 
C-80-12/8-8, between '/, and 24 min after straining. The 24-min 
curves are directly proportional reductions of the '/,-min curves. 
This result obtained for the special instance of the coated per- 
manently bent notched bar confirms the conclusions obtained 
by Mindlin with a rather specialized material. 


Conclusions 

Two types of pure epoxy resins (H-100-40 and C-100-0-8) and 
two groups of plasticized epoxy resins (C-100-x-8 and C-100- 
x/y-8, respectively) were examined in creep and relaxation at 
room temperature. It was found that within the range of the 
experiments: 

(a) Pure epoxy resins presented insignificant creep and relaxa- 
tion. 

(b) The creep and relaxation of the polymers was intensified 
with increasing amounts of plasticizer. 

(c) Hot-setting epoxy resins H-100-40 presented the best 
values for both stress and strain-optical coefficients after a 
certain time-interval. 


Journal of Applied Mechanics 


(d) Increase of plasticizer, in the case of Thiokol polysulfide 
LP3, resulted in a deterioration of the stress and strain-optical 
coefficients. Amounts of plasticizer up to 15 per cent did not 
influence considerably the characteristic properties of the poly- 
mers. Increase of plasticizer, in the case of EGPE and DBP, 
improved the stress and strain-optical coefficients and their 
optimum value was obtained for a total amount of plasticizer 
of the order of 12 per cent weight of epoxy (EGPE:DBP = 
8/,). 

(e) The stress-strain-optical relations of all resins were linear, 
identical in tension, com- 


and were 


Linearity was also checked in non- 


without 
pression, and pure shear. 


permanent set 


uniform stress fields. 
(f) In the creep tests the birefringence and the strain at time 
at + 


b log t where f., a, and 6 are parameters depending on the ma- 


t after loading could be expressed in the form: f, = fe + 


terial properties and ambient experimental conditions 

(g) The relaxation law could be expressed as a logarithmic 
function of the time ¢. 

(hk) The general conclusion is that all these materials are 
suitable for use as birefringent coatings when the interface strains 
are given by a ‘‘product function.’’ When the strains are not 
“product functions,’’ the photoelastic measurements must be 
made after a relatively long time following each strain variation. 
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The Hump Deformation Preceding a Moving 
Load on a Layer of Soft Material 


When a load, for instance a heavy roller, moves slowly along the surface of a solid mass of 
soft material, a ‘“‘hump” deformation is often observed to precede it. 
formation from an initially level surface, and the final form of hump established, are 
investigated analytically for a purely viscous material, in two-dimensional motion. It 
becomes evident that a material showing nonlinear creep, or a viscoelastic material, 
would show qualitatively similar behavior, the simple viscous model being adequate to 


The process of 


exhibit the essential qualitative features 


I. THE familiar process of rolling out a slab of dough 
with a rolling pin, a hump deformation is driven in front of the 
roller. Many technical operations involving the rolling out or 
drawing out of materials are of the same nature, and so also 
are certain phenomena of a more obscure character. One of 
these is the peculiar corrugation of an originally smooth metal 
surface sometimes caused by explosive loading [1]* or by oblique 
impact when these are equivalent to a high-speed jet traversing 
the surface. It is convenient to think of a stationary localized 
load q, Fig. 1, on a layer of material which travels under it slowly 
with velocity U. If the material were elastic the deformation 
would be symmetrical, with equal humps upstream and down- 
stream. Since, in fact, a pronounced hump is formed upstream 
only, inelastic behavior is involved. In view of the very common 
occurrence of such humping, it does not appear to be associated 
with any very specific law of flow or creep. The problem is 
solved here for a purely viscous material. It will be apparent 
that it could also be solved readily for viscoelastic materials, and 
that qualitatively similar behavior under a moving load may be 
expected wherever creep of any kind occurs in the penetration of 
a load stationary with respect to the material. 


Viscous Material—Shape of Surface 

At time ¢ the profile of the originally level surface is described 
by a function F;(z, t) representing the small elevation above the 
original level, Fig. 1, so that F,(z,0) = 0. If the material were 
stationary (U = 0) this profile would be changing on account of 
penetration of the load into the material. If the penetration 
ceases for a moment, and the material is given the horizontal 
velocity U, this convective velocity brings the hump under the 
load. The actual profile is determined by the combination of 
penetration and convection. 

In the penetration process (U = 0) the fixed and unchanging 
load causes both horizontal and vertical surface motion, with 
velocity components uo(zr), vo(r), independent of ¢ for sufficiently 
smal! deformation. 


1 From research sponsored by the Structural Mechanics Branch of 
the Office of Naval Research through Contract Nonr 225(29) with 
Stanford University. 
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The origin of x is stationary with the load, in Fig. 1, and the layer 
of material moves as a whole to the right with velocity U. At 
time ¢ the surface particle at abscissa z has the velocity com- 
ponents uo(z) and vz) due to the load, in addition to the con- 
vective velocity U. Its ordinate, F,(z, ¢) in Fig. 1, is changed 
after time df to 

F,[z + (U + wo)dt, t + dt} 
and its vertical velocity component is therefore given by the 
Eulerian expression 
v4 ) OF + oF, 
tT U oe - 
; ar" (Ot 


This vertical velocity is also represented by vm. Neglecting uo in 
comparison with U’ we have the equation 
oF, , OF; 
— + U — = oz) (1) 
ox 


A particular solution is obtained by taking F, to be a function 


of z only. The general solution is 


F, = 


1 
F(z — Ut) + — Me 


where F denotes an arbitrary function, and 


z 
I(x) = a vol n)dn (3) 


The starting condition F;(z, 0) = O determines F, and (2) 


becomes 


[(z) — I(x — UD) (4) 


r 
To interpret this it is convenient to consider first a symmetrical 


loading. Then v(x) will be an even function, appreciable only 
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Profile of layer traveling under fixed load 
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Fig. 2 Penetration velocity distribution vo(x) for fixed layer and load, 


and its integral L(x) - 
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Fig. 3 Elastic and viscous penetration problems for v(x) due to uniform 
loading on a segment 


in the neighborhood of the load. If the material is incompressible 
I(z) will be an odd function, appreciable only near z = 0; that is, 
near the load, Fig. 2. After a sufficient time, the term J(z — Ut) 
in (4), which represents a ‘‘wave’’ traveling downstream with the 
material, will no longer affect the profile in the neighborhood of 
the load. In that neighborhood the profile is determined by the 
term J(z), yielding an upstream hump, fixed relative to the load. 

Curves showing the development of the permanent upstream 
stationary hump from the initial level surface are shown in Fig. 5, 
the loading being uniform on a segment as in Fig. 3 (and with 
h/l = 10). Details of the solution are given in the next section. 


Loading Uniform on a Segment—Elastic and Viscous 
Penetration 

The function voz) in (1), on which the solution depends, 
represents the vertical velocity of the surface in the slow motion 
of the viscous layer (with U = 0) under the load g, now taken as 
uniform on a segment of length 2/. For small departures from the 
originally level surface the change of the profile need not be 
taken into account—the boundary condition is applied as though 
the surface were still level. The problem is solvable by the 
Fourier method, and the boundary conditions are accordingly 
taken in the form 


On y = h, 
2 - § 4 
si sin aleosaxda, 7T,, = 0 (5) 

° J, @ 


On y = 0, 
(6) 


where ¢, is normal stress, 7,, shear stress, and u and v are the 
components of velocity. 

The material being incompressible, the problem is analogous 
to that of an elastic (incompressible) layer under the same 
boundary conditions, the elastic displacements becoming the 
viscous velocities when the shear modulus G is replaced* by the 
viscosity yu. 

*See, for instance, reference [2]. The analogy is mentioned by 
Rayleigh, ‘Theory of Sound,” vol. 2, p. 313. For the more general 
analogy to viscoelastic material, for which the problem of this paper 
can also be solved, see reference [3]. 
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Fig. 4 Vertical and horizontal displacements, v and uv, due to a uniform 
load on a surface segment of an elastic, incompressible, layer 


























Fig. 5 Profile F,(x, #) at various times after application of fixed uniform 
segment loading on viscous layer traveling under it. A fixed hump forms 
to left of x/I = 0, load center, and a reversed hump is carried fo right 
with layer. 


For a loading (¢,)y-, proportional to cos az we may use the 
Kolossoff complex potentials‘ 

Wiz) = —iA cos az — B sin az (7) 

x(z) = (C + 1Az) cos az + (iD + Bz) sin az (8 


with A, B, C, D, functions of a. The plane-strain displacement 
components u, v in the elastic solid vanish at y = 0 provided’ 
aC = 41 —v)B aD = 21 — 2v)A (9) 


where v is Poisson’s ratio and is '/; for the incompressible 
material. 
The complex potentials 


¥i(z) = if, ¥(z)da 


x(z) = if, x(z)da 


‘ See, for instance, reference [4], p. 187. 


DECEMBER 1961 / 609 





derived from (7) and (8) then satisfy the surface conditions (5) if 


q_ sin al 


l—vp 
4 =~ ome ol 11 
er gee (ai cosh ah i+ , sinh ah) (11) 
ee * sin al G3 h ah + ah sinh ah (12) 
wah al 1+ ." — ’ 


where 


1 
4 = at — ( 
l+yp 


a 2 9 2 
*) sinh? ah + (; n ;) cosh?ah (13) 


The plane-strain displacements u, v, are found from the formula‘ 
2G(u + iv) = (3 — 4v)Yalz) — ai(2) — Ki(#) (14) 
and yield the following expressions for the surface displacements: 
G 
gl 


l @o 
(u)ya = — f gi(A)A~? sin A sin A ~ dA (15) 
© Jo l 


. = +t gA)A~? sin A cos A —-dd (16) 
qi ® Jo l 


where \ = al and 
g(A) = g“[at%h* — (3 — 4v)(1 — 27) sinh* ah] 


5 Reference [4], p. 188. 


(17) 
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g(A) = 29-1 — v)[ah — (3 — 4y) cosh ah sinh ah] (18) 


g = ath? — (1 — 2v)* sinh* ah + 4(1 — v)* cosh* ah (19) 


It may be seen that the quantities on the right of (15), (16) 
are functions of z/l and of h/l. In the conversion of the elastic 
problem to the viscous-flow problem we have simply to change 
G to yu, the coefficient of viscosity, in the expressions on the left, 
and interpret u and v as the velocity components. 

Curves of G(u)y-./gl and G(v)y-1/gl as functions of z/l for 
the case h/l = '/, are shown in Fig. 4. The dimensionless sur- 
face-displacement component G(v),-,/gi here becomes the di- 
mensionless surface velocity component pro(r)/gl, where vo(x) is 
the velocity distribution on the right of equation (1). The solu- 
tion of this equation then leads, as explained previously, to the 
profile curves at various times shown in Fig. 5. 
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The Rolling Contact of a Rigid Cylinder 


S. €. HUNTER? 


Brown University, Providence, R. L, 

and Division of Engineering Mechanics, 
Stanford University, 

Stanford, Calif. 


With a Viscoelastic Half Space 


The problem of a rigid cylinder rolling on the surface of a viscoelastic solid is solved in 
an approximation in which inertial forces are neglected. 


With the introduction of 


viscoelastic effects, the symmetry associated with the corresponding elastic problem is 
destroyed, and in particular the cylinder motion is impeded by a resistive force. Fora 
standard linear solid, the resulting coefficient of friction, a function of the rolling 
velocity V, tends to zero for small and large values of V, and attains a single maximum 
at an intermediate value. 


= is some evidence that the frictional resistance 
encountered in the rolling of steel balls and cylinders on the sur- 
face of elastomer and high-polymer specimens arises primarily 
from the viscoelastic nature of those materials (Tabor [1],? From 
[2]). Fig. 1, a schematic diagram of the contact geometry for a 
cylinder rolling on the surface of a viscoelastic solid, shows the 
origin of the friction more clearly. Relative to the symmetric 
position z = 0 (occupied by the center of the contact region for an 
elastic solid), the contact region is displaced in the direction of 
rolling, while at the same time the detailed stress distribution 
across the contact region depends on rolling velocity. Thus, 
even in the absence of surface shear tractions, the net force on the 
cylinder possesses a nonvanishing component opposing the for- 
ward motion. 
This paper is concerned with a theoretical analysis of the rolling 
contact of a rigid cylinder over the surface of a viscoelastic half 


1 Now at A. R. D. E. Fort Halstead, Sevenoaks, Kent, England. 

2 Numbers in brackets designate References at end of paper. 

*A heuristic treatment of this problem has been given recently 
by May, Morris, and Atack [3]. 
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space.’ Inertial forces in the viscoelastic medium are neglected 
and the mechanical properties of the solid idealized in two re- 
spects: (a) The solid is assumed characterized by a fixed value 
of Poisson’s ratio; (b) the behavior in shear is taken to be that of 
a standard linear solid, for which the creep-strain response to a 
unit step function stress pulse is given by 


v(t) = wp ~(1 + f(l — e~”")) 


Here yp is the dynamic shear modulus, 7 the retardation time, 
and f the strength of the single-line retardation spectrum. The 
analysis is carried out within the usual framework of a linear 
theory, in which the strains are assumed infinitesimal and the 
surface boundary conditions applied to the undeformed medium. 
Within these approximations and with the assumption of dy- 
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Schematic diagram of rolling cylinder 





Nomenclature 


position variables 


parameter entering La- 


a(l + f) 


t 


%, di, Y, v1 
A(q) 


Hp 
u(p) 


displacement vector 

stress tensor 

strain tensor 

normal surface displace- 
ment 

—P = normal surface 
stress 

time 

potential functions 

Fourier spectrum of po- 
tential function @ 

dynamic shear modulus 


transform modulus 
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place transform 
Poisson’s ratio 
creep function in shear 
parameters entering creep 
function 
radius of cylinder 
velocity of cylinder 
limits of contact region 
(1; — 2)/2 = semicon- 
tact width 
semicontact 
zero velocity 
(% + 22)/2 = off-center 
displacement of cylinder 


width for 


z—b 


Vr 

a 

Vr 

weight per unit length of 
cylinder 

parameters (functions of 
velocity) entering pres- 
sure distribution 

Bessel functions of imagi- 
nary argument 

modified Bessel functions 
of imaginary argument 

components of force on 
rolling cylinder 

coefficient of friction 
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namic similarity,‘ we have been able to effect an analytic solution 
for the two-dimensional rolling problem. 

There appears to be some difficulty in generalizing the analysis 
to include the case of a more general viscoelastic solid, whose creep 
response, characterized by a number of relaxation times, is given 


by 
oft +> ffl oe (1) 


The present theory predicts a coefficient of friction which ap- 
proaches zero for small and large rolling speeds, and attains a 
single maximum value for a velocity of order ao/r, where dp is the 
semicontact width for the stationary cylinder; this is in qualita- 
tive agreement with the experimental evidence. 

The paper is divided into two principal sections. As a neces- 
sary preliminary, the second section is concerned with deriving 
the viscoelastic analog of the Boussinesq formula 


. (9) P(z', y')de'dy’ 
2mUp (2 — 2’ + (y — "7 


which expresses the normal surface displacement u, as an integral 
over the distribution of surface pressure P(z, y). The two-dimen- 
sional rolling contact problem is solved in the third section. 


y(t) = 





Quasi-State Response of a Viscoelastic Half Space to Moving 
Loads 

In this section we derive the normal surface displacement of a 
viscoelastic half space subject to a pressure distribution moving at 
uniform velocity V across the free surface. In the analysis, the 
acceleration terms in the equations of motion are neglected, and 
the resulting solution is valid for velocities V small compared to 
sound propagation velocities for the viscoelastic medium; for most 
high polymers and elastomers this places a conservative upper 
limit of about 10* cm/sec on the maximum value of V. 

For a half space z > 0, subject to zero shear tractions on the 
surface z = 0, the elasticity equations admit a general solution in 
terms of a single harmonic function ¢, Green and Zerna [4]. In 
particular the normal surface displacement and stress may be 
written 


wu, = —(1 — »XP)mo (2) 
g, = —(06/0z)m0 (3) 

where @ satisfies the Laplace equation 
V* = 0 (4) 


and where yu and v denote, respectively, the elastic shear modulus 
and Poisson’s ratio. 

The viscoelastic analogs of equations (2) and (3) follow from 
the correspondence of the elasticity: equations with the trans- 
formed viscoelastic equations, 


06; 
— =0, 6; = A(p)eud;; + 2u(p)e,; 


In equations (5) the bars denote Laplace transforms with respect 
to time, e.g., 


G5 Az, ¥, 2, P) - f, 


* That is, the assumption that with respect to a co-ordinate system 
centered on the cylinder, the deformation pattern is stationary in 
time 


O; (2, y, 2, the~*dt 
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while \(p), «(p) are transform moduli, Hunter [5], defined by 
either the creep or relaxation behavior in both shear and dilation. 
For example, for a solid deformed in shear, whose shear-strain 
response to a step-function stress pulse is given by y(t), the 
transform shear modulus is 


u(p) = [py(p)] (6) 


The transform bulk modulus [A(p) + 2u(p)/3] may be obtained 
similarly from the creep curve in dilation. 

The exact correspondence of equations (5) with the equations 
of classical elasticity implies that for a viscoelastic half space, 
free from surface shear tractions, the transformed normal surface 
displacement and stress may be derived from a potential function 


$1, 


; “2, = 
— (Dr emo, g, = 
u(p) 


u, = —(dG1/dz).~0 
Here ¢;(z, y, z, p) is a harmonic function of the co-ordinates z, y, z 
while vy now denotes the ratio 


v = X(p)/2[A(p) + 


In what follows we make the simplifying assumption that the 
material behaves similarly in both shear and dilation; then, equa- 
tion (8) defines an unequivocal value of Poisson’s ratio, inde- 
pendent of p. This approximation is not unduly restrictive since 
a more refined treatment in this respect merely substitutes a 
more complicated function of time for the quantity 7(¢) appearing 
in the ensuing analysis. 

With the assumption that v is constant and with the help of 
the Faltung theorem for Laplace transforms, we may formally 
invert equations (7) in the form 


= —(1 mon v)Wi(z, y, 0, t), g, = —(d¢,(z, Y, 2, t)/Oz)emo (9) 


where ¢; is the Laplace inversion of ¢; and where ¢; and y, are 
related by a Volterra equation 


f 

We now restrict the analysis to steady-state problems for 
which the stress and deformation fields appear stationary to an 
observer traveling with constant velocity V in the positive z- 
direction. For such problems the stress, strain, and displace- 
ment fields depend on z and ¢ through the composite independent 
variable z — V‘ rather than on z and ¢ separately. If in addition 
z is measured in a co-ordinate system traveling with the velocity 


V, the variable / is eliminated from the analysis and equations (9) 
and (10) take the form 


u, = —(1 — v)¥(z, y, 0), 


u(p)) (8) 


re) 
Vi(z, y, 2,t) = y(t — t’) a o:(z, y ,2, t’)dt’ (10) 


', = —(dp(z, ¥, 2)/2z) smo 


(11) 
y = 


oi re) 
“f ¥(s/V) — (xz + 8, y, z)ds 
0 Os 


where ¢ and w are harmonic functions of z, y, z 
We expand ¢ as a double Fourier integral 


¢ = we f-. A(q)e~*@"*~l*dg,das 


in which the vector q = (q:, gz, 0) is restrained to lie in the (zy)- 
plane. The Fourier representation of ¢ automatically satisfies 
the Laplace equation and insures ¢ ~ 0 asz-—> @; from the 
complete elastic solution given by Green and Zerna this latter 
restriction is required if all components of the displacement, 
stress, and strain fields are to vanish as z ~~ . 

Substituting for y(t) and @, respectively, from (1) and (12) 
into equations (11), and assuming @ — 0 as zr — o, lead to the 
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(12) 





following Fourier representations for the normal surface dis- 
placement and stress: 


u,= —(1 - » {> flue 


= 0, PZ. Nal Aare tdgde 


Here yu(ig: V) is the complex shear modulus for circular frequency 
aV, e.g., see Hunter (1960) [5], 


— fn 
-1 - -1 es. 
Bw "igV) Mp E + > i+ | 


= (u-"(p))p-igv 


“ig V)A(q)e~""dqudg: (13) 


(14) 


(15) 


where yu(p) is given by (6) while the f, and 7, are parameters en- 
tering the creep function, equation (1). 
Choosing 
A(q) = — P,/4m*|q| 
yields the fundamental case of a point force Po acting at the 
moving origin, i.e., 
o, = —Prd(xz)i(y) 
where 6 is the Dirac delta function. The associated displacement 
is given by 


(1 vv v)Po 
4r*un ff 's 
[eran do (16) 


which, after some algebra (Appendix), may be expressed in the 
simpler form 
; (1 — v)Pe 


27 Up 


[er y) “+m f dge~ {(z + Vr,€)? + vin] 
n 0 
(17) 


Superimposing point-force solutions of the type (17) gives the 
displacement for a distributed pressure P(z, y): 


(i — ») ___—P(2', y")de'dy" 
Oem {(z — 2’)? + (y — y’)*}'” 
ms P(x’, y')dz'dy’ 
~¢ =a oo 
+n fe [fjers | 


+ Vr,£)? + (y — y’)?}'* 

(18) 
The first term on the right-hand side of (18) is the familiar result 
for an elastic solid with shear modulus wp. In the limit V ~> @, 
the remaining terms vanish so that for sufficiently large velocities 
V, the viscoelastic medium behaves as an elastic solid with shear 
modulus “zp. On the other hand, as V — 0, the right-hand side 
again reduces to the elastic result but with up replaced by the 


static modulus 


For a given moving pressure distribution P(z, y), equation 
(18) directly determines the surfacedisplacement. However, for 
the rolling-contact problems considered here, the displacement is 
prescribed within the contact region, and equation (18) may then 
be regarded as an integral equation for P(z, y). 
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A serious complication, arising in the example of the rolling 
ball, is that the shape of the contact area is unknown a priori. 
To date, the difficulty of determining the shape of the contact 
region, concomitantly with the pressure distribution, has proved 
insuperable, and we have been unable to effect a solution of 
the rolling-ball problem. For the two-dimensional problem of a 
rolling cylinder, the shape of the contact region is specified solely 
by two parameters delineating the limits of contact. This re- 
sults in a considerable simplification in the analysis and it proves 
possible to find an analytic solution for the case of a rigid cylinder 
rolling on the surface of a standard linear solid; the analysis fol- 
lows immediately. 


Two-Dimensional Rolling Contact Problem 


The two-dimensional analog of equation (18) follows from 
writing P(x, y) = P(z) and effecting the y integration explicitly. 
By suitably redefining the origin of displacement to dispose of an 
(infinite) constant, we obtain 


u,(z) = Filo 
D 


+ = fh f dte~* [ P(x’) log |z + Vr,é — 2'| ax'\ (19) 
n 0 / 


v) 1S Pe) log |z — x'|\dzx’ 


The present method of solution devolves on casting equation 
(19) into a form in which the integral kernels 
log |x + Vr,¢ — 2’| 


are replaced by the elastic kernel log |z — z’|, and the £-integra- 
tions eliminated. This is most easily accomplished for the 
standard linear solid which is specified by a single pair of parame- 
ters (f,7). For this case (19) reduces to 


u{z) = —- on 
D 


+ sf dte~* f° P(x’) log |z + Vré — 2'| ax'\ (20) 
0 


‘ S P(2’) log |x — z’| de’ 


We have 


du, (li-y | , ’ 
oo ea 4- S Pex’) = log |z — 2'| de 


= € «a , 

+ (f/Vr) die~* it S P(x’) log |x + Vré — z'| a’ 
0 ‘ 

or on integrating by parts and assuming P(x) to vanish ‘as 


r|—> o, 


~ = — v) S rap dx’) log |x — 2’| dr’ 
dz Tun \ 


log |z — 2’| da’ 


— (f/Vr) S P(z') 


+ (sive) f dte~* f° P(x’) log |x + Vrt — x'| dz't (21) 
0 


From (20) and (21) we derive 


ee 
— ee 


) 
1+ f)P(2' 
= S (+ pP(2’) 


— VrdP/dz'] log !z — x'| dr’ (22) 


If we recall that the operator — Vd/dz is effectively equivalent 
to d/dt, it is seen that equation (22) resembles closely the dif- 
ferential form of the constitutive equation for the standard linear 
solid, i.e., 
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e+ roe = upl{o + (1+ f)r-'e} 


This suggests that for a more complicated solid with a number of 
relaxation mechanisms and the constitutive equation 


La,(d*e/di") = 2b,(d"a/dt"), 
there exists a corresponding form of equation (3.4); viz., 
2( — )*a,, V"(d*u,/dz") 
(1 a v) > , ! ' 

———— © f (—)%, V%\d*P/dz") log |x — z’| dr’ 
Fup 
Indeed it is possible to derive such an equation formally by the 
method used before for the standard linear solid. However, the 
derivation is invalid since the intermediate steps entail considera- 
tion of divergent integrals of the type 


d ' 
S P(z') ra log jz — z'| dz’, n>I1 


For the standard linear solid, n = 1, and all the integrals in- 
volved converge as Cauchy principal values. 

In the rolling-contact problem the pressure is restricted to be 
nonzero in a finite region rz. < xz < 2, where, a priori, x;, and 22 
are unknown. It is convenient to define the semicontact width 


@ = (x; — 22)/2 


and a new independent variable 


n=z-—6 


b = (x + 22)/2 


is the distance between the center of the contact strip and the 
lowest point of the cylinder, Fig. 1. In terms of 9, a, and b, equa- 
tion (22) becomes 


du, i ? 
-*2h = ao (1 + f)P(n’) 
dn ‘Tip -a 


— Vr dP/dn’) log |n — 9‘! dn’ (23) 


Within the contact strip the displacement is defined by the 
geometry of the indenter, i.e., 
u, = a — 2*/2R = a — (n + b)*/2 In| <a, (24) 


. z 


in which R is the cylinder radius and where the constant @ is 
initially unknown. Substituting from (24) for u,, equation (23) 
becomes for |n| < a 


a’ — T\yn/R — 7°/2R = 


Tip 


— 
= =F (1 + PP(n’) 
—a 


— VrdP/dn’) log!» — ’| dn’ (25) 


‘= a+ (bVr — b8/2)/R 


lr; =b-—Vr (26) 


Formally, equation (25) is an integral equation for the pressure 
distribution 
(1+)P(n) — VrdP/dn |n| <a 


0 ln| >a 


(mn) 


(27) 
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of an elastic indentation problem; the associated displacement 
in the contact region is given by 


a’ — I'\n/R — 92/2R (28) 


The three terms in (28) correspond to indentation by a flat punch, 
a flat tilted punch, and a cylindrical punch. The solutions of 
these three elastic problems are known and are most simply ob- 
tained using the method of Green and Zerna [4]. Superimposing 
the three solutions yields 

Hb 


ag) = = 


2. »2)'/: 
xl -»)k * v) 


+ (T: — Tin)/(a? — 9°)'7}, [ni <a 


= 0, Ini >a 


in which the additional parameter T; is a function of @ deter- 
mined in the following text. 
Inserting (29) into (23) yields 
du, 


u, — Vr = 


—R-' {(T, + a*/2) log (a/2) 
dn 


— a*/4+Tin + 9°/2} for |(n| <a. (30) 


= —R-! | °/2 F n(n? — a®)'/? — at/4 
+ (I, + a?/2) [cosh-! (\n)/a) + log (a/2)} 
+ Ti[(n = (mn? — a*)'“]} for [n| >a (31) 


where the upper and lower sign are to be chosen, respectively, for 
n>a,n< —a. 

For |n| > a, equation (31) constitutes a differential equation 
for u,; for || < a, we already have in equation (24) 


u, = a — (n + b)*/2R 
which, on comparing with (30), yields 
a = —[bVr — b?/2 + (T2 + a*/2) log (a/2) — a*/4]/R 
determining @ in terms of I;. In particular, this gives the dis- 
placement at 7 = ain terms of [:, 
u{a) = a — (a + b)*/2R 


= —R-1/(T, + a?/2) log (a/2) + a?/4 + ab + bVr} 


a result we shall need subsequently. 
From equations (27) and (29) the pressure P(7) satisfies the 
differential equation 


(1 + f)P — VrdP/dn 


: Mp {, 
(l1—v)R , 


at — n*)'/2 + (LT, — Tin) /(a* — *)'72} (33) 


with solution 


1 
pa’ h P 1/ 
——o grw/@ ev i(1 — y?)/3 
(1 — vy)RVr :. . v7 


+ (T':/a? — Tyy/a)/(1 — y?*)’ *}dy (34) 


P= 


where 
h = a(1+f)/Vr (35) 


and where we have absorbed the constant of integration by means 
of the boundary condition 


P n/a = ] 


Imposing P = 0 for n/a = —1 provides a relation connecting I’; 


and r:, 
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i ety {(1 — y?)'* + (T2/a* — Try/a)/(1 — y*)'*} dy = 0 
(36) 

The definite integrals involved in (36) are all expressible in terms 
of Bessel functions of imaginary argument; we find 
(h-! + Ti /a)l,(h) + (T2/a*)o(h) = 0 (37) 


A second relation is provided by the quation 


. 
is a 
W = f P(n)dy 
—<4 


where W is the load per unit length of the cylinder. The pressure 
integral is most simply obtained by integrating both sides of 
equation (33); the term 


a 
f (dP/dn)dn 
—-a 


vanishes by the previously imposed boundary conditions, leaving 


Tu pa* 


7 (1 + ya a*) 
Al — v1 +f)R 


W= 


T':/a? = 4 [(ao/a)* — 1] (38) 
where do is the semicontact width for a stationary cylinder, 
Al—vvKl+f/R 

—— WwW 


Tp 


a? = 


From (37) and (38) 


—h-* — } [(ao/a)* — 1)Jo(h)/1i(h) (40) 


T',/a = 
A third relation, provided by the continuity of u, at 7 = a, de- 
termines (a/ao) as a function of (Vr/ao). From the integral 
formula (20) it is readily verified that the asymptotic form of the 
normal surface displacement is given by 
Qo? 
u(x) ~ —— log |z| + O(z-), 


2R 


z|>a 


or in terms of n = xz — b, 


ae? 


R log |n (41) 


+ O(n ~*) 


~ 


An equivalent form of (41), more suitable for present purposes, is 
Qo? ; 
u,~ - OR {cosh~! (/n|/a) + log (a/2)] + O(n-*) 


(T: + $a") 
a ewer my [cosh~|\n|/a) + log (a/2)] + O(n-') 
We write, for7 >a 


an r; + } a?) 
2R 


u,(7) = [cosh~(n/a) + log(a/2)] + g(m) (43) 


where 
gn) +0, n> © 


Substituting (43) into (31) gives 


g-—Vr 2. 


—R-! i(n) 
de Q() 


where 
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Qi(m) = 2/2 — 9(n? — a*)'/*/2 — a*/4 + Til[n — (9? — a?)'/*] 
+ Vr(T'; + a*/2)/(n? — at)’ (46) 

and where 
Q(n) ~ 7! for 


7 @& 


The solution of (45) satisfying (44) is 
g = —(RVr)-ev"" f e~ /YO,(y)dy 
” 
Continuity of u, at 7 = a requires, from (32), (43), 


a*/4 + b(a + Vr) = (RVr)™ f° e\@~ uv) VO. y)dy (47) 


a 


The definite integrals, obtained by substituting for Q, from (46) 
into (47), are either elementary or expressible in terms of modified 
Hankel functions of order zero and unity. Ultimately (47) re- 


duces to 
r, K(k) Sar ko 
a? Kok) a 
where Ky and K;, are defined as in Watson [6] and & is the pa- 


rameter 


(48) 


k = (a/Vr) (49) 


Substituting for ';/a and I’;/a? from (38) and (40) leads to the 
transcendental equation 


a \? 2f/h 
=1+— - 
a Kol k)/Ki(k) + of h)/T(h) 


(50) 


where 


k=a/Vr, h=a(1+f)/Vr =(14+ fk 

For a specified value of the parameter f,5 equation (50) determines 
a/ao as a function of Vr/a and hence a/ao in terms of V7r/as. 
From (38) and (40), T';/a and [’,/a? are then determined in terms 
of Vr/ae and the solution is complete. 

It is readily verifiable that the solution obtained degenerates 
into the appropriate elastic solution for the three limiting cases: 
(a) f = 0 (no viscoelasticity); (b) V — O (material behaves as 
elastic solid with shear modulus up/(1 +f); (c) V > @ (material 
behaves as elastic solid with shear modulus yp). 

Curiously, in order to determine sufficient relations between 
the various parameters in the solution, there has been no neces- 
sity to invoke continuity of u, at 7 = —a. However, imposing 
continuity at 7 = —a leads to an expression for the surface dis- 
placement with the correct asymptotic form, equation (41); for 
n < —a the surface displacement is given by 
? 


u(n) = —R-((T2 + a*/2) cosh~' (|n|/a) + log (a/2 
—R-[a?/4 + b(Vr — a)je'"l/¥r 


In! 
+ (RVr)  f.” Q2( ye” ~ "dy 
a 


where 
QAy) = [y?/2 — y (y* — a®)'* — a?/4 — Tyly — (y? — a?)'4] 
+ Vr(T2 + a?/2)/(y? — a*)'”] 
Since from (30), (31), we have continuity of 


u, — Vrdu,/dn at = +a, 


* That is, for specified values of the ratio of dynamic to static 


modulus (1 +f); it is of interest to note that the absolute values of 
these moduli do not enter significantly into the analysis. 
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Fig. 2 Reaction of medium on cylinder 


imposition of continuity of ug implies continuity of the derivative 
du,/dy. 

It remains to verify that within the contact region the pressure 
distribution (34) is non-negative. In fact equations (38), (40), 
and (50) yield the inequalities 


I, < 0, I, > 0, ITila>T: 


which suffice to prove that 
P(n)e~**/* 


given by equation (34), is positive for |m| < a. 

The force impeding the cylinder motion is an integral property 
of the solution. From Fig. 2 the total reaction of the viscoelastic 
solid on the cylinder is directed through the center of gravity 
with components 


P= 7 * P sin Odz 
n 


xz 
F,= f. P cos 6dz, 
nm 


where sin 9 = 2/R. 
To first order in z/R 


7 
r= ff 
zn 


a 
= R-! 8 (n + b)P(n)dn 


= bW/R + Ro f* nP(n)dn (51) 


This integral may be evaluated directly using the differential 
equation (33); multiplying through by 7, integrating, and noting 


the result 
a 
-f Pdyn = —W 
=@ 
a Mp! \a*e 


VrWw pi a* g 


“(1 +f)R 2l—vt+fHr 


re AF 
aa 


From (51) and (52) the coefficient of friction x 


: n(dP/dn)dn = 
=@ 


we find 


a 
R-! f nP(n)dn 
-a 


(52) 


on using (39). 
is given by 


200, + PAG main BS 
= z > 4 1 +f i do? 
cel 
as ao 
which, by previous results, determines Rx/a» as a function of 
Vr/ao. 


Vr + rT, 


or since b = 


(53) 
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(a/aq,) (f=!) 





(a /a,) (f= 9) 





(b/a,) (f= 9) 





(b/a,) (f=!) 








4 
10 
(Vt/a,) 





Fig. 3 Variation of semicontact width, a, and off-center displacement, 
b, with rolling velocity 








(VT/a, 


Fig. 4 Variation of coefficient of friction x with velocity 


There is some difficulty in the derivation of (53) in that the 
analysis, undertaken in a linear approximation, presupposes the 
pressure P(x) to be directed perpendicularly to the initially un- 
deformed surfacez = 0. Thus, strictly, the linear approximation 
yields F, = 0; on the other hand, the vertical component F, is no 
longer directed through the center of gravity of the cylinder so 
that the cylinder encounters a resisting couple 


M = f- zrP(z)dz 


To maintain the cylinder motion requires a frictional force with 


FR = . zP(x)dz 
Zz 
Zi 
F,=R ff, 2P(x)dzx 
m™ 


as previously indicated. This latter viewpoint is adopted (among 
others) by May, Morris, and Atack [3]. However, it is clear that 
from a more refined treatment, in which the stress boundary 
conditions are applied to the deformed surface, we would obtain 
a resistive force rather than couple; to first order in (ao/R) the 
associated coefficient of friction is given by (53). 

Detailed numerical work has been undertaken for two values of 
the parameter f. Fig. 3 shows a/ap and b/ap as functions of 
Vr/ao for f = 1,f = 9. The corresponding plots for Rx/ae are 
displayed in Fig. 4, using a logarithmic scale for the abscissa; 
in each case the maximum value of x is encountered for a value 
of Vr/ao of order unity. Fig. 5 shows the detailed pressure dis- 
tribution at maximum x for the case f = 1. Here 


Vr/a = 1.005 
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Fig. 5 Pressure distribution under rolling cylinder (f = 1) 


On the same plot are displayed the Hertzian pressure distributions 
obtaining for V = Oand V = 

Fig. 4 appears to account qualitatively for the principal 
feature of rolling experiments, namely, that x displays a maxi- 
mum value for velocities of order ao/7, where 7 is some measure 
of the mean relaxation time; also x — 0 for sufficiently small 
and large values of the rolling velocity, e.g., From [2]. However, 
a detailed comparison between theory and experiment is hardly 
justified in view of the fact that the standard linear solid provides 
a rather inadequate description for the mechanical behavior of 
most high polymers and elastomers. 
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APPENDIX 


Reduction of Equation (16) fo (17). The result 


(amt f~ ; ies | 


is well known and also follows as a special case of 


ear 
-1 
— .: | Merces che 


le *@""da.dg, = |r|- (54) 





(55) 


> ~fdg 
7 . {(2 + Vré)* + y*}' 


the proof of which is outlined as follows: 
Expressing g and r in polar co-ordinates 
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q = mcosd, @=msing, z=rcos), y=rsin 8, 


and rationalizing the integrand, we have 


2e © 
I = (2x) A’ a f tn 
0 0 


cos [mr cos (@ — 6) _— mVr cos > sin [mr cos (@ — @)) 
1 + m*V 7? cos? o 


(56) 


the imaginary part of the integral vanishing from angular 
symmetry. 

The integrand in (56) gives identical contributions for ¢@ and 
¢ + 7 so that by inserting a factor of 2 we may rewrite the limits 
of @ as 6, 6 + mw where 6 may be chosen at convenience. The 
analysis is simplified by the choice of 6 = @ — 2/2; then with an 
additional change of variable from @ to WY = @ — 6 we easily 
derive 


p=r f wf dm 


cos [mr cos ¥] — mV cos (y + @) sin (mr cos ¥) 
1 + m*V 272 cos? (6 + + Wy) 





or on effecting the integration with respect to m 


*/2 “08 
I= cave) f exp }- rome _| 


Pv Velen OF UII 
1 — cos (0 + W)} dy 


The analysis proceeds slightly differently according to whether 
0<@0<mao0ra<@< 2x. We consider the former case in detail; 
the analysis for r < @ < 27 leads to the same final result. 

For 0 < @ < @ the nonvanishing contributions to (57) arise 
y < 7/2, thus 


J r cos t 
Wr cos (6 + + ws dy 
cos (0 + w) 


{|cos (6 + W) (57) 


form/2—60< 


[ = -wey f 
(w/2)—@ 
r cos 8 (#/2) +0 
= (Vr) vex (’ = ) 
Vr J x/2 


exp ? Vr 54 sin 6 tan yh 


_—_________— dy 
cos 


exp < 


(58) 


Changing the variable in (58) from y to z = —tan w results in 


r 
e exp— 
\ 
I= ve f > 
cot 6 


substituting 


{(cos 8 — zsin @)} dz 





(1 + 2) 
Finally, 
V 
z = cot @ + - =¢ 
. 


and remembering x = r cos 0, y = r sin @ we derive the required 


result (55) 
J, 


which reduces to (54) in the limit Vr — 0. 


e~ "dt 
{(z + Vré)* + y*}'” 
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It is important that the data contained in technical papers be made readily available to design engi- 
neers. in order to sa these needs of industry, this section of the Journal includes a concise 
resentation of data and information drawn chiefly from papers previously published by the Applied 


echanics Division of The American Society of Mechanical 


ngineers. 


Stress Distribution at the Fillet 
of an Internal Flange 





K. E. HOFER Jr.,' and A. J. DURELLI? 


This paper deals with the determination of the stress distribution at 
the fillet of a flange attached internally to a hollow cylinder. A load 
parallel to the axts of the cylinder and of variable eccentricity acts on 
a bearing plate which rests on the flange. The strains are measured 
by means of electrical resistance wire strain gages. The ratios of the 
mean cylinder diameter to the cylinder wall thickness and of the mean 
cylinder diameter to the flange thickness are varied. The principal 
stresses at the fillet are given as functions of these parameters. The 
experimental results are compared with the stresses calculated on the 
basis of an approximate theoretical solution for both an axial and an 
eccentric load, 


Introduction 

Tusine and pipes are connected by means of flanged joints. 
Cover plates and other mathine parts are attached also to the 
ends of hollow cylinders-thréugh the use of flanges. The obvious 
need for external disassembly of these component parts generally 
demands that the flanged joints be external. However, there 
often exist conditions (in particular in airshafts, tunnels, storage 
cylinders, and so on) where the attachment of the components is 
achieved by means of flanged joints internal to the structural 
system. 

When a machine element contains an internal flange, the re- 
sultant loading on the cylinder often is parallel to the axis, but 
eccentric. The eccentric loading makes a theoretical analysis 
dificult. Moreover, in the machine element, one is often con- 
fronted with the problem of lack of working room and hence 
must be satisfied with relatively narrow flanges. For this reason 
the radius of the fillet connecting the flange to the shell may be 
quite small, giving rise to a severe stress concentration at the 
fillet. This stress concentration will then produce stresses which 
are quite high in the flange fillet. 

E. G. Coker and L. N. G. Filon [1]* conducted a photoelastic 
investigation of a vertical cylindrical shaft in the earth where 
cast-iron cylinders with internal flanges are bolted together to 
form the internal lining of the shaft. The large D,,/t ratio of the 
cylinder and the symmetry of loading warranted Coker’s assump- 
tion that the strain in any axial plane may be obtained from a 
plane model without much loss of accuracy. 

It is desired to find the stress distribution at the fillet of an in- 
ternal flange located at the end of a hollow cylinder, as shown in 
Fig. 1, for loads directed parallel to the axis of the cylinder and 

‘Armour Research Foundation, Illinois Institute of Technology, 
Chicago, II. 

? Professor of Civil Engineering, Catholic University of America, 
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transmitted to the flange by means of a plate. It is desired to 
find the stress distribution at the fillet for various positions of the 
load P along the radial line CO. The effect of changes in the 
cylinder wall thickness ¢ and flange thickness 7' will be taken into 
consideration. The parameters to be held constant are the in- 
ternal diameter D, fillet radius p, flange width W, and the 
geometry of the bearing plate. 

This investigation deals with flanges attached internally to 
hollow cylinders with D,,/t ratios of from 13 to 30, where D,, is the 
mean diameter of the cylinder. For the first part of the study the 
ratio D,,/T was 25. Further investigations were carried out hold- 
ing the ratio D,,/t = 30 constant and varying the ratio D,,/T from 
25 to 50. 
bracket the range of current designs and may be increasingly 
used in the future. 

The loading conditions are realized by applying to the bearing 
plate a force parallel to the axis of the cylinder at different ec- 
centricities. The load is transmitted from the bearing plate to a 
circular annular area in the center of the flange. 

The stresses on the cylinder depend critically on the distance 
between the cylinder wall and the line of action of the force acting 
on the flange. It is therefore important to define this distance 
accurately. In this investigation this distance is W/2. The 
corners of the bearing plate and the flange were machined away 
as shown in the detail of Fig. 2, so that the resulting forces on the 
flange are contained in the narrow annular region shown. During 


These values were selected because they seem to 


























BEARING 
PLATE 
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Fig. 1 Internal flange at the end of a hollow cylinder. The axial and 
eccentric load is transmitted to the flange by means of a plate. 
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Fig. 2 Geometry of the cylinder and bearing plate used in the experi- 
mental analysis 


deformation as this region rotates slightly, it is assumed that the 
resultant forces do not appreciably change their distance from the 
cylinder wall. In the results shown later, the linearity of the re- 
sponse of the strain gages shows that this assumption is justified. 

An approximate theoretical approach to the solution of this 
problem is presented in an appendix, and a comparison of the re- 
sults obtained using this approach and those obtained from the 
experiments is presented in the discussion. 


Experimental Approach to the Problem 

A cylinder with an internal flange was machined from cast 
aluminum tooling plate to the shape shown in Fig. 2. Electrical 
resistance wire strain gages (gage length ‘/ie in.) 
placed in the fillet of the internal flange as shown in Fig. 3 at 
four symmetric positions along the fillet circumference. Two 
gages were placed on both the inside and outside of the evlinder 


were 


as shown in Fig. 3. 

A bearing plate was used to transmit the load to the internal 
flange. Forty-five degree chamfers on the bearing plate and the 
flange constrained the forces to a narrow annular region on the 
flange (see the detail of Fig. 2), and also provided the necessary 
working room in the flange fillet for placing the gages. 

Readings were recorded for the central position of the load and 
four positions along two radial lines 45 deg apart. This procedure 
permitted a larger number of points along the fillet circumference 
to be studied with a minimum number of strain gages. 

The directions of the principal stresses at every point along the 
fillet for eccentric loading were found by applying brittle coating‘ 


techniques. Only two positions of the load were examined: (a) 


m 
the most extreme eccentrically loaded position = 4 6), and 
r 


° 7 oa m 
(6) the median eccentrically loaded position ( = 2/6), The 
Tr 


‘Stresscoat 1207, a product manufactured by the Magnaflux 


Corporation, Chicago, III. 
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Fig. 3. Location of electrical strain gages on the cylinder and fillet be- 
tween cylinder and flange 
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Fig. 4 Principal directions at the fillet for the internal flange loaded in 
bearing. The parameter m/r is the measure of eccentricity of loading 
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Fig.8 Principal stresses at the bottom of the fillet for different eccentrici- 
ties of load. D,./t = 30, and D,,/T = 35. 


values for the other two eccentrically loaded positions were ob- 
tained by interpolation. For the centrally located position of the 
load every axial plane is a principal plane, due to symmetry, and 
hence no test was made for this case. See Fig. 4 for the results of 
these tests. It was assumed that the directions at the fillet would 
not change appreciably for the various thicknesses of the cylinder 
wall and flange, and hence the directions were determined for 
only one given wall thickness and flange thickness. 

After the data had been obtained for the first wall thickness, 
material was machined from the outside of the cylinder, new A-7 
gages were cemented to the outside of the cylinder, and the tests 
were conducted for the new wall thickness. This process was re- 
peated until four different wall thicknesses had been studied. 
Then material was machined from the bottom of the flange and 
the tests were again repeated. 

The analysis of the resulting data was accomplished by using 
Hooke’s law and Mohr’s circle. 


Results 

Figs. 5-7 illustrate the distribution of the principal stresses 
around the fillet circumference, with D,,/t and m/r as parameters. 
The ratio of the mean diameter to the flange thickness is held 
constant at D,,/T = 25. The results for three values of D,,/T 
at a constant D,/t = 30 are shown in Figs. 7-9. 

In Figs. 5-9 it can be noted that the curves which were ob 
tained for various eccentricities of loading intersect at a common 
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Fig.9 Principal stresses at the bottom of the fillet for different eccentrici- 
ties of load. D,,/t = 30, and D,,/T = 50. 


point. The angular position of this common point is different for 
the 0:/@nom and the ¢2/@nom curves. The position of the common 
point in both the 0:/@nom and ¢2/7nom curves seems to depend 
somewhat on the D,,/t ratio but is independent of the D,,/T ratio 
for the range of parameters tested. 


Discussion and Conclusions 


A load equilibrium check on the accuracy of the entire proce- 
dure was available from the results of the readings of gages placed 
on the cylinder wall. In Fig. 10 the average cylinder axial stresses 
are plotted for typical D,,/t and D,,/T ratios. The area beneath 
these curves has to be equal to the respective applied loads. In 
most cases it was observed that this is accomplished to within a 
few per cent of the applied load. 

The approximate theoretical solution derived in the Appendix 
may be compared with the experimental results if a stress con- 
centration factor is assumed for this case. For zero eccentricity 
the maximum stress resulting from the theoretical equations is 
11,800 psi for a load of F = 100,000 lb; for an eccentricity 
(m/r = 1/3) the values of the maximum stresses (at 6 = 0) are 
23,200 psi and 18,900 psi for the linear and cosine distributions, 
respectively. An approximate stress concentration factor (k = 
3.76) can be obtained from the case of a flat plate angle section 
under a bending load [3]. For zero eccentricity the value of the 
maximum stress resulting from the use of this stress multiplier is 
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Fig. 10 Average stress (7.) on cylinder walls. The areas between the 
curves and the horizontal axis is equal to the total load carried by the 
cylinder divided by the cylinder wall thickness ¢. This loading cor- 
responds to the case D,,/t = 13, and D,,/T = 25. TheloadF = 10,000 
Ib. 


45,500 psi. For the case of m/r = 1/3, the maximum stresses are 
89,100 psi and 72,500 psi for the linear and cosine distributions, re- 
The value of the experimentally derived maximum 
When m/r = 
There- 


spectively. 
stress for the case of zero eccentricity is 35,000 psi. 
1/3 the maximum stress from experiment is 61,500 psi. 
fore the calculated values of om, are higher than the experimental 
values. This difference is probably explained by the fact that a 
two-dimensional stress concentration factor is used when actually 
a three-dimensional multiplier is needed. The experimentally de- 
termined factor for zero eccentricity is k = 35,000/11,800 = 2.97, 
and for an eccentricity of m/r 1/3 (and a cosine distribution 
it is k = 61,500/18,900 = 3.25. 
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APPENDIX 


Approximate Theoretical Approach to the Problem 

Timoshenko [2] presents the solution for the symmetric prob- 
lem of an external flange with a strength of materials approach. 
By modifying this approach the solution for the problem of an 
eccentric load on the plate resting on the internal flange is ob- 
tained. 

If a circular ring plate is attached to the end of a hollow cylinder 
as shown in Fig. 11, the nominal stresses at the fillet may be 
calculated from the bending moments and shearing forces at the 
joint. Let P be the force per unit length of the mean circum- 
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Fig. 11 Matching of ring-plate and cylinder 


ference in the cylinder. The force per unit length acting on the 
flange (if such a distribution occurs midway between the inner 
cylinder wall and the inner circumference of the ring) will be 


D,,/2 
D,. W-+t 


9 9) 


P 


Under the action of these forces the ring plate will rotate through 
an angle a. If the bending moment and shearing force at the 
joint between ring plate and cylinder are given, respectively, by 
M, and P, (see Fig. 11), the magnitude of these quantities can be 
determined from the condition that at the joint distortions of the 
cylinder and the ring plate must be continuous across the joint. 

The torque per unit length about the center point of the flange 
cross section is given by 


W+t 
I(* = )p — Md1 + TB 2/2)| (1) 


gm o| 31 — »*) 
V (pe 


is the ‘‘foundation’’ modulus obtained by a consideration of the 
restraining forces of neighboring axial elements in the cylinder. 


Thus M> is given by 
W+t 
il aa 
2 
Mo se 4 


(=TU Aa 2c) 
Bt D,,* 


where 


(2) 


Frey 


The maximum bending stress in the cylindrical shell from simple 
strength of materials is given by Omx = 6M,/t?. Thus, 
- 3(W + t)P 


Cag 2 nn ee 
2aT*%1 — v?) In (Do/2c) 

oath. - t. Aceesl a T 28 / 
( BUD? ) + #@ + TH#B/2 


(3) 
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P(@) = P, -P,e 
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Fig. 12 Possible transmission of load F to flange through the bearing 


plate 


If we add this to the tensile stress in the cylinder, ¢ = P/t, we 
obtain 


3(W + t) 
2aT%1 — ¥#) In (Ds/2e) 


BeD,2 





+t+ TtB/2 


I 
Trt! = i i 


(4) 


Equation (4) gives the nominal stress at the junction between 

the flange and the cylinder. This nominal stress is for the case of 
zero eccentricity and does not include the effect of stress con- 
centration. 
DP It is possible to estimate the maximum stresses in the fillet for 
the eccentric case if we assume that the load is transmitted to the 
flange by distributions such as are shown in Figs. 12(c) and 12(d). 
From the summation of forces in the z-direction we obtain 


© F 
[Pome = = (5) 
0 7 


and from the summation of moments about the y-axis (normal to 
the radial line along which the position of the load varies) we 
obtain 
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° Ff 
f rP(@) cos Ord = = (6) 
0 


Performing the integration and solving the resulting pair of equa- 
tions simultaneously, one obtains 


F {mr 
+ (7) 
2r\ 4r : 


for the linear distribution shown in Fig. 12(c) and 


2m 
cos 6 
r 


for the cosine distribution shown in Fig. 12(d). 

By replacing P in Equation (4) by P(@) from either Equation 
(7) or Equation (8), an approximate value of the nominal stress 
at the junction between the flange and the cylinder will be ob- 
tained for any value of @. 

It should be noted that the load distributions assumed in Figs. 
12(c) and 12(d) are valid only if m/r s 4/2? for the linear dis- 
tribution and m/r s 1/2 for the cosine distribution. For greater 
P(8) tensile, which is not possible 


P(0) = 


x 
P(0) = = — (: + 


eccentricities, becomes 


physically. 
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Briel Notes 


On the recommendation of the Executive Committee of the ASME Applied Mechanics Division, it was 


decided to initiate a section devoted to brief notes on technical matters in mechanics. 


These notes 


must not be longer than 750 words (about 2'/, double-spaced typewritten pages, including figures) and 
will be subject to the usual review procedure prior to publication. After approval such notes will be 


published as soon as possible, normally in the next issue of the Journal. 


The notes should be sub- 


mitted to the Technical Editors of the Journal of Applied Mechanics. 


Lowest Natural Frequency of Elastic 
Arc for Vibrations Outside 
the Plane of Initial Curvature 





E. VOLTERRA’ and J. D. MORELL’ 


Tuts brief note supplements a previous one by the same 
authors.* The Rayleigh-Ritz method is used to determine the 
lowest natural frequency of elastic arcs with clamped ends. The 
arcs have the center lines in the forms of a circle, a cycloid, a 
catenary, and a parabola. Vibrations occur outside the plane of 
initial curvature of the arc. 

With reference to Figs. 1 and 2, the following expressions are 
used for the potential energy U and the kinetic energy 7’ of the 


arc: 
7 L 2, ]2 G L 
EI f | 8 2 O*% ] a Ip | og 
2 Jo R ds? 2 0 Os 


P = 


p2 | a \* Ip og | is 
. ot Q \ ae ; 


p being the density of the material of the arc, »v its Poisson ratio, {2 
the cross-section area, and EJ and GIp its flexural and torsional 
In all the results presented the cross section of the arc 
is considered circular. 

For the following boundary conditions: 


© 


rigidities. 


Ov 
v= — = B = () for 
Os 


suitable analytical expressions for the displacements satisfying 
equations (3) are: 


2rs : ) 
v = A] 1 — cos L sin wi | 


lo 
— sin wl } 


L 


By inserting equations (4) into equations (1) and (2), one obtains: 


a: EQL 62 A k + Bm +2 A B r 
—— r L m 2 L n (5) 
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3pQL? A ) . 
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4 7 es 


(2m)? 


(1 + vy) L 3 
2 f ( L 
+ om 
L Jo R 
lf (4) ; (= 
sin {| —— 
| Jo R L 
, nf ( : (= 278 : 
= = a Al * eee OE sms 
\ q R in 5) col L as 


From the condition that Umax = Tmax it follows that 


A\ 
@:| ; + 25281 | = 
A 
+ Bm +2(4) on] (8) 


> 


ie - 
Re ‘\ 
P 


My 


Transactions of the ASME 





Table 1 Values of the constant ¢. (Upper left should read Ro/r.) 


30° 35°| 40° 


where 6 = ? (- = \ being the 
4 Oo 


cross section of the curved bar) and: 


By expressing that 


oB 


the following frequency equation 


ann ee 
6b — h2|] 2k — — fst 4 
6? 6? 


is obtained. 
In Table 1 the values of the lowest root ® of equation (9) are 
given for the arcs of the circle, cycloid, catenary, and parabola for 
values of the ratio Ro/r varying from 20 to 100 and of the angle a 
varying from 5 deg to 40 deg. 
In the case of small angles a, it is more convenient to express the 
results under the form: 


C | #! (10) 

YY 50 

lis the length of the chord subtending the arc (see Fig. 1). 

The numerical values of the constant C for cycloid, catenary 

and parabola are given, respectively, in Figs. 3, 4, and 5. These 

values are compared in each figure with the corresponding values 
The following relationships are verified: 


(=) 


where 


for the circle. 


For the circle: 
16a:2r? 


l+yp 
Sara 
3 (1+») 


(2 + v) 


| 
T_ + (2a) 
| 
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radius of gyration of the 








For the cycloid: 
R= 


Ry cos © 


$s = Ro (sin Yy 


L 2Ry sin a 


Ro 


cos? ¢ 


R= 


8 Ry (tan ¢@ 


L 2R, tan a 


For the parabola: 
R ne Ro - 


‘cos? (t) 


sin @ 


L yi to | 


cos? @ 














+ sin a) 


+ tan a) 


1+sing + sin @ 
1 — sing 


sin (j+=*)) 
2 1 — sna 
1 + sin a 
1 — sina 


cos? a 
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Fig. 4 


If the following boundary conditions are assumed in place of 
equations (3): 


0 
(12) 
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Fig. 5 


suitable analytical expressions for the displacements satisfying 
equations (12) are: 


1}1 _ 
y= s cos I 
2 
8 = B[1- cos( we) | ein 


For this case, the frequency equation is: 


3m 4 km - n* = 
5? 5? + 
with: 


k = (2 )' + | ig Ysine (25) 
" (l+v) L Jo : L 
2 L/L\ 2s \\]2 
+F ff (4) 1 — con ( 2 Yi] ds 


(15) 
2 9 L 
n= (2r) gi (=) cos 
1 2 L/L ; 2s 
+747 F J (7) sm ( L ) af 


184 — | ot + 


(2)? 
m= ae 


(1 +p) 
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Fig. 8 


In the case of the circle, equations (15) reduce to: 


+ p) 


In Table 2 and in Figs. 6, 7, and 8 the values of the lowest root 
® of equation (14) and of the constants C are given for the arcs 
of the circle, cycloid, catenary, and parabola. 

In all the numerical calculations it was assumed for Poisson’s 


ratio the value vy = 0.29 
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The Bending of an Incomplete Torus 
of Rectangular Cross Section 





H. D. CONWAY’ and J. R. MOYNIHAN? 


Introduction 

Tue elastic bending of an incomplete torus of arbitrary cross 
section is a problem of very considerable analytical difficulty and, 
excepting the well-known and elementary solutions of Golovin 
given in Timoshenko and Goodier’s book [1],* for the plane strain 
cases, the only exact solution appears to be that of Sadowsky and 
Sternberg [2] for the bending by couples of a circular cross-section 
torus. An exhaustive summary of the literature on the subject 
is included in the latter. 

The present discussion concerns the incomplete torus of con- 
stant rectangular cross section bent either by pure couples or by 
radial forces. Solutions to the three-dimensional problems are 
first obtained by the Clebsch procedure of seeking solutions for 
which o, = 1,, = ty, = 0, z being normal to the plane of the 
torus. If the tractions on the terminal faces are distributed ac- 
cording to the results of this theory, the solutions will be exact. 
If not, appeal must be had to Saint Venant’s principle; naturally 
enough, the rings envisaged have a sufficiently large angle of em- 
brace and are not like split tubes. 

An approximate method of solution using a perturbation pro- 
cedure has been applied to the circular cross-section torus by 
Goéhner [3]. Since the method can also be applied to other cross 
sections, it is interesting to compare its results with those from 
the foregoing solutions. This has been done for the case of a 
square cross section. The results are also compared with those 
from the engineering theory of Winkler [4], and also the plane 
strain solutions of Golovin [1]. 


Analysis 

(a) Leading by Pure Couples: Consider the axisymmetrical 
problem of the incomplete ring sector shown in Fig. 1, the ter- 
minal faces being subjected to tractions producing pure couples 
M. The well-known plane strain solution is due to Golovin [1], 
the stress function being 


do = A logr + Br* log r + Cr? (1) 


24 
B= ad (To? and r,*), 


= ro*r,? log ro/r;, 


M 
y [ro®? — rz? + 2(ro? log ro — 1,3 log r;)] 


N = [4ro*r,*%(log ro/r;)* — (ro? — 1r,2)*)2h 


However, a plane strain solution requires a stress component 
o,, Whereas the side faces of the ring are free from stress. The 
plane strain solution is therefore modified [5] to free these faces 
from stress, the new stress function for plane stress being obtained 
from 


Vv 
cumini S ua 2) 2, 
&1 +) (h 32*)V "oo (2) 


o = b+ 


where 2h is the thickness. The second term gives stresses ad- 
ditional to those of plane strain which, however, produce no 
change in the mean values of the stresses across the thickness of 
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the plate. If the tractions on the terminal faces are distributed 

according to those derived from Equation (2), the solution is 

exact. If they are not but still produce only a pure couple, the 

foregoing solution will still hold for sections sufficiently far re- 

moved from the ends for Saint Venant’s principle to apply. 
From Equations (1) and (2) 


nee = 9g «te 
3(1 + v) 


2n(h? — 32?) 
+¢| += 7! a) 


3(1 + v) 
The stress of prime importance is the circumferential one, given by 


6 = Alogr + BI (elog r + 


4M ro*r,? : 
oe = 0°9/dr? = — y (- - log ro/r; + To? log r/ro 
2 — r.3][h® — 322] 
+ 7;2 log r,/r —v [ret eae + ro? — r?) (4) 
As pointed out by Sadowsky and Sternberg [2], it is important to 
note that axisymmetrical solutions such as the above have little 
practical value for R/a = (re + 1;)/(ro — 1,) values of less than 
about 3, because of the appeal to Saint Venant’s principle which 
must be assumed in a practical problem. 
We now investigate the problem by the Géhner procedure. 
Since the problem is axisymmetrical, the two nontrivial equa- 
tions of equilibrium are 


de, 
or oz 


a= 2 


= 0 


Se 5, rs. Bae 
dr dz “i 


together with the four compatibility equations 
Vv? Z ( )+ He 
== G,—- ¢ —_———_ ——_ = 
ve OT D+ py Ont 
00 2 


+. a a ah 
a2 ae ; Vioe + va (Fr 6) 


1 100 ] 1 070 
~~ eee =@ 
stadia re 1 ty Orde 


V%e, + 


l+vror (6) 














o 
poe) 
pote, 
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Incomplete torus subjected to pure bending 
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where V* = 0?/dr? + 02/0z? and 0 = a, + o@ + @,. 
Gohner’s method [3] of attack on the problem is to first trans- 
fer the above equations to the new co-ordinates £, £ by means of 


€=-R--+, fS=s8 (7) 


As a first approximation to the solution of the problem, the 


stresses may be taken as 


Of = Or = trix = O (8) 
og = —cEE, c = 3M/4a‘E 


these being the solution for the case when R > a. 

As a second approximation, £/F is considered sufficiently small 
for products of £/R to be neglected and small corrections in the 
stresses to be treated as small quantities of higher order. Equa- 
tions (5) then approximate to 

Oey, Ores 

ov =a 
or, oa 
oe a 
o& of 


together with the compatibility equations 
20 
off 

a0 


070 
(1 + v)Aoy + det = 0; (1+ v)Arg + ator =0 


(1 + v)Aog + = 0; Ril + v)Aog + (2+ viycE = 0 


(10) 


where A? = 02/0£? + 0*/df?2 and O = o¢ + o¢ + oF. 

A stress function @ is now introduced so that the stress com- 
ponents satisfy the equilibrium equations (9) and, for the rectan- 
gular cross section, 


cE d% 


me = — = (11) 
R age R agoe (1! 


Substituting in Equations (10), it is found for this case that 


Ab o -— 


9 
l+yp (12) 


This differs from the circular cross-section solution, where the 
stresses are 

cE o* 

R og?’ 
cE d*@ 
~ R agar 


cE : 
op (f+ 8 — o*) + 
. £E 2% 


R og” 78 


= 


and where, from ihe compatibility equations 


1 + 2y 


oe (14) 


AAdg = 
The boundary conditions in the present square section case are the 
same as those for the circle, namely 


@ = dd/dn = 0 (15) 
where n denotes a direction normal to the boundary. Thus the 
problem of finding ¢ is identical with that of finding the deflected 
form of a uniformly loaded and clamped plate. In the circular 
case treated by Goéhner [3], the exact solution of the auxiliary 
plate problem is elementary, but in the case of the square it is 
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unknown. However, an excellent approximate solution has re- 
cently been given by the author [6] by the method of point- 
matching, and it will be shown that this is very satisfactory to 
use here. 

The afore-mentioned solution satisfies the differential equation 
exactly and the boundary conditions very closely. It is 


= D 6 
ri) = 4 [ os + Aat+ Ba'p? + (cos + - ) cos 4a 
a 


8 10 
+ (22 + Pecos sa (16) 
a a 


~ 641 + ») L 


where A, B, C, D, E, and F are constants, not all of which will be 
required for the present solution. Those required will be given 
later. Equation (16) is easily transformed into a function of £ 
and ¢ by means of 

(17) 


f+ 5%, cosa = é/p 


From (11) and the compatibility equations (10), it may be shown 
that 


p= 


2+ 2 + v 
1+p 


Vv 


R od*%a9 
cE og 
R a9 
cE dz? 
R 2d%a9 a 
cE ator” ator 


o? 
= —yp ar (Ad) - 


+yv 


°? 
= —y age (49) += 
(Ag) 


From the last of these equations, we write 


R 
aan oo = Ad + Cot CiE + Crt? + Crh*# +... 


+ Cf? + Cf' +... (19) 


only even powers of ¢ being retained because of symmetry and, 
by substitution in the other two compatibility equations, it 
follows that 


and hence 


(21) 


From the stress function given in Equation (16), it is seen that the 
terms involving A, C, and E are harmonic and, hence, from Equa- 
tion (21), o@ is independent of these. 

It follows from Equation (21) that 


R —v 


D 
a Gy a + 16(¢? + {*) + 4Ba* + 20 
wE * ~ 641 + | Aer s ‘ 


a 

. 

(E4 — GEE? + $4) +36-— (B — 28 f+ OEE 
a 


— 28£? ¢* + m] + Cot Cit — B/v + $1/2 (22) 


The values of Cy and C; are found from the equations 
a a : a a 
f f oedidf = 0; f f oetdidg = —M (23) 
—@ —@ ge 6 -~_ 
and finally 
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a 
 SatR 


——_— | 2soces + $9) + 900 2 (+ — 6H + £4 


Ce (2a? + va? — 6RE — 6£2 + 3vf*) 


~ 1280(1 + v)atR 
+ 540 (& — 28g" + TOE — BBETe+ 5) 


— 160a? + 80Da? — 192 (24) 
where, from the solution for a uniformly loaded and clamped 
square plate (6), D = 0.307846, F = 0.002069. 

Finally, we record the approximate curved beam formula due 
to Winkler [4] which gives, for the square cross section 


M(r — r,) 
oe = — 


4a*r(5a — r,) 


(25) 


where r, = 2a/log, 1.5 = 4.9326a is the radius of the neutral 
surface. The stresses may now be obtained according to the plane 
stress theory and from the plane strain, Gédhner, and Winkler 
theories. They are compared in Table 1 for the case of a square 
cross section of side 2a and for R/a = 5. 

Table 1 Pure bending, square cross section R/a = 5 
Coefficients K in the circumferential stress equation o, = KM/a? 
Winkler 
—0.865 
—0.865 


0.660 
0.660 


Géhner® 
—0.861 
— 0.836 
0.639 
0.664 


Plane strain 
—0.867 
— 0.867 

0.662 


0.662 


Plane stress* 
—0.876 
—0.848 

0 0.658 
a 0 *70 


Point 


Bax 


auud 
| 

ab dpditied 
“or i il 


| ote fee ote ore 


* Poisson's ratio = 0.3. 


From Table 1 it is seen that the plane strain and Winkler 
theories agree very well with one another, and although they do 
not indicate a variation of stress through the thickness as the 
Gohner theory does, they give the best over-all approximations to 
the circumferential stresses. Sadowsky and Sternberg [2] also 
found that the Winkler theory gave excellent results from the 
ease of a circular cross-section torus; the plane strain solution 
does not, of course, apply to this case. The Winkler theory is very 
simple to apply, and is applicable to rings of arbitrary cross sec- 
tion. Thus it appears to be superior to the Géhner perturbation 
procedure as regards accuracy, simplicity, and generality. 

(b) Loading by Radial Forces. Considering the case of an incom- 
plete torus bent by radial forces P as shown in Fig. 2, the well- 
known plane strain solution is also due to Golovin [1], the stress 
function being 


do = (Ar? + B/r + Dr log r) sin 6 
Where A = P/2N, B = — Prpr/2N, D = — P (ro? + 1;?)/N, 


and N = [(rq? +- r,?) log re/r; + r;2 — ro*)2h. The corresponding 
plane stress solution obtained from Equation (2) is then 


¢ Jal os 4 Sr — 320 4 B 
= 4, r - — 
' 3(1 + v) r 


3 28 
+ o| log r + = If sine (26) 


3r(1 + v) 


and the circumferential stress follows 


Pp [ ro%,;? To? + r,;? 
0g = N 3r- - —_ 


r3 ? 


9 8 is 2 2 2 
_ 2h? ot re? + 1%) sin @ (27) 
3r%1 + pv) 
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Fig. 2 incomplete tarus subjected to radi 

The Géhner perturbation procedure may be adapted to the 
present case of bending by radial forces as follows. The ap- 
proximate equilibrium equations for this case are 

Oey , Ore _ CBE 

og 
Orer 
og 
Orer ra cKE = 
o& or R 


0 


0 


whereas the corresponding compatibility equations are 


29 


070 %) 
(1 + v)Aoy + = 0; (1 + v)Aoy + = 0 
os 


of 
"0 
= 0 


RA + vj)Aog + (2 + vicE = 0; (1+ Vv Ter t dear = 


R(1 + v)Are = cE; Are = 0 
(29) 


It will be noticed that the first two of Equations (28) are the same 
as Equations (9) for the bending by couples, and the first four of 
Equations (29) are the same as Equations (10). The stress g¢ is 
not involved in the remainder of Equations (28) and (29). It 
follows that the expression for og given in Equation (22) will also 
hold for the present case of loading by radial forces P, with the 
exception that Cy and C; must now be found from the equations 


a a 
f f ogdidg = 
=e —_ 


—P sin 6, 


a a . 
f f ookdidt = 
ang =@ 


In Equation (22), it will be noted that it is only the term Cié 
which produces a moment. The expression for og in the present 
case can then be found immediately from Equation (24) by add- 
ing a constant direct stress of magnitude — P sin @/4a? and writ- 
ing M = PR sin 0. 

This then gives 


—PRsin@ (30) 


og = aS taots — va? — ORE — 66%) — v* — x 
ee ”" 1280(1 + v)a* 
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| 240 & + £2) + 300 
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uate 
+ 540 at (& - 


28k6r? 4 70E4C4 


— 28f*f6 + ¢8) — 160a* + 80Da*? — 192Fa® | (31) 


where again D = 0.307846 and F_ - 0.002069. 
Numerical results for this case obtained by the various theories 
may now be computed. They are compared in Table 2 for the 


square cross-section case and for R/a = 5. 


Table 2 Bending by radial forces, square cross-section, R/a = 5 
Coefficients K in the circumferential stress equation ¢, =KP/a* 


Plane strain Gohner* Winkler 
4.612 —4.557 —4.577 
—4.612 —4.429 ~4.577 
3.075 2.943 3.051 
3.075 3.071 3.051 


Plane stress® 
-4.669 
—4.497 
3.057 
3.109 


Point 
=~efa 

a,$ = 

—a,f~=0 
= —@G, § a 
* Poission’s ratio = 0.3. 

It is seen that the plane strain solution gives the best ap- 
proximation to the greatest stress although it does not, of course, 
indicate the variation of stress through the thickness. However, 
the Winkler solution is excellent and, because of its simplicity and 
scope, is recommended over all others. 


Experiment 

In order to check the foregoing analysis, a split steel ring was 
subjected to vertical radial loading in a lever testing machine. 
The ring was of 3.50 in. internal diameter, 5.25 in. external 
diameter, and 0.875 in. thick. Thus R/a = (ro + r;)/(ro — 7) = 
5 and the cross section is square as in the previous numerical cal- 
culations. 

In order to minimize eccentricity of loading, the loads were 
applied through 0.75-in-diam steel balls, and the ring was slightly 
recessed at the loading points to accommodate the balls. The 
circumferential strains at the inner and outer curved surfaces 
were measured using '/s-in. gage-length electrical strain gages 
attached at one end of a horizontal diameter and remote 
from the gap. Three gages were attached circumferentially at 
each surface, one on the center line in each case and the two 
others as near the edges as possible. Since the stresses are uni- 
axial, these were obtained directly from the strains by multiplying 
by the modulus of elasticity. A tension test on a specimen of the 
steel showed this to be 30,000,000 psi. 

As a result of the tests, the average circumferential stress 
through the thickness at the inner surface was found to be given 
by 4.70 P/a*, and at the outer by 3.10 P/a*?. These compare 
with the factors given in Table 2. The slight eccentricity of load- 
ing and the inability to locate gages exactly at the edges be- 
cause of their finite width, all tended to mask the variations of 
circumferential stress through the thickness. However, the 
features of the exact solution were noted but to a smaller extent 
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Disk Heated by Internal Source 





_ literature. 


T. D. RINEY' 


Introduction 


A stupy of the temperature and stresses produced in semicon- 
ductor devices during operation has led to the consideration of 
the following idealized situation: A thin, thermally insulated 
disk initially at a uniform temperature is suddenly heated by a 
source of uniform volume density in a circular area at the center 
Expressions for the temperature and the stresses can be deter- 
mined by standard methods, but they are apparently not in the 
The results are presented since the series solutions 
have been evaluated for a range of the parameters and since they 
may be of interest in other applications. For example, the disk 
may be the anode of an electron tube being bombarded by a 
beam of electrons. 


Solution of Problem 
The temperature distribution 7(r, i) at radial distance r and 
time ¢ is given by the solution to the following boundary-value 


1 d ( oT\ . 1 oT 
r + 
r Or or k K 


oT (b, 0) 
T(r,0) = 0 ——— =O, 
or 


problem: 


where q = gq for0 Sr<aandg = Ofora<rczb. Herekis 
the thermal conductivity and «x the thermal diffusivity. 

This problem is most easily solved by utilizing the finite 
Hankel transform defined by [1]? 


f(p) = f’ rJ o( pr) f(r)dr, (2) 


where p is a non-negative root of J;(pb) = 0. The inverse 


transform of (2) is 


f(r) = yy A,J (pr), 


Pp 


2 k 2 i Pp) 
f rf\ r)dr A a= — - 
ee | tee b? |Jo(pb)]? 


(p = 0) (p > 0) 


Application of (2) reduces (1) to 


dl 


dt P}.W0 


K 
+ xp*T = ; q 


1General Electric Company, Space Sciences Laboratory, Phila- 
delphia, Pa. 

2 Numbers in brackets indicate References at end of Note. 

Manuscript received by ASME Applied Mechanics Division, May 
3, 1931. 
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Temperature distributions for the indicated valves of the time 


Fig. 1 
= 1/b*. The source is of radius r/b = 0.4. 


parameter r 




















Fig. 2 7 stress distributions for the indicated values of time parame- 
terr = t/b 


whence 


7 «= = 


i. - — J; (ap) {1 — exp( —«p*t)}. 


The inversion may now be carried out by (3) and (4) to yield the 
temperature solution 


= (a/b)*r + (a/b) D> J Ar/b)Fr(1), (5) 
r 


where the summation extends over all the positive roots of J;:(A) 
= Oand 

Q=qb/k 7 = xt/b* 
Ji(Xa/b) 


Pi{7) « ————— [I 


MLJAN |? — exp (—TA%)]. 


If (5) is substituted into the well-known expressions for the axial 
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Fig. 3 Circumferential stress distribution for the indicated values of the 
time parameter r = t/b 


symmetric stresses in a thin plate [2] and the required integra- 
tions carried out, the results are 


(a/b) p> tN 


oe = 2(a/b) 2, ke ir, 2 .. Jarr/d | F(r). 


Discussion 

The formulas for the temperature and the thermal stress have 
been evaluated for the special case that a/b = 0.4. The tem- 
perature radial distribution for various values of the time parame- 
ter rT are shown in Fig. 1. The corresponding values of the radial 
and hoop thermal stresses are shown in Fig. 2 and Fig. 3, respec- 
tively. The radial stress is always compressive and at any in- 
stant decreases from a maximum value at the center to zero at the 
edge of the disk. The circumferential stress also has its maximum 
compressive value at the center but changes to tension in the 
vicinity of the hot spot perimeter. The location of the cross- 
over point moves slightly outward with increasing time as does 
the location of the maximum tensile stress. 

It is of interest to note that each of the stresses tends to an 
asymptotic distribution as time tends to infinity. In fact, the 
limiting distribution in each case is already closely approxi- 
mated when tr = 1/4. On the other hand, we see from Fig. 1 
that at r < 1/16 the temperature at the edge of the disk has 
barely started to change and is still relatively low even for rt = 
1/4. Although the solution always breaks down eventually, as 
there is no method for the heat to escape, these considerations 
show that the maximum stresses may be attained for small 
values of r. 


¢, = F\(7), 
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The Integration of Some Expressions 
Arising in Beam Theory 





A. ORMEROD' 


Introduction 

EXPRESSIONS containing ‘‘Macaulay terms’’ to represent dis- 
continuities are widely used in engineer’s beam theory [1].2 The 
Macaulay term is enclosed in distinctive brackets which have the 
significance of a Heaviside unit function [2]. 

Re-actions and deflections in beams and more complex struc- 
tures can often be found by integrating the product of two ex- 
pressions, each of which may contain one or more discontinuities 
[3]. The use of Macaulay’s device in this situation, coupled with 
an appropriate method of integration, leads to economy of labor. 


Method of Integration 
The integration of a product is performed by parts in a particu- 

lar way. For example, 
where 

l { ? ’ ° ° 

P fr —a}{x —c} dris required and a > c, 
if the integration is performed so that each part of the integral 
contains terms in (x — a), then the original limits are retained 
throughout. 


Thus 
? 
f. lr — a}{r —c} dz 
0 


0 


1 
Mie — af? — 1/6{z — a} | 


and 


l j ’ 1 ‘ le » f t 
,7 i —ajdr= =#£ iz — aj" ~ 1/6 jx — aj? 
, . 
2 0 


The method is applied to two simple examples chosen purely for 
the purpose of brief illustration; each of the examples would of 
course normally be worked by other methods. 


1 Royal Military College of Sciences, Shrivenham, Swindon, Wilts., 
England 

? Numbers in brackets indicate References at end of Note. 

Manuscript received by ASME Applied Mechanics Division, May 
5, 1961. 








Journal of Applied Mechanics 


BRIEF NOTES 


First Example 


The re-action R induced at the end of the propped cantilever 
of uniform section shown in Fig. 1 may be obtained from the re- 
lation, 


l M 
Elé = f. M =. dz 
0 oR 


aM 
aR 


and = 


z, 


As M = —Rzr + {W(z —a)} 
l 
Elé = f, ziRr — {W(x — a)}|dz 


f, (R2? — Wzl\(x — ajjdz 


1 = 
|? Rz* — ; Wea {(x — a)*} 
l 
+ 1/6W {(z - a)*} | 
JO 


1 
a ; Rl? —- Wil — a)? + 1/6W(l — a)® 


and from this equation F is evaluated. 


Second Example 


The deflection y at a distance c from the left-hand end of the 
uniform beam shown in Fig. 2 is given by the expression: 


l 
Ely = f , MM, dz, 


M = —Wab/l + Wiz — al, 


M, = —2zd/l + {x — c}, 


W f, (xb/t — {x — a}][zd/l — {x — e}ldz, 
0 


W f, [z%d/l? — xb/l{x — c} — 2xd/t{r — a} 


+ {xr —a}{z —c}]dz 


1 
W E z%bd/l? — xb/2l{(x — c)*} + b/6l{(x — c)*} 


— dx/2l{(z — a)?} + d/6l{(x — a)?} 


ar iz — e}{(z - a)?} — 1/6\(z - 


= 1/6W[2bdl — 3b(1 — c)? + (1 — c)*/l 
— 3d(l — a)? + (l — a)*d/l 
+ 3(l — c)(l — a)? — (1 — a)]8, 
which reduces to 
Ely = 1/6W be/l(l? — b* — c?). 
References 
1 R. Macaulay, Messenger of Mathematics, vol. 48, 1919. 


2 C.L. Brown, Quarterly of Applied Mathemativs, vol. 1, 1944, p. 


349. 
3 Matheson, J. A. L., Hyperstatic Structures, vol. 1, 1959, p. 170. 
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Stresses and Deflections in an Elastically Re- 
strained Circular Plate Under Hydrostatic 
Normal Pressure Over a Segment! 


MAHER NASSIF.2. The authors, “after a considerable amount of 
algebraic manipulation and reduction,”’ tried to put the results in 
the simplest possible form. However, a simplification can be 
effected if we note that the terms involving the negative powers 
of t in $(z, y) and ¥(z, y) [equations (27) and (30) of the paper] 
are the singular parts of the terms involving 


1 — fe~* 


log X — 
7” 1 — te’ 


Thus the combination of these terms yields the regular parts of 
the terms involving 
1 — te~"7 


lo 
s 1 — te’? 


With this consideration $,(z, y) of equation (27a), for example, 
can be written 


¢:(z, Y) = tet] tU(t, y) + r( 


cos* ¥ sin Y 7 _. 
- 7) + e+ 55 ¥+ 5 nay e 


1 , 
- 24 (sin 7=- 


1 } t 
i «lp a < «= — 9 ens —1)2 
+ 3 sin ty) Reg 96 ° 2 cos y + ¢—') 


1 — >| 
1 — te’? f |’ 


This notation can be 


1 
sin 3 t— + 2sin 2 
in sv) +6 (1 sin 2y 


(t+ 6 cos y + t~') log 


where Reg means the regular part of. 
adopted whenever it is of any use. 

An interesting point suggests itself in connection with the 
paper. This is the problem of a plane vertical base of a cylindri- 
cal tank of horizontal axis and which is partially filled with two 
immiscible liquids. Referring to Fig. 2 of the paper, the plate in 
this case is divided into three regions, where region I bounded by 
the chord AA’ is free, region 2 bounded by the chords AA’, EE’, 
and region 3 bounded by the chord EE’ are laterally loaded with 
respective load intensity pz and p’z, P < P’. 

Let the complex potential functions be 


@(z) and V,(z)[i = 1, 2, 3], 


and put 


Pp p’ 
fae K’ = ay? 
16”D 167D 


f=OB=ccosy,' f’ =ccosy’ 


y = XOA, vy’ = XOE, 


1 By W. A. Bassali and N. O. M. Hanna, published in the March, 
1961, issue of the JouRNAL or ApPLieD MecHANIcs, vol. 28, TRANS 
ASME, vol. 83, Series E, pp. 91-102. 

? Head of Mathematics Department, Assiut University, Assiut, 
Egypt, UAR. 
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Dineunsi 
The particular integrals may be taken as 


- TT - 
W,=0, W:= 24 Kz2*z? (z + 2), 


. us ee P 
Ws = 57 Kist2 + 2) 


The continuity conditions across AA’ are given by 


. 3 4 : ‘3. . 4 
soy tas! 
(2) 


9 


l l 2 1 4 
3 4 - Sm 3 faz? — 43 
[W(z)]. wK (545 ; fez? + 3 3 fizt+ “?) 


as given in equations (23). The same conditions across EE’ will 


be 


[B(z)]2* 


(W(z)].* 


9 


: f’3z2? — i fz + 4 ) 
7 = 2 15° 


« 


The functions ®,(z), Y,(z) will be obtained by the prinviple of 
superposition. Thus if ¢,(z, p, y), ¥:(z, p, y) be the complex 
potential functions corresponding to hydrostatic pressure of in- 
tensity px over the segment of angle 2y and ¢,(z, p’ — p, Y’), 
¥i(z, p’ — p, y’) be those corresponding to hydrostatic pressure 
of intensity (p’ — p)z over the segment of angle 27’, then 


,(z) = di(z, p, Y) + Oilz, p’ — DP, Y’) 
and 


Vi(z) = Pilz, p, ¥) + Vulz, p’ — Pp, Y’) 


Applying equations (27) of the paper we obtain 


— Ke‘ kz ¥) 


l cos? 2 cos’ 
+7(de- ne Y 4 7 1 — cont 7) 


2 3 
sin ¥ — I _ sin 2y ] - Lee 
+ 48 t 12 (1 a 8 ) t?— 24 sin Y — 9 sin 3y } 


1 ; eo 
——{Y + 2sin 2A + — sin 4y 
16 2 


i 
+. > < - — 2 ene —1)\2 
+ Reg 06 (t 2 cos y + {-') 


l1—t-" 
1 — te’? 


4 2 ‘ 
— (K' — K)ct we, ’) + 7’ ( — 


®,(z) = 


(¢ + 6 cos y + t~') log 


ss )60 2 
2 cos* +’ sin yy’ 1 1 
——— t{ -— 4 t 3 a= ; a : ‘ , 2 
+ - cost’) + 2 + b(t Zsin2y’) 
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1 5 1 
~ a (sin y'- 2 sin 37’) t— 6 (v + 2 sin 2y’ 


 . : 4-1 
+ > Sin 4y’} + Reg ) (t — 


2 cos y’ + ¢=')? 
96 ’ ' 


((+6 ‘46% — “> 
cos hs ) wy , 
Y — 1 — te? 


eb cos? ¥ 
= Ke | U(t, y) - —- i’ 
’ | seals (35 6 
sin Y ' 
7) 240 . 
sin 2y_, a F , 2. . 
ie e* + 24 sin Y + 3, sin By) e 


1 ( ier ‘ )e siny , 5sin 37 
as\"%~i10™* _i;* 4 


+ Reg sass (t— 


2 cos? ¥ cos‘ y 4 : 
= - {? — ——~¢ + — cos 


3 2 15 


l 
{(t — 4t-')(t + 6cos y 4+- ¢7') - 16 cos? y] log 
/ 


, £5 d é cos? 
+ (K’ — K)eé [ ee -v(£ - - 
po ‘) 
aa cos 
15 7 


29 
‘4 sin 3 ‘) t? 
30 Y 


oos* 7" _ cos‘ yy’ 
; gy 


sin ’ sin 2’ | 
- —— {4 — z e° + (sin ¥ 
240 480 24 
5 sin 3’ 


© (¥ T sin 4’) sin'y’ | 
* mS a 
~" s 24 18 


ji 
+ Reg < - 
*6 *) 480 
1 — te~'Y) 
1 — te'Y’ f 
Applying equations (2) we get ®(z) and V2(z) to which, if equa- 


tions (3) are applied, we obtain ,(z), V;(z). The problem can 
thus be solved completely. 


(t— 2cosy’ +1 1)3 


{((t — 4t-")(¢ + 6 cos y + t-') — 16 cos? y’] log 


On the Stability of the Linearly 
Related Modes of Certain Nonlinear 
Two-Degree-of-Freedom Systems’ 


B. AULD.* In one of the references given in the paper, R. M. 
Rosenberg shows that the equations of motion of this system are 
analogous to the equations of motion of a mass particle sliding 
around in a potential well. This picture appears to be quite use- 
ful in visualizing some of the phenomena discussed in this paper. 
In the case of the linear problem it may be shown that the con- 
tour lines of the potential surface are ellipses in the x - 7; plane. 
It is quite apparent then that, if the particle is placed at a certain 
point in the potential well and released, the projection of the par- 
ticle path on the z; - z; plane will be a straight line only if the par- 


issue of the 
vol. 83, 


1 By C. P. Atkinson, published in the March, 1961, 
JOURNAL OF ApPpLIED Mecuanics, vol. 28, Trans. ASME 
Series E, pp. 71-77. 
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x, 


CRITICAL 
CONTOUR 





Fig. 1 Potential well for a linear problem 


Pig. 2 Typical potential well for a nonlinear problem 


ticle has been placed initially on the major or minor axes of the 
elliptical contours, Fig. 1 of this discussion. In the case of the 
nonlinear problem it may be shown that for small displacements 
from the potential minimum the contour lines are again elliptical. 
However, the higher potential contour lines will exhibit kinks re- 
sulting from the spring nonlinearities. Because of these kinks the 
walls of the potential will exhibit topographical features in the 
form of ridges and canyons 

In'connection with this paper we are chiefly concerned with 
what might be called “‘linear’’ ridges and canyons; that is, cases 
where the z, - zz projection of the top of a ridge or the bottom of 
a canyon is a straight line, Fig 2. In the figure there is a linear 
canyon along liae M; and it is clear that a particle placed on the 
base of the canyon will oscillate back and forth along the canyon 
This will be a stable oscillation regardless of the initial potential 
level of the particle, because the walls of the canyon exert restor- 
ing forces on the particle. In the case of line M,, however, it is 
seen that the contours change from concave inward at low poten- 
tials to concave outward at high potentials. Thus topographical 
feature is a canyon at low elevations but turns into a ridge at high 
elevations. If a particle is initially placed on M,, it will tend to 
oscillate back and forth along this line. If the initial elevation 
is below the critical contour at which the curvature of the con- 
tours changes sign, the oscillation will be stable because it lies in a 
canyon. However, if the initial elevation is above the critical 
contour line, the particle spends part of its period on a ridge and 
the motion will be unstable. 

Depending on the degree of nonlinearity of the problem, there 
may be more than two linear topographical features in the po- 
tential walls. However, it is apparent from Fig. 2 that a neces- 
sary condition for the existence of more than two linearly related 
modes is that the contour lines in the vicinity of the minimum 
This is because a particle can move linearly only 
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DISCUSSION 


along the major and minor axes of an ellipsoidal well. The con- 
dition for the existence of these circular contours is just that the 
coupling spring should have no linear term (A; = O) which was 
given in the paper as the condition for the occurrence of four 
modal constants. 


T. K. CAUGHEY.’ The author is to be congratulated on an inter- 
esting extension of the work on “natural modes” in nonlinear sys- 
tems begun by Professor Rosenberg and the author [1].* 

The writer would like to raise two points in connection with the 
stability analysis. 

(a) It should be made clear that the author is discussing the 
stability of the assumed solutions, and not the system. If the 
system is a conservative one, then the system must be stable, 
since there are no external forces and hence no energy input to the 
system. This means that if the exact solution to the problem 
were known, it would be stable. On the other hand, if solutions 
are assumed, these solutions may fail to describe the behavior of 
the system, even approximately, for certain ranges of initial con- 
ditions. When the assumed solutions fail to describe the be- 
havior of the system, analysis of the stability of the system will 
show the system to be unstable. However, it is the assumed solu- 
tion which is ‘“‘unstable”’ and not the system. 

(b) If the perturbations (21) of the paper, are inserted into 
equations (5) there results a pair of coupled equations with peri- 
odic coefficients. Equations (22) and (26) are therefore in error, 
since they are uncoupled. If the coupling terms are neglected, 
equations (22) and (26) result. It should be noted, that since the 
perturbation equations are coupled, if the assumed solution proves 
to be unstable, then both z; and z; are unstable. In Fig. 5, the 
author shows z, to be unstable for amplitudes in excess of 0.354, 
but shows 2; to be stable for all values of amplitude. If z; is un- 
stable, however, x; must also be unstable. Similar remarks apply 
to Fig. 6. 


On Duffing’s Equation’ 


C.H.PAK.? The following comments are offered to this interest- 
ing Note. Correcting the obvious typographical error (reading cn 
for C,) and interpreting the quantity @ (which appears nowhere 
else in the note) as the time ¢, it may be verified that the author’s 
equation (4) is correct only for the hardening spring. For the 
softening spring, the correct relationship is 


y(t) = Acd{[(1 — k)(1 — C,A*/2)] 4} 


This may be checked with a solution already in the literature by 
observing that cd z = sn(z + K) and comparing with the case 
C; = $ given by Sadowsky.* This correction will undoubtedly 
account for the unexpected shape of the dotted curve in the 
authors’ Fig. 4. 

Both Harvey’s method and Hsu’s method, cited by the authors, 
are of importance in adding to our knowledge of nonlinear furced 
oscillations. Harvey’s method has the virtue of being rather 
widely applicable, while Hsu’s seems to be confined to the 
Duffing case. However, in this case, Hsu’s method may possess 
a considerable advantage if one is considering essentially sinu- 

? California Institute of Technology, Pasadena, Calif. 

* Reference in original paper. 

1 By I. U. Ojalvo and G. L. Bleckman, published in the March, 
1961, issue of the Journat or Appitrep Mecuanics, vol. 28, TRans. 
ASME, vol. 83, Series FE, pp. 139-140. 

2 Lieut. (jg), Republic of Korea Navy. Student, U. 8. Naval 
Postgraduate School, Monterey, Calif. 

3M. A. Sadowsky, ‘Nonlinear Springs,” J. Franklin Institute, vol. 
240, December, 1945, p. 469. 
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soidal excitation. Hsu’s excitation is of the form y(t), while 
Harvey’s is of the form y(t) + Cry%t). It may easily be verified 
that distortion (as compared to sinusoidal excitation) is much 
greater for the latter than for the former. 


Authors’ Closure 

The authors would like to thank Lieutenant Pak for his com- 
ments. It is unfortunate that a misunderstanding arose. Per- 
haps the following remarks will clarify matters. 

The quantity 6 should replace ¢ in equations (1)-(5) as well 
as in the derivative which appears in (1). @ is defined as w,t 
in which w, is the circular frequency of free vibrations, when 
C,; = 0, and tis time. Indeed, equation (4) “is correct only for 
the hardening spring.’’ This is obvious because a softening 
spring (i.e., C2 < 0) would yield an imaginary modulus in equa- 
tion (5). The correct expression used to obtain equation (7), 
Fig. 2, as well as the “soft system’’ curve of Fig. 4 is: 


[a — k) (1 + oa hi (| - 2 a! ) 


CA? V/s 
+F() —-— ,-1<G,A?< 0 
: (| eed ¥) —- 


This last relationship follows after y = sin W is substituted into 
equation (3). 
The solution to the softening case with the above substitution 


is: 
C.A2\ ]'7 } 
yd) = A ed {a — k) (1 + ay] oF 


The difference in the negative sign may be explained if the dis- 
cusser used the absolute value of C,A2, and his equation is cor- 
rect if 6 replaces t. 

We should also like to call attention to the fact that, con- 
trary to Lieutenant Pak’s comment, Hsu considers excitations 
both of the form y(@) and y(@) + By*(@), in which B is an open 
parameter used to approximate better an actual forcing function. 


On the Response of Linear Systems 
to Time-Dependent, Multidimensional 
Loadings’ 


D. M. PARKE.? The author is to be commended for a clear and 
incisive discussion of multidimensional power spectral methods. 
The extensions indicated for these methods are welcome and 
should provide direction for attempts to measure multidimen- 
sional transfer functions. By exploring the possibilities offered, 
the author has shown the way to extend the methods used in com- 
munication engineering to linear mechanical systems subjected to 
multidimensional loading, thrown light on the role of the gaging 
system, and indicated some of the limitations on the analysis. 
For instance, the writer has felt that the application of multidi- 
mensional power spectral methods using the influence function 
has been unnecessarily awkward. By making use of the tech- 
nique of cross correlating imput and output, the analysis of the 
response should be more direct. In a real sense, then, this paper 
provides both the perspective and the heuristic exploration that 
is needed to stimulate further investigation and application. 


1 By F. P. Beer, published in the March, 1961, issue of the Journau 
or AppitieD Mecuanics, vol. 28, Trans. ASME, vol. 83, Series E, 
pp. 50-56. 
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Since the various power spectra and the transfer functions will 
be statistical estimates, it would be useful (and probably crucial) 
to know more about the confidence limits on these estimates. 
There is reason to believe that this information would be difficult 
to obtain in the multidimensional case. Also, one wonders how 
completely the extraneous disturbances will be eliminated by 
cross correlation; and, therefore, how reliable the estimates will 
actually be in the presence of substantial extraneous loading or 
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Unsteady Gas Dynamics 


Unsteady Motion of Continuous Media. By K. P. Stanyukovich. 
Pergamon Press, New York, N. Y., 1960. Cloth, 6 X 10 in., xiii 
and745pp. $15. 

REVIEWED BY F. S. SHERMAN! 

PROFESSOR Stanyukovich’s book, after a fewchaptersof classical 
introductory material, reviews the development of unsteady gas 
dynamics in the Soviet Union, primarily during the 1940's. 
Stanyukovich’s personal contribution to this development has 
been a massive one, and nearly a third of this 745-page volume 
gives an account of problems solved by him either individually 
or in co-operation with other well-known Russian scientists 
such as Landau and Zel’dovich. 

The contents of the book are well indicated by the chapter 
headings. 

I Mathematical and Thermodynamic Methods of Gas 
Dynamics. (An extremely thorough survey of classical equations 
and theorems, including much on the Lagrangian viewpoint, and 
an unusual amount on flows in gravity fields.) 

II Jnvestigation of the Fundamental Equations of Non- 
stationary Gas Dynamics by the Method of Characteristics. (A dis- 
cussion of the notion of characteristic surfaces and the various 
forms into which the differential equations may be cast. Nothing 
yet on boundary conditions, domain of dependence, etc.) 

III Self-Similar Motion of a Medium. (Equations are de- 
rived under the assumption that two independent variables 
effectively collapse into one. The treatment in this chapter is 
quite formal, no attention being paid to the required similarity of 
boundary conditions, to singular points of the similarity equa- 
tions, etc.) 

IV Solutions of Equations for One-Dimensional Isentropic 
Motions of a Medium. (This chapter introduces the proposal 
to use p = Ao(p*? — pp*) as an approximate isentrope for gases. 
This device, which makes characteristic lines straight even in 
nonsimple wave regions, is mentioned in almost all gas-dynamics 
texts, but rarely exploited as thoroughly as in this book.) 

V One-Dimensional Izentropic Motions of a Medium. 
(After a review of steady channel flow equations, some wave- 
interaction problems are solved.) 

VI Elementary Theory of Shock Waves. (Another compre- 
hensive review chapter. Shocks are treated as discontinuities; 
results are given for general equations of state and for polytropic 
gases. ) 
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DISCUSSION 


pseudo loading. A more tractable question is the effect on the 
estimates of both the maximum practical length of the records of 
input and output and the minimum practical spacing of the input- 
measuring instruments. These are questions which have 
troubled the writer and, unfortunately, the pressure of other inter- 
ests has indefinitely postponed his attempting to find their solu- 
tion for multidimensional loading. 


Book Reviews 


VII Theory of Detonation Waves. (Mostly a review chapter 
based on the works of Zel’dovich, Mikhel’son, and Grib plus an 
interesting discussion of the equation of state of condensed det- 
onation products due to Landau and the author.) 

VIII Plane Detonation Waves and Escape of Detonation Prod- 
ucts. (A collection of problems originally solved by author and 
by A. A. Grib.) 

IX Theory of Propagation of Nonstationary Shock Waves. 
(Reflection and transmission of shocks and detonation waves at a 
Laws of decay of shock 
Solu- 


boundary between differcnt media 
waves driven impulsivel, by detonation of a finite charge 
tion of the const: 7i-area shock-tube problem.) 

X Three-Dimensional Motion of a (Self-similar 
motions with planar, cylindrical, and spherical symmetry.) 

XI Unsteady Motion in Condensed Media. 
Surface waves in 


Gas. 


(Phenomena 
accompanying explosions in liquids. open- 
channel flow. 

XII Propulsion of Bodies by a Gas Stream. 
ballistic problem.) 

XIII 
sional transient motions in a uniform gravity field. 
stant-area flows with gravity variable with distance. 
effects of radiant heat transfer. Stellar eruptions are treated 
without reference to any magnetic effects 

XIV Limiting Motion of Rarefied and Very Dense Media. 
(A very unusual approach to the theory of rarefied gas motions is 
given. Motion of a gas in its own gravitational field is discussed 
The adequacy of the simple equations employed is not con- 
vincingly demonstrated.) 

XV _ Certain Problems in the Relativistic Mechanics of Con- 
tinuous Media. (The energy-momentum tensor is written, with 
viscous forces, heat conduction, electromagnetic effects neglected. 
Continuum equations and shock-wave jump relations are derived. 
The application of these concepts to a discussion of the scattering 
of nonelementary particles at relativistic speeds was lost on this 


Stress waves in solids.) 

(Lagrange’s 
Motion of Gas in a Gravitational Field. (One-dimen- 
Steady con- 
Some 


reviewer.) 

A final word should be said about the translating, editing, 
and printing of the book. I cannot judge the accuracy of the 
translation, but its style and smoothness are excellent. Both 
Professor Holt and Mr. Adashko are to be congratulated for a 
job well done. The reproduction of the book by photolithog- 
raphy is only barely adequate. The very small scale on which 
the equations appear has occasionally caused vital bits of sym- 
bols to disappear altogether, and produces considerable eyestrain 
even at its best. 
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Automatic Control 


Feedback Control Systems. By J. C. Gille, M. J. Pélegrin, and P. 
Decaulne. McGraw-Hill Book Company, Inc., New York, 
N. Y., 1960. Cloth, 6 X 9in.,xand793 pp. $16.50. 


REVIEWED BY L. A. MacCOLL? 


Tuts book is intended to serve as a textbook for seniors and 
first-year graduate students, and also to serve as a reference book 
for the engineer working in the automatic control field. It con- 
tains a great amount of material, touching on almost every con- 
cept or problem that arises in connection with the design and op- 
eration of control systems. A collection of problems for the stu- 
dent, an extensive five-tanguage glossary with camplementary 
notes, and an excellent critical bibliography enhance the value of 
the work. The authors have had considerable experience in teach- 
ing the subject at the Ecole Nationale Supérieure de 1’ Aéro- 
nautique in Paris and at Laval University; and in consequence 
As might be 
expected, the authors manifest some predilection for problems re- 


the exposition is almost always clear and effective. 


lating to the control of aircraft. 

If one criticism of the book is to be made, it is that the treat- 
ment of the fundamental theory is left at a rather too elementary 
level. Thus, for instance, although complex numbers and com- 
plex exponentials are used freely, no knowledge of the theory of 
functions of a complex variable is required of the reader, and no 
use is made of that theory beyond a few fragments which are de- 
veloped ad hoc. A fuller and freer use of the available mathe- 
matical tools could have resulted in a more concise and coherent 
book the volume as it stands will undoubtedly be of 


great interest and value to many persons, 


However, 


Experimentation 


Theories of Engineering Experimentation. By Hilbert 
McGraw-Hill Book Company, Inc., New York, N. Y., 1961. 
xand 239 pp. $7.00. 


REVIEWED BY P. D. RICHARDSON’ 


Schenck, Jr. 
Cloth, 


6 < Yin 


Tue design, performance, and interpretation of experiments 
are treated as something of a poor relation in many undergraduate 
curricula. This is undeservedly so, both from the pedagogical 
viewpoint that students should be thoroughly aware of the 
capabilities of experiments as means of gaining knowledge, 
and from the practical standpoint that questions are frequently 
resolved by experiment—indeed, it is quite probable that more 
is spent resolving questions by experiment than by 
analysis. Past and present neglect of the subject has given rise 
to much poor experimental work, which persists sometimes as far 
as research literature. It is not to be denied that good experi- 
mentation is something of an art, even as is good design; but 
Under these 


money 


logic and analysis have an essential role in both. 
circumstances, some good texts on the subject are particularly 
needed 

Professor Schenck expresses his belief that exactly what type 
of equipment is used in teaching laboratories is not as important 
as a vigorous exposition of the general principles of experimental 
work. The book reviews (sometimes with considerable clarity) 
the nature of errors, error propagation, dimensional analysis, 
Graeco-Latin square planning schemes, the chi-squared and 
student’s ¢ tests, Poisson distribution, least squares, data analysis 
and checks, including Chauvenet’s criterion. 

The book neglects to discuss the problem that in many ex- 
periments it is impossible to attain the specific state about which 
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the experimenter wishes to inquire, the apparatus or the method 
altering the phenomena in some way. In such experiments it is 
common practice deliberately to study the systematic, biasing 
effect which experimental conditions produce in order to estimate 
behavior in the absence of the biasing effect. Simple examples 
which come to mind are the perfect-gas thermometer with which 
the effects of real-gas density produce a systematic bias, the 
Cooke and Larke compression test, and the cooled-disk tech- 
nique of measuring adiabatic laminar flame speeds. This bias 
study method is of so extensive use in engineering experiments 
that a thorough description of it should not be omitted from such 
a book. 

The book also contains some imprecise and incorrect staie- 
ments. For example, it is difficult to understand why the 
pi-theorem has been misrepresented, when at least two of the 
references cited give a clear exposition of the essential point 
which has been confused. In discussing the question of extrapo- 
lation, the book argues that ‘“‘quite obviously, the Lagrange 
(interpolation) formula will work with equal ease for values that lie 
outside the test region,’ a statement that neglects the implica- 
tions of the Weierstrass theorem (under the protection of which 
the interpolation formulas are developed), and also ignores the 
experience that, when such an extrapolation is attempted, any 
(experimental) errors in the numerical values used are amplified 
in the result by prohibitively large factors, making such attempts 
futile. In the discussion of convective heat transfer, the momen- 
tum and energy equations are written down in the forms cor- 
responding to the assumptions of steady laminar boundary- 
layer flow and constant properties. While these assumptions 
give great simplification in analysis, an experimenter with his 
wits about him would consider such equations in their general 
form so that he would not obscure real effects: in this instance, 
for example, the temperature dependence of viscosity in liquids 
can be particularly significant. 

The reviewer cannot recommend this book for use as a text 


or as a reference. 


Astronautics 


Space Flight Technology. Edited by K. W. Gatland. Academic 
Press, Inc., London, 1960. Cloth, 6'/2 X 9'/3 in., xv and 355 pp. 
$11. 


REVIEWED BY S. B. BATDORF* 


In Avucust, 1959, the British Interplanetary Society held a 
three-day symposium at which representatives from industry, 
universities, and the government were invited to give their de- 
tailed views on the type of work which Britain and her Common- 
wealth partners might undertake in the field of astronautics. 
This volume contains the principal papers presented at that 
meeting. 

The contributions may be divided into three main categories. 
The first category consists of those papers directly related to 
British astronautical endeavor. These include discussions of 
reasons for engaging in space flight and of the objectives and 
costs associated with various types of space programs; a review 
of applicable facilities (such as the Woomera range and the Jod- 
rell Bank radio telescope); and a listing of organizations that 
might be expected to participate. Also included is a discussion of 
the space payload capabilities of a British booster vehicle based 
on the Black Knight and the Blue Streak. The second category 
deals with the general propulsion problem in space. Solid- 
propellant rocket design parameters are reviewed. An account 
is given of nuclear rocket performance considering uranium 
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and plutonium as fuel and hydrogen and ammonia as propellent 
(in all cases, graphite is the moderator and the propellant tem- 
perature is 2000 C). The problem of soft landing instruments 
on the moon is also treated. The third category deals with other 
space-flight problems—re-entry heating, recovery of earth satel- 
lites, cabin conditioning equipment for manned space flight, and 
instrumentation available for conducting scientific experiments 
using unmanned earth satellites. 

A large number of topics related to space-flight technology 
are treated very lightly or omitted entirely—for example, trajec- 
tories for orbital insertion or for interplanetary probes, auto- 
matic control and guidance, orientation subsystems, 
electrical propulsion, testing and reliability, data processing, 
andsoon. Thisis doubtless because the book was not intended to 
be an engineering text but rather to provide a general background 
on the basis of which the proper level for British astronautical 
effort might be discussed, a purpose to which it is very well 
suited. 

Most American readers will be more interested in the papers 
of the second and third categories than those of the first. In 
general, the engineering subjects treatea in the volume are 
handled in a competent and readable fashion. Accordingly, 
the book can be recommended either as an introduction to or as a 


space 


review of these subjects. 


Impact 


impact: The Theory and Physical Behavior of Colliding Solids. By 
Werner Goldsmith. Edward Arnold, London, 1960. Cloth 
6 X 9'/2in., xv and 379 pp. $15. 


REVIEWED BY J. T. FRASIER® 


To THE reviewer’s knowledge, this book provides the first at- 
tempt at a comprehensive coverage of the subject of the behavior 
of colliding solids. Its purpose, as stated in the preface, is “to 
serve as a source of reference for workers in the fields of applied 
mechanics and certain areas of applied mathematics and physics, 
or as a text for an advanced course in these disciplines.”” To ac- 
complish this purpose, the author has chosen to present his 
material with a sharp demarkation between theory and experi- 
ment with major emphasis on the former. The first five chapters 
of the book’s total of seven are devoted almost entirely to an ex- 
position of general theory and theoretical results. These initial 
chapters consist of a brief introduction and coverage of the topics 
of Stereo-Mechanical Impact, Vibrational Aspects of Impact, 
Contact Phenomena Produced by the Impact of Elastic Bodies, 
and Dynamic Processes Involving Plastic Strains. In these 
chapters little effort is given to description of the physical proc- 
esses involved during impact phenomena, nor are the physical 
implications of the numerous theoretical results given with any 
detail. The final two chapters of the book, Results of Impact 
Experiments, and Dynamic Properties of Materials, are reviews 
of experimental techniques and results related to the theoretical 
topics covered in the initial chapters 

The amount of material the author has managed to incorporate 
in the book is extensive and the text is appended by an excellent 
bibliography. As a result, he has accomplished his purpose of 
providing a reference However, in the reviewer's 
opinion, the book would have been of greater value both as a 
text and as a reference for research workers if the sharp separation 
between the presentation of theory and experiment had not been 
made. The consequence of this is that the book is more a com- 
pendium of results than a unified treatment providing physical 
insight into the impact process as such, 


source 


§ Professor, Division of Engineering, Brown University, Providence, 


Journal of Applied Mechanics 


BOOK REVIEWS 


Four-Bar Linkages 


By A. S. Hall, Jr. Prentice-Hall, 


Kinematics and Linkage Design. 
Cloth 7 X 10 in., xi and 162 pp. 


Englewood Cliffs, N. J., 1961. 
$8.50. 


REVIEWED BY T. P. GOODMAN® 


IN INDUSTRIAL and military applications, the design of a 
mechanical linkage almost never occurs as an isolated problem. 
Usually the combined design of a linkage and the associated 
equipment can best be carried out by an engineer or designer 
with a broad background in mechanical design, rather than by a 
specialist who deals exclusively in kinematics. For this reason 
there has been a need for a book on kinematics at an intermediate 
level to provide information beyond that contained in the ele- 
mentary textbooks (of which there are at least twenty) in a form 
that can be readily assimilated by a graduate or advanced under- 
graduate engineer as part of a curriculum in mechanical engineer- 
ing design. Professor Hall’s book admirably fills this need. 

The book is limited primarily to four-bar linkages, although the 
principles developed can be applied to more complex link mecha- 
nisms as well. The first chapter is a survey of engineering ap- 
plications of four-bar linkages with many intriguing examples. 
Graphical vector solutions for velocities and accelerations in 
The morphology of four-bar link- 
There follow 


linkages are then reviewed. 
ages is discussed in a chapter on “gross motions.” 
chapters on the theory and applications of eoupler curves, path 
curvature, polode curvature, analytical design equations, and 
graphical design procedures for finite displacements. The unusual 
typography, clear illustrations, and interesting examples make 
the book a pleasure to read. 

The book is concerned solely with kinematics in the classical 
sense, i.e., the study of motions without regard to the forces re- 
quired to produce them. There is no discussion of dynamic effects 
in mechanisms, nor of the reciprocal relationship between force 
ratios and velocity ratios which can be exploited in designing a 
linkage for a desired nonuniform mechanical advantage 

This book, appropriately supplemented by material on forces 
and dynamic effects, can be heartily recommended as a textbook 
for graduate and advanced undergraduate mechanical-design 
curriculums, as well as for engineers and designers in industry. 


Disks and Shells 


Die Berechnung von rotierenden Scheiben und Schalen. By Kurt 
Léffier. Springer Verlag, Berlin, 1961. Cloth, viii and 241 pp 
DM 42. 


REVIEWED BY A. M. WAHL’ 


In TH1s book the author has brought together a large amount 
of information, widely scattered throughout the wterature, 
on methods for the elastic calculation of rotating disks and shells. 
The treatment is given from the viewpoint of the machine 
designer, and includes not only methods for disks having pro- 
files such as are used in practical gas turbine and compressor 
disks, but also methods for calculating the effects of flanges, 
hubs, rims, ribs, etc., which are important design components. 
An unusual feature is the extensive treatment of rotating shells 
of various profiles such as are used in practice, and the wide use 
of matrix methods requiring digital computers. Another feature 
is the discussion of inverse methods of design whereby the disk 
profile is found for an assumed stress distribution. Stresses 
due to temperature, axial loading, and torque, as well as those 
due to centrifugal force are also treated. 
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Besides the well-known earlier methods of rotating-disk 
calculations such as those developed by Grammel and others, an 
extensive treatment is given of more recently developed pro- 
cedures including difference methods and those which involve 
the division of the disk profile into a number of conical-shaped 
segments, which are then fitted together. 

Since the author limits himself mainly to elastic conditions, 
very little information is given on such important practical 
subjects as the effects of plastic flow, creep, and fracture. In 
spite of this limitation, the book nevertheless should be of con- 
siderable interest and value to research men and designers. 


Statistical Techniques 


Statistical Theory and Methodology in Science and Engineering. 
A. Brownlee. John Wiley & Sons, Inc., New York, N. Y., 
Cloth, 6 X 9in., xiand 570pp. $16.75. 


REVIEWED BY WALTER FREIBERGER‘ 


Screntists and engineers wishing to use modern statistical 
techniques but not content, on the one hand, with a book of 
recipes for the standard methods nor willing, on the other hand, 
to study the difficult and abstract recent developments in es- 
timation and testing theory, will find the book under review an 
admirable guide. The mathematical prerequisites are slight and 
the level of exposition is reasonably high. About half the book 
is devoted to analysis of variance and regression analysis, and 
these topics are given a thoroughly useful treatment. The de- 
ductions of the various results are complete since the background 
is developed in the earlier chapters. There are enough numerical 
examples to illustrate the procedures without cluttering the 
book with numbers. 


By K. 
1960. 


Fluid Dynamics 


By V. L. Streeter. 
Cloth, 61/2 X 9'/s in., 


Handbook of Fluid Dynamics. McGraw-Hill Book 
Company, Inc., New York, N. Y. 1961. 


x and 1230 pp. $24. 
REVIEWED BY J. KESTIN® 


Ir 1s practically impossible to write a conscientious review of 
the Handbook, indeed of any handbook. The value of a hand- 
book, as the name implies, lies in its ready availability for 
reference which can only be judged by extended use. This re- 
view, by necessity, is based on short acquaintance and on the ap- 
plication of quick tests, as it is impracticable to read, and even 
less, to study and absorb, the wealth of information contained 
in its more than a thousand pages. 

The formula applied in the compilation of the Handbook was 
to select a panel of authorities, preferably authors of well-known 
books on individual branches of the subject, and to ask them to 
select, and then to compress into small space what they consider 
to be the essence of their particular specialty. The editor pro- 
vided a thoughtful and well-conceived classification of the subject 
of fluid dynamics into branches under twenty-seven headings, 
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but, unfortunately, did not go much further than that. The re- 
sult is a collection of unevenly written articles, but not a homo- 
geneous, well-rounded handbook. 

The aim was to describe ‘‘new methods of attacking fluid 
dynamics problems .... the present status, latest theory, and 
the most promising methods of analysis in fields of application 
covering most of the engineering profession... The handbook 
is directed to the engineer or sciéntist with some background in 
fluid mechanics and mathematics.’’ This is a formidable task, 
requiring the utmost of co-operation on the part of the editor 
and the contributors, a lack of which is evident, even on cursory 
examination, by the presence of many trivial repetitions. For 
example, the viscosity of a fluid is defined six times (Sections 
1,2,5,6,9,22), sometimes in nearly identical terms, but not all of 
these definitions are listed in the Index; the Blasius solution is 
discussed twice (Secs. 9,15), stability of laminar motion is dis- 
cussed twice (Secs. 5,8), and so on. 

The Handbook can, therefore, be treated only as a collection 
of survey articles, and each of them must be judged alone on its 
merits. As might be expected, the standards are uneven. 
Some contributions are outstanding, a pleasure to read, and a 
source of easy and quick revision for specialists, or of excellent in- 
troduction for others. However, some contributions are quite 
weak and unsatisfactory and occasionally misleading. Moreover, 
very often the scope of the articles is far too narrow for the at- 
tainment of the previously stated purpose of the publication. 

The Index, as already noted, leaves something to be desired, 
but the quality of the p»per, printing, and binding is outstanding. 


Boundary-Layer Theory 


Boundary Layer Theory, fourth edition. By Hermann Schlichting, 
translated by J. Kestin. McGraw-Hill Book Company, Inc., New 
York N. Y., 1960. Cloth, 6'/: X 8 in., xx and 647 pp. $16.50. 


REVIEWED BY A. H. SHAPIRO” 


Tuts is the second English edition of a book which during the 
past ten years has become a standard textbook and reference 
work. In its present form it has been expanded by some 130 
pages through numerous additions and modifications which bring 
the book up to date. The stated purpose remains unchanged, 
however, to provide for practicing and research engineers a theo- 
retical foundation for the understanding and calculation of boun- 
dary-layer flows. As in earlier editions, however, the book goes 
further than this in that it rightly contains numerous experi- 
mental results which are useful in their own right and which also 
delineate the extent to which the current theories are valid 

In scope and organization there are no major changes. For in- 
stance, the statistical theory of turbulence is omitted on the 
grounds that it is not yet important for engineers. 

The principal additions are on the following topics: exact solu- 
tions of the Navier-Stokes equations; boundary-layer control by 
suction; compressible boundary layers; boundary-layer transi- 
tion; boundary-layer stability; calculation of turbulent boundary 
layers. 

Congratulations again to Dr. Schlichting, and to the translator, 
Dr. Kestin, for conserving this most useful reference work against 
the flood of published literature. 
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